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Abstract. The Bando-Calabi-Futaki character of a compact Kähler manifold is an ob-
struction to the existence of Kähler metrics with constant scalar curvature, which is a gen-
eralization of the Futaki character of a Fano manifold. In this paper, we study the Bando-
Calabi-Futaki character of a compact toric manifold. In particular, we shall prove that the
Bando-Calabi-Futaki character of a compact toric manifold vanishes on the Lie algebra of the
unipotent radical of the automorphism group.

1. Introduction. Let X be a compact connectedr-dimensional complex manifold
andη ∈ H 2(X; R). We assume thatη is positive, that is, there exists a Kähler metricg onX
such that its Kähler form

ωg := √−1
r∑

i,j=1

gi dz
i ∧ dz

represents 2πη in the de Rham cohomology groupH 2
DR(X; R), where(z1, z2, . . . , zr ) is a

local holomorphic coordinate onX. We denote by Aut◦(X) the identity component of the
group Aut(X) of holomorphic automorphisms ofX, whose Lie algebra is identified with
the Lie algebraH 0(X;O(T 1,0X)) of holomorphic vector fields onX. HereT 1,0X is the
holomorphic vector bundle of tangent vectors of type(1,0) onX. Recall that the Albanese
map ofX to the Albanese variety Alb(X) naturally induces a Lie group homomorphism

αX : Aut◦(X) → Aut◦(Alb(X)) ∼= Alb(X) .

LetGX be the identity component of the kernel of the homomorphismαX, andgX the corre-
sponding Lie subalgebra ofH 0(X;O(T 1,0X)). Then, by a theorem of Fujiki [ 6 ],GX has a
natural structure of a linear algebraic group (defined overC). We denote byUX the unipotent
radical ofGX. More generally, we consider a linear algebraic groupG (defined overC) and
a homomorphismρ : G → Aut(X) of algebraic groups. Byρ∗ : g → H 0(X;O(T 1,0X)), we
denote the Lie algebra homomorphism induced fromρ, whereg := Lie(G) is the Lie algebra
of G.
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REMARK 1.1. (i) If X is Fano, i.e., the first Chern classc1(X) of X is positive, then
GX = Aut◦(X).

(ii) If X is an r-dimensional compact toric manifold, that is,X is an r-dimensional
compact irreducible non-singular variety defined overC with an almost-homogeneous alge-
braic action of anr-dimensional algebraic torusTr := (C∗)r , thenGX = Aut◦(X).

By Ricg and sg, we denote theRicci form and thescalar curvature of g, respectively,
namely, we put

Ricg = √−1
r∑

i,j=1

Ri dz
i ∧ dz := −√−1∂∂ log det

(
gi

)
,

sg :=
r∑

i,j=1

giRi ,

where
(
gi

)
is the inverse matrix of

(
gi

)
. By means of the harmonic integration theory, there

exists a real-valuedC∞ functionf ∈ C∞(X)R such that

sg − rµη = �gfg ,

where�g := ∑r
i,j=1 gi

(
∂2/∂zi∂z

)
is the complex Laplacian for functions on the Kähler

manifold(X, g), andµη ∈ R is the constant defined by

µη := (c1(X) ∪ ηr−1)[X]
ηr [X] =

∫
X

sg

(
ωg

2π

)r

r

∫
X

(
ωg

2π

)r ∈ R .(1.2)

Bando [ 2 ], Calabi [ 4 ] and Futaki [ 9 ] defined an obstruction to the existence of Kähler
metrics with constant scalar curvature as follows:

DEFINITION 1.3 (Bando [ 2 ], Calabi [ 4 ] and Futaki [ 9 ]). A linear functional
F
η
X : H 0(X;O(T 1,0X)) → C defined by

F
η
X(V ) := 1√−1

∫
X

(Vfg)

(
ωg

2π

)r
, V ∈ H 0(X;O(T 1,0X)) ,

is called theBando-Calabi-Futaki character of (X, η).

We now recall the following fundamental facts about the Bando-Calabi-Futaki charac-
ters:

FACT 1.4 (Bando [ 2 ], Calabi [ 4 ] and Futaki [ 9 ]).Let X and η be as above. Then
we have the following:

(i) F
η
X does not depend on the choice of g satisfying [ωg] = 2πη.

