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A NON-EXISTENCE THEOREM OF PROPER HARMONIC MORPHISMS
FROM WEAKLY ASYMPTOTICALLY HYPERBOLIC MANIFOLDS

XIAOHUAN MO AND YUGUANG SHI

(Received September 30, 2004, revised May 6, 2005)

Abstract. We prove a non-existence theorem for proper harmonic morphisms from
weakly asymptotically hyperbolic manifolds to hyperbolic manifolds which areC2 up to the
boundary at infinity.

1. Introduction. Harmonic morphisms between Riemannian manifolds are maps
which pull back (local) harmonic functions to (local) harmonic functions. By a basic result of
Fuglede and Ishihara ([4, 6]) a smooth mapφ : M → N between Riemannian manifolds is a
harmonic morphism if and only if it is harmonic andhorizontally (weakly) conformal, in the
sense that at any pointx ∈ M not contained in the critical setCφ = {x ∈ M | dφx = 0} of φ,
the restriction of the differentialdφx to the orthogonal complement

{X ∈ TxM | 〈X, Y 〉 = 0 for all Y ∈ Kerdφx}
of Kerdφx is surjective and conformal onto the tangent spaceTφ(x)N . The interplay between
the analytical condition (harmonicity) and the geometrical one (horizontally weak conformal-
ity) is a rich source of properties. See [2] for a general account.

In [11] the authors showed that, whenm > n, there is no proper harmonic morphism
between hyperbolic manifolds which isC2 up to the boundary at infinity (also see [2]). This
contrasts sharply with the situation for harmonic maps, where Li and Tam constructed proper
harmonic maps between such manifolds by usingC1 maps between their boundaries at infinity
([7, 8, 12]). Recall that a mapφ : M → N is calledproper if φ−1(U) ∩M0 is compact for
each compact subsetU in N0, whereM0 denotes the set of interior points ofM.

Viewing hyperbolic spaces as complete non-compact Riemannian manifolds with bound-
ary at infinity, their most natural generalization is weakly asymptotically hyperbolic mani-
folds, i.e., manifolds which are asymptotic to the hyperbolic space in a certain sense (see
Definition 2.3). For instance, the Anti de Sitter-Schwarzschild space is a weakly asymptoti-
cally hyperbolic manifold (see Example 2.4). The study of weakly asymptotically hyperbolic
manifolds has recently attracted a lot of attention [1, 14].

In this note we discuss proper harmonic morphisms from weakly asymptotically hyper-
bolic manifolds. We show that whenm > n, there is no proper harmonic morphism from an
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(m+1)-dimensional weakly asymptotically hyperbolic manifoldM to an(n+1)-dimensional
hyperbolic manifoldHn+1 which isC2 up to the boundary ofM (see Theorem 6.3), general-
izing a result previously known only when the source manifold is a hyperbolic manifold.

2. Weakly asymptotically hyperbolic manifolds. Let M be a compact(m + 1)-
dimensional manifold with boundaryXm = ∂M. If ξ is aC3-smooth function onM satisfying
dξ �= 0 onXm, positive on the interior ofM and zero onXm, thenξ is called adefining
function.

DEFINITION 2.1. A Riemannian manifold(M, ḡ) is calledC2-conformally compact
if g := ξ2ḡ can beC2 extended to the boundary ofM, whereξ is a defining function ([14]).

Recently the study of conformally compact manifolds has attracted a lot of attention
[3, 10, 13, 15]. Let(M, ḡ) be a conformally compact manifold with boundaryXm. The
restriction ofg to Xm gives rise to a metric onXm. This metric changes by a conformal
factor if the defining function is changed, so thatXm has a well-defined conformal structure.
We callXm with this induced conformal structure theconformal infinity. A straightforward
computation (see [10]) shows that the sectional curvatures ofḡ approach−|dξ |2g onXm.

EXAMPLE 2.2. Using the Poincaré model, an(m + 1)-dimensional hyperbolic space
Hm+1 is identified with the(m + 1)-dimensional unit ballBm+1 equipped with the met-
ric ḡ := 4(1 − |x|2)−2dx2. ThenHm+1 is conformal compact with the conformal infinity
(Sm, [dx2|Sm]), where[dx2|Sm] := {f dx2|Sm | f : Sm → R+}. If we take the defining
functionξ := (1 − |x|2)/2, theng = dx2. It is easy to see that

|dξ |2g = 1

4
|d|x|2|2g =

∣∣∣ ∑
i

xidxi
∣∣∣2
g

=
∑
i

(xi)2|dxi |2g =
∑
i

(xi)2 .