(ii) If X admits a Kähler metric g with constant scalar curvature satisfying
[ωg] = 2πη, then FηX vanishes.
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(iii) F
η
X is a Lie algebra character of H 0(X;O(T 1,0X)), that is,

F
η
X

∣∣[H0 (X;O(T 1,0X)),H0 (X;O(T 1,0X))] ≡ 0 .

REMARK 1.5. If η is the first Chern classc1(X) of X, then the Bando-Calabi-Futaki
characterFc1(X)X coincides with the original Futaki character, which was introduced in [ 8 ] as
an obstruction to the existence of Einstein-Kähler metrics.

DEFINITION 1.6. LetπE : E → X be a holomorphic vector bundle of rankk overX.
We say thatE is (G, ρ)-linearized if G acts onE biregularly in such a way that

(i) πE ◦ γ = ρ(γ ) ◦ πE for anyγ ∈ G;
(ii) for any γ ∈ G andp ∈ X,

γ |Ep : Ep → Eρ(γ )(p)

is aC-linear map, whereEp := π−1
E (p) is the fiber ofπE atp ∈ X.

Furthermore, ifG is a subgroup of Aut(X) andρ is the inclusion map, then we simply
say thatE isG-linearized.

In [15], the author proved the following:

FACT 1.7 (Nakagawa [15]). Let X and η be as above. We assume that there exists a
holomorphic line bundle L over X such that L is GX-linearized and c1(L) = η, where c1(L)

is the first Chern class of L. Then

F
η
X

∣∣
�X ≡ 0 ,

where uX := Lie(UX) is the Lie algebra of UX.

The main purpose of this paper is to generalize this fact to the case of a more general
situation, that is, we shall prove the following theorem:

THEOREM 1.8. Let X, η, G and ρ be as above. We assume that there exists a holo-
morphic line bundle L over X such that L is (G, ρ)-linearized and c1(L) = η. Then

(F
η
X ◦ ρ∗)|� ≡ 0

for any unipotent subgroup U � G with Lie algebra u := Lie(U).

As an application of this theorem, we shall also prove the following theorem:

THEOREM 1.9. Let X be an r-dimensional compact toric manifold. By definition,
an r-dimensional algebraic torus Tr := (C∗)r acts on X biholomorphically; hence the Lie
algebra tr := Lie(Tr ) of Tr is regarded as a Lie subalgebra of H 0(X;O(T 1,0X)). If η ∈
H 2(X; Z) is positive, then the following are equivalent, without any assumptions concerning
a linearization of the natural action of Aut(X) on X:

(i) F
η
X vanishes identically on H 0(X;O(T 1,0X)).

(ii) F
η
X vanishes on tr .

Acknowledgments. Part of this paper was written when the author participated in the “Pro-
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2. Bando-Calabi-Futaki characters as holomorphic invariants (Proof of Theorem
1.8). Throughout this section, we fix a compact connectedr-dimensional complex manifold
X, a positive classη ∈ H 2(X; R), a linear algebraic groupG (defined overC) and a homo-
morphismρ : G → Aut(X) of algebraic groups. LetπE : E → X be a holomorphic vector
bundle of rankk overX. We assume thatE is (G, ρ)-linearized. Then, for anyV ∈ g, a
holomorphic action (see [ 3 ])

ΛEV : A0(E) → A0(E) ,

of V onE is induced, that is,ΛEV satisfies the following properties:
(i) ΛEV is aC-linear map.
(ii) For all ψ ∈ C∞(X)C ands ∈ A0(E),

ΛEV (ψs) = ((ρ∗V )ψ)s + ψΛEV s.

(iii) ΛEV commutes with∂ , i.e.,∂ΛEV = ΛEV ∂.
Here we denote byAp(E) the space ofE-valuedp-forms onX for p = 0,1, . . . , r.

EXAMPLE 2.1. E = T 1,0X is canonically Aut(X)-linearized. In this case,ΛT
1,0X

V

is the Lie differentiationLV of vector fields with respect to a holomorphic vector fieldV ∈
H 0(X;O(T 1,0X)) onX.

Let h be a Hermitian metric onE and∇h : A0(E) → A1(E) the Hermitian connection
of h (see for instance [12, p. 12]). We define the curvatureΘh of ∇h by

Θh := ∂(h−1∂h) ∈ A2(End(E)) ,

where End(E) is the endomorphism bundle ofE overX. For eachV ∈ g, we putL(E,h)V :=
∇h
ρ∗V − ΛEV ∈ A0(End(E)). Let l ∈ Z�0 be a non-negative integer andφ a GL(k,C)-

invariant symmetric polynomial of degreer + l on gl(k,C) (see [10, p. 21]). For example,
cr+l1 := ((

√−1/2π) tr)r+l is aGL(k,C)-invariant symmetric polynomial of degreer + l on

gl(k,C). We now define a mapCφE : g → C by

CφE(V ) :=
∫
X

φ
(L(E,h)V +Θh

)
, V ∈ g .

For this mapCφE , we can prove the following facts:

FACT 2.2 (cf. Futaki and Morita [11]). LetX, (E, h) and φ be as above. Then we have
the following:

(i) CφE dose not depend on the choice of a Hermitian metric h on E, i.e., CφE is a
holomorphic invariant of (X,E).

(ii) CφE is a G-invariant symmetric polynomial of degree l on g. In particular, if l = 1,

then CφE is a character of the Lie algebra g.
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(iii) For any V ∈ H 0(X;O(T 1,0X)),

F
c1(X)
X (V ) = − 2π

r + 1
Cc

r+1
1
T 1,0X

(V ) = − 2π

r + 1
Cc

r+1
1

K−1
X

(V ) ,

where T 1,0X andK−1
X := detT 1,0X = ∧r

T 1,0X are regarded as Aut(X)-linearized bundles
over X in terms of the canonical Aut(X)-actions on them.

Let g ′ be an arbitrary Hermitian metric onX. ForV ∈ g, if a pointp ∈ X is a zero point

of ρ∗V ∈ H 0(X;O(T 1,0X)), thenL(T 1,0X,g ′)
ρ∗V induces the linear map

L(T 1,0X,g ′)
ρ∗V,p = −(Lρ∗V )p : T 1,0

p X → T 1,0
p X .

V ∈ g is said to benon-degenerate if the following two conditions hold:
(i) The zero set Zero(ρ∗V ) of ρ∗V is finite.
(ii) For each zero pointp ∈ Zero(ρ∗V ) of ρ∗V , the linear map

L(T 1,0X,g ′)
ρ∗V,p : T 1,0

p X → T 1,0
p X

is non-singular.
The following localization formula forCφE allows us to calculate explicitly the Bando-

Calabi-Futaki character of a compact toric manifold (see Corollary 4.6):

FACT 2.3 (Bott [ 3 ]). Let X, (E, h) and φ be as above, and V ∈ g a non-degenerate
element. Then we have

CφE(V ) =
∑

p∈Zero(V )

φ
(L(E,h)V ,p

)
det

√−1

2π
L(T 1,0X,g ′)
ρ∗V,p

,

where g ′ is an arbitrary Hermitian metric on X.

Now, we assume that there exists a holomorphic line bundleL overX such thatL is
(G, ρ)-linearized andc1(L) = η. Under this assumption, an argument similar to that in
[17, Section 6] allows us to prove the following Tian’s formula for the Bando-Calabi-Futaki
character (see also [15, Section 3]):

THEOREM 2.4 (Tian [17]). Let X, η,G, ρ and L be as above. Then, for any integer
δ ∈ Z and V ∈ g, we have

F
η
X(ρ∗V ) = − 2π

2r (r + 1)!
r∑
j=0

(−1)j
(
r

j

)
Cc

r+1
1

K−1
X ⊗Lδ+r−2j

(V )

+ 2π

(
δ + rµη

r + 1

)
Cc

r+1
1
L (V ) ,

where Lδ+r−2j := L⊗(δ+r−2j) is the (δ + r − 2j)-th tensor power of L. Here we regard
K−1
X ⊗Lδ+r−2j , j = 0,1, . . . , r , as (G, ρ)-linearized line bundles by the canonical Aut(X)-

action on K−1
X .
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Together with this Tian’s formula, the following fact implies Theorem 1.8 by the same
argument as that in [15, Section 4]:

FACT 2.5 (Mabuchi [13]). Let X, G, ρ and L be as above. Then, for any unipotent

subgroup U of G, Cc
n+1
1
L vanishes on the Lie algebra u := Lie(U) of U .