Hence, for the sectional curvature we have

Sec̄gHm+1 = −1 = −|dξ |2g |Sm .

DEFINITION 2.3. A conformally compact manifold(M, ḡ) is said to beweakly asymp-
totically hyperbolic if |dξ |2g = 1 on the boundary ofM for some defining functionξ , where

g = ξ2ḡ.

Intuitively, for a weakly asymptotically hyperbolic manifold(M, ḡ), its sectional curva-
ture approaches that of hyperbolic space at the boundary ofM. To illustrate this definition, let
us consider the following

EXAMPLE 2.4 ([14]). The Anti de Sitter-Schwarzchild space (ADS-Schwarzchild
space for short) is the product manifold]r0, ∞[×S2 with the metric

ḡ = dr2

1 + r2 − c/r
+ r2dω2 ,

wherec > 0 is a constant andr0 is the zero of the function 1+ r2 − c/r. This manifold has
two ends with the same asymptotic behavior, so we only analyze the endr → ∞. We change
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coordinates by solving the following ODE:{
ṙ(t) = − sinh−1(t)

√
1 + r2 − c/r ,

r(0)= ∞ .

Let u(t) = r(t) sinh(t). A straightforward computation shows that (see [14]){
cosh(t)u− sinh(t)u̇=

√
sinh2(t)+ u2 − c sinh3(t)/u ,

u(0) = 1 .

In the new coordinates, we have

ḡ = (ṙ(t)dt)2

1 + r2 − c/r
+

[
u

sinh(t)

]2

dω2 = sinh−2(t)[dt2 + u(t)2dω2] .

Taking the defining functionξ := sinh(t) yieldsg = dt2 + u(t)2dω2. A simple calculation
shows that

|dξ |2g = | cosh(t)dt|2g = cosh2(t)|dt|2g = cosh2(t) .

Letting t → 0, we obtain
|dξ |2g = cosh2(0) = 1 .

Therefore the ADS-Schwarzchild space isweakly asymptotically hyperbolic.

In general, we have the following (see [1, 14])

LEMMA 2.5. Suppose that (M, ḡ) is a conformally compact manifold and ḡ0 is a met-
ric onX which represents the induced conformal structure. If (M, ḡ) is weakly asymptotically
hyperbolic, then there is a unique defining function ρ in a collar neighborhood of X = ∂M,
satisfying ḡ = sinh−2(ρ)(dρ2 + ḡρ) with ḡρ a ρ-dependent family of metrics on X such that
ḡρ |ρ=0 is the given metric ḡ0.

We callρ thespecial defining function determined bȳg0. Set

ḡρ = gλµ(ρ, η)dηλdηµ

and
g = dρ2 + ḡρ ,

whereηλ are local coordinates in the collar neighborhood. Then

(1) ḡ = sinh−2(ρ)(dρ2 + gλµ(ρ, η)dηλdηµ) = sinh−2(ρ)g .

We rewriteg andḡ as

g :=
m∑

i,j=0

gij dxi ⊗ dxj , ḡ :=
m∑

i,j=0

ḡij dxi ⊗ dxj ,

where
x0 = ρ , xλ = ηλ , λ = 1,2, . . . ,m .

Then
g00 = 1 , g0λ = 0 , λ = 1,2, . . . ,m .
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From (1), we have

(2) ḡij = sinh−2(ρ)gij , ḡ ij = sinh2(ρ)g ij ,

where(g ij ) = (gij )−1. It is easy to show that, from (2),

∂ ḡij
∂xk

=




sinh−2(ρ)
∂gij
∂ρ

+ −2 + κ(ρ)

sinh3(ρ)
gij if k = 0 ,

sinh−2(ρ)
∂gij
∂ηk

if k ≥ 1 ,

where

lim
ρ→0

κ(ρ) = 0 .

By a direct calculation we have

(3)

Γ̄ kij := 1

2
ḡkl

(
∂ ḡli
∂xj

− ∂ ḡij
∂xl

+ ∂ ḡlj
∂xi

)

=



Γ kij − 1 + ζ(ρ)

sinh(ρ)
δkj if i = 0 ,

Γ kij + 1 + ζ(ρ)

sinh(ρ)
δk0gij if i, j ≥ 1 ,

whereΓ kij ( resp.Γ̄ kij ) is the Christoffel symbol ofg (resp.ḡ) andζ(ρ) := −κ(ρ)/2.