3. Bando-Calabi-Futaki character of compact toric manifolds (Proof of Theorem
1.9). First, we recall some basic notions and facts concerning toric manifolds (see [16] for
more details). LetTr := (C∗)r be anr-dimensional algebraic torus. We putN := Zr and
M := HomZ(N,Z)(∼= Zr ), where we regard elements ofN andM asr-dimensional column
vectors and row vectors, respectively. LetΣ be acomplete non-singular fan inN (see [16] for
the definition of a complete non-singular fan) andΣ(i) the set ofi-dimensional cones inΣ
for i = 0,1, . . . , r. We denote byXΣ ther-dimensional compact toric manifold associated
with Σ. ThenTr acts onXΣ biholomorphically, andXΣ has an open denseTr -orbit OΣ

isomorphic toTr .

FACT 3.1 (Cox [ 5 ]). Let Σ be a complete non-singular fan in N and dΣ := #Σ(1)
the number of the one-dimensional cones in Σ . Then:

(i) There exists a (dΣ − r)-dimensional algebraic subtorus HΣ of (C∗)dΣ and an
HΣ -invariant open subset WΣ of CdΣ such that HΣ acts freely on WΣ and

XΣ = WΣ/HΣ .

Here the HΣ -action on CdΣ is induced from the canonical (C∗)dΣ -action on CdΣ .
(ii) Let G̃Σ be the centralizer of HΣ in Aut(WΣ). Then

Aut◦(XΣ) ∼= G̃Σ/HΣ .

(iii) G̃Σ and Aut◦(XΣ) are connected linear algebraic groups (defined over C). Let
ŨΣ and UΣ be the unipotent radicals of G̃Σ and Aut◦(XΣ), respectively. Then

ρΣ |ŨΣ : ŨΣ → UΣ

is an isomorphism, where ρΣ : G̃Σ → Aut◦(XΣ) is the natural projection induced by the iso-
morphism Aut◦(XΣ) ∼= G̃Σ/HΣ . Furthermore, there exists a reductive algebraic subgroup
RΣ of Aut◦(XΣ) with Tr as a maximal algebraic torus such that

Aut◦(XΣ) = RΣ � UΣ .

EXAMPLE 3.2. A typical example of anr-dimensional compact toric manifold is the
r-dimensional complex projective spacePr(C). If XΣ = Pr(C), then we have:

dΣ = r + 1 ,

HΣ = {(t, t, . . . , t) ∈ (C∗)r+1 ; t ∈ C∗} ∼= C∗ ,
WΣ = Cr+1 \ {0} ,
G̃Σ = GL(r + 1,C) ,

Aut◦(XΣ) = Aut(XΣ) = PGL(r + 1,C) .
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To eachν ∈ Σ(1), there corresponds aTr -invariant Weil divisorDν onXΣ . More gen-
erally, a mapα : Σ(1) → Z defines aTr -invariant Weil divisorD(α) := − ∑

ν∈Σ(1) α(ν)Dν ,
and we denote byLα theTr -linearized holomorphic line bundle overXΣ corresponding to
D(α), i.e.,Lα = O(D(α)).

EXAMPLE 3.3. LetΣ be a complete non-singular fan inN andXΣ the compact toric
manifold associated withΣ. Then the anti-canonical line bundleK−1

XΣ
of XΣ corresponds to

the map

α0 : Σ(1) � ν �→ −1 ∈ Z ,

that is,K−1
XΣ

corresponds to theTr -invariant Weil divisor
∑
ν∈Σ(1) Dν .

If Lα is ample, that is,c1(Lα) ∈ H 2(XΣ ; Z) is positive, then we say thatα is ample. Let
Σ(1) = {ν1, ν2, . . . , νdΣ } and putαi := α(νi ) ∈ Z for i = 1,2, . . . , dΣ . Then we define a
characterλα : (C∗)dΣ → C∗ of (C∗)dΣ by λα(s1, s2, . . . , sdΣ ) := s

α1
1 s

α2
2 · · · sαdΣdΣ

. HΣ acts on
WΣ × C by

k : (z, ξ) �→ (k · z, λα(k)−1ξ) ,

wherek ∈ HΣ , z ∈ WΣ andξ ∈ C.

FACT 3.4 (cf. Audin [ 1 , Chapter VI]). The projectionWΣ −→ XΣ is a principal
HΣ -bundle. Furthermore, theTr -linearized holomorphic line bundleLα overXΣ is given by

Lα = WΣ ×λα C := (WΣ × C) /HΣ .

PROPOSITION 3.5. For α as above, Lα is the (G̃Σ, ρΣ)-linearized holomorphic line
bundle over XΣ .

PROOF. The natural̃GΣ -action onWΣ commutes with theHΣ -action onWΣ . Then,
by means of Fact 3.4,̃GΣ acts onLα = WΣ ×λα C andLα is (G̃Σ, ρΣ)-linearized. �

For anyη ∈ H 2(XΣ ; Z), in view of [ 7, Section 3.4], there exists a mapαη : Σ(1) → Z
such thatc1(Lαη ) = η. Therefore, Theorem 1.8 together with Fact 3.1 (iii) and Proposition 3.5
implies the following theorem:

THEOREM 3.6. Let Σ be a complete non-singular fan in N and η ∈ H 2(XΣ ; Z) a
positive class. Then the Bando-Calabi-Futaki character FηXΣ of (XΣ, η) vanishes on the Lie
algebra uΣ := Lie(UΣ) of UΣ .

Recall that, for a reductive algebraic groupR,

Lie(R) = Lie(Center(R))+ [Lie(R),Lie(R)] ,(3.7)

and Lie(Center(R)) � Lie(T ) for every maximal algebraic torusT of R, where Center(R)
is the center ofR. SinceRΣ is reductive, Theorem 3.6 together with Fact 3.1 (iii) and (3.7)
immediately implies Theorem 1.9.
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4. A combinatorial formula for the Bando-Calabi-Futaki character of compact
toric manifolds. In [14], the author established a combinatorial formula for the Futaki char-
acter of a toric Fano manifold. In this section, we shall also establish a combinatorial formula
for the Bando-Calabi-Futaki character of a compact toric manifold by the same argument as
in [14].

Throughout this section, we fix a complete non-singular fanΣ inN := Zr and a positive
classη ∈ H 2(XΣ ; Z). We shall use the same notation as that in Section 3.

We define a basis{τi := t i (∂/∂ti ); i = 1,2, . . . , r} of the Lie algebratr of Tr , where
(t1, t2, . . . , tr ) is the standard coordinate forTr = (

C∗)r . Note that we can regardtr as a
complex Lie subalgebra ofH 0(XΣ ;O(T 1,0XΣ)). For eachσ ∈ Σ(r) andS ∈ GL(r,C), let

a1(σ ) =



a1

1(σ )

a2
1(σ )
...

ar1(σ )


 , . . . , ar(σ ) =



a1
r (σ )

a2
r (σ )
...

arr (σ )


 ∈ N

be the generator ofσ . We put

A(σ) := (a1(σ ), a2(σ ), . . . , ar (σ ))

=



a1

1(σ ) a1
2(σ ) . . . a1

r (σ )

a2
1(σ ) a2

2(σ ) . . . a2
r (σ )

...
... . . .

...

ar1(σ ) ar2(σ ) . . . arr (σ )


 ∈ GL(r,Z)

andQ(S; σ) = (qij (S; σ)) := A(σ)−1S ∈ GL(r,C). A non-singular matrixS ∈ GL(r,C) is

said to benon-degenerate if S satisfiesqij (S; σ) �= 0 for all i, j = 1,2, . . . , r, andσ ∈ Σ(r).
EXAMPLE 4.1. For example, a non-singular matrix

S0 :=




1 1 . . . 1
π π2 . . . πr

π2 π4 . . . π2r

...
... . . .