3. Hyperbolic spaces. We regard an(n+ 1)-dimensional hyperbolic spaceHn+1 as
the Poincaré model with Riemannian metric

h̄ =
n∑

α,β=0

h̄αβdy
α ⊗ dyβ,

where

(4) (h̄αβ) =
[

4/(1 − r2)2 0
0 (4r2/(1 − r2)2)hpq

]
,

y0 := r , yp := θp , if p ≥ 1 ,

θβ are local coordinates onSn andhpqdθp ⊗ dθq is the standard metric onSn. Then

(5) (h̄αβ) =
[
(1 − r2)2/4 0

0 ((1 − r2)2/4r2)hpq

]
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where(h̄αβ) = (h̄αβ)
−1. From (4) we have

∂h̄αβ

∂yγ
=




16r

(1 − r2)3
if α = β = γ = 0 ,

0 if α = 0 , β ≥ 1 or α = β = 0 , γ ≥ 1 ,

8r(1 + r2)

(1 − r2)3
hαβ if α , β ≥ 1 , γ = 0 ,

4r2

(1 − r2)2

∂hαβ

∂θγ
if α , β , γ ≥ 1 .

Then the Christoffel symbol of̄h are given by

(6) Γ̄ α∗
βγ =




2r

1 − r2 if α = β = γ = 0 ,

0 if α = β = 0 , γ ≥ 1 or α = 0 , β , γ ≥ 1 ,

− r(1 + r2)

1 − r2
hβγ if α = 0 , β, γ ≥ 1 ,

1 + r2

r(1 − r2)
δαβ if α , β ≥ 1 , γ = 0 ,

Γ α∗
βγ if α , β , γ ≥ 1 .

whereΓ α∗
βγ is the Christoffel symbol with respect to(hpq).

4. Horizontally conformal maps. From now on we assume that(M, ḡ) is a weakly
asymptotically hyperbolic manifold (see Section 2) and(Hn+1, h̄) is an(n+ 1)-dimensional
hyperbolic space. Letφ : (M, ḡ) → (Hn+1, h̄) be a horizontally conformal map. Thenφ
satisfies ([2, 16])

(7) ḡ ij
∂φα

∂xi

∂φβ

∂xj
= �2(x)h̄αβ

for some function� : M → [0,∞) called thedilation of φ, whereφ = (φα). By using (5)
and (7), we have

(8)

〈∇φα,∇φβ 〉 := g ij
∂φα

∂xi

∂φβ

∂xj

=




�2 (1 − r2)2

4 sinh2(ρ)
if α = β = 0 ,

0 if α = 0 , β ≥ 1 ,

�2 (1 − r2)2

4r2 sinh2(ρ)
hαβ if α , β ≥ 1 .

It follows that

(9) |∇φ|2 := g ij
∂r

∂xi

∂r

∂xj
+ r2g ij

∂θp

∂xi

∂θq

∂xj
hpq = (n+ 1)�2 (1 − r2)2

4 sinh2(ρ)
.
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Substituting (9) into (8), we get

(10) 〈∇φα,∇φβ〉 =




|∇φ|2/(n+ 1) if α = β = 0 ,

0 if α = 0 , β ≥ 1 ,(|∇φ|2/(n+ 1)r2
)
hαβ if α , β ≥ 1 .

5. Proper harmonic maps. By using (2), (3) and (6), we obtain the component of
the tension fieldτ (φ) := trace∇dφ of φ in the directionr:

(11)

τ0(φ) : = ḡ ij
(

∂2r

∂xi∂xj
− Γ̄ kij

∂r

∂xk
+ Γ̄ 0∗

αβ

∂φα

∂xi

∂φβ

∂xj

)

= sinh(ρ)

[
sinh(ρ)�r + (1 −m)(1 + ζ(ρ))

∂r

∂ρ

+2r sinh(ρ)

1 − r2 |∇r|2 − r sinh(ρ)(1 + r2)

1 − r2 hpq〈∇θp,∇θq〉
]
,

where

�r := g ij
(

∂2r

∂xi∂xj
− Γ kij

∂r

∂xk

)
is the Laplacian operator on(M, g) and

|∇r|2 := 〈∇r,∇r〉 ,
〈∇θp,∇θq〉 being defined by (8). Similarly, using (2), (3) and (6), we have the component of
the tension field ofφ in the directionθp:

(12)

τp(φ) : = ḡ ij
(
∂2θp

∂xi∂xj
− Γ̄ kij

∂θp

∂xk
+ Γ̄

p∗
αβ

∂φα

∂xi

∂φβ

∂xj

)

= sinh(ρ)

[
sinh(ρ)�θp + (1 −m)(1 + ζ(ρ))

∂θp

∂ρ

]

+ sinh(ρ)

[
sinh(ρ)Γ pst 〈∇θs,∇θ t 〉+2 sinh(ρ)

1 + r2

r(1 − r2)
〈∇r,∇θp〉

]

where

(13) 〈∇r,∇θp〉 := g ij
∂r

∂xi

∂θp

∂xj
.