...

πr−1 π2(r−1) . . . πr(r−1)


 ∈ GL(r,C)

is non-degenerate.

For S = (s
j
i
) ∈ GL(r,C) and i = 1,2, . . . , r, we define a holomorphic vector field

Vi(S) := ∑r
i=1 s

j
i τj on XΣ . Then {Vi(S) ; i = 1,2, . . . , r} is a basis oftr . For a map

α : Σ(1) → Z, we define constantsβi(S; σ, α), i = 1,2, . . . , r, by

βi(S; σ, α) :=
r∑
j=1

α(〈aj (σ )〉)qji (S; σ) ,

where 〈ai(σ )〉 ∈ Σ(1) is the one-dimensional cone generated byai(σ ) ∈ N . We put
bi(σ, α) := β(Ir ; σ, α), whereIr ∈ GL(r,C) is the identity matrix.
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In terms of the notation as above, we can establish the following combinatorial formula

for Cc
r+l
1
Lα

(Vi(S)):

THEOREM 4.2. Let XΣ be an r-dimensional compact toric manifold associated with
a complete non-singular fan Σ and S ∈ GL(r,C) a non-degenerate non-singular matrix.
Then we have

Cc
r+l
1
Lα

(Vi(S)) =
(√−1

2π

)l ∑
σ∈Σ(r)

βi(S; σ, α)r+l
r∏
j=1

q
j
i (S; σ)

for any α : Σ(1) → Z, l ∈ Z�0 and i = 1,2, . . . , r , where we regard Lα as a Tr -linearized
holomorphic line bundle over XΣ .

PROOF. For eachσ ∈ Σ(r), there exists aTr -invariant open subsetWσ of XΣ such
thatWσ

∼= Cr andXΣ = ⋃
σ∈Σ(r) Wσ . Let (t1, t2, . . . , tr ) and(z1(σ ), z2(σ ), . . . , zr (σ ))

be the coordinate systems onOΣ
∼= Tr = (C∗)r andWσ

∼= Cr , respectively. The following
system of identities is the coordinate transformation between these coordinates:

t i =
r∏
j=1

zj (σ )
aij (σ ) , i = 1,2, . . . , r .

From these identities, for everyσ ∈ Σ(r) andi = 1,2, . . . , r, we have

Vi(S) =
r∑
k=1

qki (S; σ)zk(σ )
∂

∂zk(σ )

onWσ . In view of this expression ofVi(S) and the non-degeneracy ofS, we obtain

Zero(Vi(S)) = {the origino(σ) ofWσ
∼= Cr ; σ ∈ Σ(r)}

for i = 1,2, . . . , r. For eachσ ∈ Σ(r), theTr -linearized holomorphic line bundleLα over
XΣ is trivialized onWσ . In terms of this trivialization, theTr -action onLα|Wσ = Wσ × C is
given by

t : Wσ × C � (z, ξ) �→
(
t · z,

r∏
i=1

(ti )−bi(σ,α)ξ
)

∈ Wσ × C ,

wheret = (t1, t2, . . . , tr ) ∈ Tr (see [16, p. 69]). Hence, forσ ∈ Σ(r) andi = 1,2, . . . , r,
we have

L(Lα,h)Vi (S),o(σ )
=

r∑
j=1

bj (σ, α)s
j

i = βi(S; σ, α) ,(4.3)

whereh is an arbitrary Hermitian metric onLα . Moreover we also have, forσ ∈ Σ(r) and
i = 1,2, . . . , r,
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Lg ′
Vi(S),o(σ )

=



q1
i (S; σ)

q2
i (S; σ)

. . .

qri (S; σ)


 ,(4.4)

0

0

with respect to a basis{(∂/∂z1(σ ))o(σ ), . . . , (∂/∂z
r (σ ))o(σ )} of T 1,0

o(σ )XP , whereg ′ is an arbi-
trary Hermitian metric onXΣ . Together with (4.3) and (4.4), Fact 2.3 immediately implies
the theorem. �

As a corollary of this theorem, we obtain the following:

COROLLARY 4.5. Let XΣ be an r-dimensional compact toric manifold associated
with a complete non-singular fan Σ , S ∈ GL(r,C) a non-degenerate non-singular matrix,
αa : Σ(1) → Z, a = 1,2, . . . , k, and b1, b2, . . . , bk ∈ N with b1 + b2 + · · · + bk = r . Then
we have

(c1(Lα1)
b1 ∪ c1(Lα2)

b2 ∪ · · · ∪ c1(Lαk )
bk ) [XΣ ]

=
∑

σ∈Σ(r)

k∏
a=1

βi(S; σ, αa)ba

r∏
j=1

q
j
i (S; σ)

(4.5.1)

for any i = 1,2, . . . , r . In particular, for α : Σ(1) → Z and i = 1,2, . . . , r , we have

µc1(Lα) =

∑
σ∈Σ(r)

βi(S; σ, α)r−1
r∑
j=1

q
j
i (S; σ)

r∏
j=1

q
j
i (S; σ)

∑
σ∈Σ(r)

βi(S; σ, α)r
r∏
j=1

q
j
i (S; σ)

.(4.5.2)
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PROOF. Applying Theorem 4.2 toCc
r
1

L
λ1
α1⊗Lλ2

α2⊗···⊗Lλkαk
(Vi(S)), we obtain

∑
b1+···+bk=r

r!
b1! · · · bk!λ

b1
1 · · · λbkk (c1(Lα1)

b1 ∪ · · · ∪ c1(Lαk )
bk ) [XΣ ]

=
∑

σ∈Σ(r)

( k∑
a=1

λaβi(S; σ, αa)
)r

r∏
j=1

q
j
i (S; σ)

.

By comparing the coefficients ofλb1
1 λ

b2
2 · · ·λbkk in the equation above, we obtain the for-

mula (4.5.1). The formula (4.5.2) is straightforward from the definition (1.2) ofµη and the
formula (4.5.1). �

In view of Theorems 2.4 and 4.2 and Corollary 4.5 combined with the equalities

r∑
j=0

(−1)j
(
r

j

)
(r − 2j)k =

{
0 if k = 0,1, . . . , r − 1, r + 1 ,
2rr! if k = r ,

we can prove the following combinatorial formula for the Bando-Calabi-Futaki character of a
compact toric manifold:

COROLLARY 4.6. Let XΣ be an r-dimensional compact toric manifold associated
with a complete non-singular fanΣ and S ∈ GL(r,C) a non-degenerate non-singular matrix.
If α : Σ(1) → Z is ample, then, for i = 1,2, . . . , r , we have

√−1Fc1(Lα)XΣ
(Vi(S)) =

∑
σ∈Σ(r)

βi(S; σ, α)r
r∑
j=1

q
j
i (S; σ)

r∏
j=1

q
j

i (S; σ)

− r

r + 1




∑
σ∈Σ(r)

βi(S; σ, α)r−1
r∑
j=1

q
j

i (S; σ)
r∏
j=1

q
j
i (S; σ)

∑
σ∈Σ(r)

βi(S; σ, α)r
r∏
j=1

q
j
i (S; σ)




∑
σ∈Σ(r)

βi(S; σ, α)r+1

r∏
j=1

q
j

i (S; σ)
.
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REMARK 4.7. (i) LetXΣ , α andS be as in Corollary 4.6. Then we have(
F
c1(Lα)
XΣ

(τ1), F
c1(Lα)
XΣ

(τ2), . . . , F
c1(Lα)
XΣ

(τr )
)

= (
F
c1(Lα)
XΣ

(V1(S)), F
c1(Lα)
XΣ

(V2(S)), . . . , F
c1(Lα)
XΣ

(Vr(S))
)
S−1 .

Therefore, in view of Corollary 4.6, we can calculateFc1(Lα)XΣ
(τi) for all i = 1,2, . . . , r.

(ii) Let XΣ andα be as in Corollary 4.6. Then by means of Theorem 1.9, Corollary 4.6
and the identity in (i), we can obtain the entire information about the Bando-Calabi-Futaki
characterFc1(Lα)XΣ

of (XΣ, c1(Lα)).
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