Recall that a mapφ : M → N between Riemannian manifolds is calledharmonic if its
tension fieldτ (φ) vanishes identically. From (11) and (12) we have the following

LEMMA 5.1. Let (M, ḡ) an (m + 1)-dimensional weakly asymptotically hyperbolic
manifold and φ : (M, ḡ) → (Hn+1, h̄) a C2-smooth map. Then φ is harmonic if and only if

(14)
sinh(ρ)�r + (1 −m)(1 + ζ(ρ))

∂r

∂ρ

+2r sinh(ρ)

1 − r2 |∇r|2 − r sinh(ρ)(1 + r2)

1 − r2 hpq〈∇θp,∇θq 〉 = 0
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and

(15)
sinh(ρ)�θp + (1 −m)(1 + ζ(ρ))

∂θp

∂ρ

+ sinh(ρ)Γ pst 〈∇θs,∇θ t 〉 + 2 sinh(ρ)
1 + r2

r(1 − r2)
〈∇r,∇θp〉 = 0

for p = 1, . . . , n.

LEMMA 5.2. Assume that φ : (M, ḡ) → (Hn+1, h̄) is C2-smooth up to the boundary
and proper. Then at the boundary, ρ = 0, we have

(16)
∂r

∂ρ

∂θp

∂ρ
= 0 , p = 1, . . . , n ,

(17) m

(
∂r

∂ρ

)2

= hpq 〈∇θp,∇θq〉 .
PROOF. From (15) we have

(18) �θp + 1 −m

sinh(ρ)
(1 + ζ(ρ))

∂θp

∂ρ
+ Γ

p
st 〈∇θs,∇θ t 〉 + 2

1 + r2

r(1 − r2)
〈∇r,∇θp〉 = 0

onM. That is,

(19)

(1 − r)�θp + (r − 1)
m− 1

sinh(ρ)
(1 + ζ(ρ))

∂θp

∂ρ

+(1 − r)Γ
p
st 〈∇θs,∇θ t 〉 + 2

1 + r2

r(1 + r)
〈∇r,∇θp〉 = 0 .

Sinceφ is proper, we get

lim
ρ→0

r = 1 ,

which implies that

(20) r(0, η1, . . . , ηm) = 1 .

It then follows that

(21) lim
ρ→0

r − 1

sinh(ρ)
(1 + ζ(ρ)) = ∂(r − 1)

∂ρ

∣∣∣∣
ρ=0

= ∂r

∂ρ

∣∣∣∣
ρ=0

by L’Hôspital’s rule. Note that(M, g) is compact, so that both�θp andΓ pst 〈∇θs,∇θ t 〉 are
bounded. Then, atρ = 0, (19) yields that

(22) (m− 1)
∂r

∂ρ

∂θp

∂ρ
+ 2〈∇r,∇θp〉 = 0 .

From (20), we have

(23)
∂r

∂ηp

∣∣∣∣
ρ=0

= 0 , p = 1, . . . ,m .
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Combining this with (13), we get

(24) 〈∇r,∇θp〉 = g0j ∂r

∂x0

∂θp

∂xj
= ∂r

∂ρ

∂θp

∂ρ
.

Substituting (23) into (22) gives (16). Also, from (23), we see

(25) lim
ρ→0

|∇r|2 = lim
ρ→0

g ij
∂r

∂xi

∂r

∂xj
=

(
∂r

∂ρ

)2

.

By using (14), we have

(26) (1−r)�r+(m−1)(1+ζ(ρ)) r − 1

sinh(ρ)

∂r

∂ρ
+ 2r

1 + r
|∇r|2 = r(1 + r2)

1 + r
hpq〈∇θp,∇θq 〉 .

By the same argument and using (21), (25) and (26), we obtain (17) at the boundaryρ = 0.

6. A non-existence theorem. A smooth mapf : P → Q between Riemannian man-
ifold is called aharmonic morphism if for any harmonic functionψ : U → R defined on an
open subsetU of Q with f−1(U) non-empty,ψ ◦ f : f−1(U) → R is a harmonic func-
tion. The reader is referred to [2] for a detailed account of harmonic morphisms. Harmonic
morphisms can be characterized as follows:

THEOREM 6.1 ([4, 6]). A map φ : M → N between Riemannian manifolds is a har-
monic morphism if and only if it is a horizontally (weakly) conformal harmonic map.

LEMMA 6.2. Let (M, ḡ) be an (m+1)-dimensional weakly asymptotically hyperbolic
manifold and φ : (M, ḡ) → (Hn+1, h̄) a harmonic morphism which is proper andC2-smooth
up to the boundary of M . Then | ∇̃φ̄ |2≡ 0 on the boundary ∂M, where

|∇̃φ̄|2 := r2
m∑

λ,µ=1

n∑
p,q=1

gλµ
∂θp

∂ηλ

∂θq

∂ηµ
hpq

and φ̄ := (φ1, . . . , φn).

PROOF. Suppose there existx0 ∈ ∂M such that|∇̃φ̄ |2 (x0) �= 0. From (17), we get

(27)

m

(
∂r

∂ρ

)2

(x0)=hpq〈∇θp,∇θq〉(x0)

=hpq ∂θ
p

∂ρ

∂θq

∂ρ
(x0)+ |∇̃φ̄|2(x0)

≥ |∇̃φ̄|2(x0) �= 0 .

Combining this with (16), we have

(28)
∂θp

∂ρ
(x0) = 0 , p = 1, . . . , n .

Set

|∇̃r|2 :=
m∑

λ,µ=1

gλµ
∂r

∂ηλ

∂r

∂ηµ
.
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Then it follows from (23) that

|∇̃r|2 = 0 .

Hence, atx0 we have

|∇θp|2 : = g ij
∂θp

∂xi

∂θp

∂xj

=
(
∂θp

∂ρ

)2

+
m∑

λ,µ=1

gλµ
∂θp

∂ηλ

∂θp

∂ηµ
=

m∑
λ,µ=1

gλµ
∂θp

∂ηλ

∂θp

∂ηµ

from (28) and

(29)

|∇φ|2(x0) : = g ij
∂r

∂xi

∂r

∂xj
+ r2g ij

∂θp

∂xi

∂θp

∂xj
hpq

=
(
∂r

∂ρ

)2

+
m∑

λ,µ=1

gλµ
∂r

∂ηλ

∂r

∂ηµ

+ r2
∑ ∂θp

∂ρ

∂θq

∂ρ
hpq + r2

m∑
λ,µ=1

gλµ
∂θp

∂ηλ

∂θq

∂ηµ
hpq

=
(
∂r

∂ρ

)2

+ |∇̃φ̄|2 = m+ 1

m
|∇̃φ̄|2(x0)

from (27) and (28). On the other hand, sinceφ is horizontally conformal,φ = (φ0, . . . , φn)

satisfies (10). Combining this (8), (28) and (29), we get

|∇̃φ̄|2 =
m∑

λ,µ=1

gλµ
∂θp

∂ηλ

∂θq

∂ηµ
hpq =

∑
g ij
∂θp

∂xi

∂θp

∂xj
hpq

=hpq〈∇θp,∇θq 〉 = |∇φ|2
n+ 1

hpqhpq

= n

n+ 1
|∇φ|2 = n

n+ 1

m+ 1

m
|∇̃φ̄|2 .

Hence,|∇̃φ̄|2(x0) = 0, sincem > n. This contradicts to our assumption.

THEOREM 6.3. Let m and n be positive integers with m > n and (M, ḡ) an (m+ 1)-
dimensional weakly asymptotically hyperbolic manifold. Then there exists no proper har-
monic morphism from (M, ḡ) to (Hn+1, h̄) which is C2 up to the boundary at infinity of M .

PROOF. Let φ : (M, ḡ) → (Hn+1, h̄) be a proper harmonic map. By Lemma 6.2 we
have∇̃φ̄ ≡ 0 at the boundary∂M, i.e., the image of∂M underφ is a point, sayq. Put
φ(O) = O ′, whereO is a interior point ofM. Sinceφ is C2-smooth to the boundary ofM,
there exists a convex closed subsetK of Hn+1 with ∂K being totally geodesic hypersurface,
such thatO ′ ∈ Hn+1\K andφ(∂Bε) ⊂ K for sufficient largeε, whereBε is the geodesic ball
with radiusε and centerO ([11]). Sinceφ is a harmonic morphism, the composite function
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f := h ◦ φ is a subharmonic function, where the functionh is defined byh(y) = d(y,K)

(eg., [5, p. 510]). By the maximum principle andf |∂Bε = 0, we knowf |Bε = 0 ([5]). Thus

0 = f (O) = d(O ′,K) ,
which is a contradiction and completes the proof of the theorem.

Acknowledgments. The authors are grateful to the referee for his careful reading of the manu-

script and very helpful suggestions.
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