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Abstract. We give an affirmative answer to the following conjecture of Ma. Kato: Let
S be a compact complex surface in Kodaira’s class VII0 which contains a strictly positive
number of rational curves being exactly equal to the second Betti number ofS. ThenS admits
a global spherical shell.

Introduction. Kodaira’s class VII0, which consists of minimal compact complex sur-
facesS havingb1(S) = 1, is not completely understood so far. In fact, only the case when
b2(S) = 0 is completely classified, by the work of Kodaira [13], Inoue [11], Bogomolov [1],
Li-Yau-Zheng [14] and Teleman [18].

For b2(S) > 0 a construction method and thus a large subclass of surfaces have been
introduced by Kato [12]. These are exactly the minimal surfaces withb2 > 0 containing
global spherical shells (see the next section for the definition). One can show that a surface
S of class VII0 has at mostb2(S) rational curves on it and that if moreoverS admits a global
spherical shell, then there are exactlyb2(S) rational curves onS. Kato conjectured that the
converse should be true as well. Important progress towards this conjecture was made by
Nakamura [15], [16], who showed that ifS hasb2(S) rational curves, then their configuration
is that of the curves of a surface with global spherical shells andS is a deformation of a
blown-up Hopf surface.

This paper is devoted to the proof of Kato’s conjecture:

MAIN THEOREM. If S is a surface of class VII 0 with b2(S) > 0 and with b2(S) ratio-
nal curves, then S admits global spherical shells.

At present all known surfacesS of class VII0 with b2(S) > 0 contain global spherical
shells. In fact, by making additional assumptions onS like the existence of a homologically
trivial divisor [8] or of two cycles of rational curves [15] or of a holomorphic vector field [6],
[7], it was shown thatS contains global spherical shells. The present paper makes a further
step in this direction.

The paper is organized as follows. Section 1is preparatory. We recall some facts on
surfaces with global spherical shells and on surfacesS of class VII0 with b2(S) > 0 rational
curves. Such surfaces were calledspecial by Nakamura [16]. We also prove a fact we shall
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need later, namely that ifS is special, then the canonical bundle of a suitable finite ramified
covering ofS is numerically divisorial.

Using the knowledge of the configuration of rational curves on a special surface, we
prove in Section 2 the existence of a logarithmic 1-form twisted by a flat line bundle. Passing
to a finite ramified covering we get a global twisted holomorphic vector field. The twisting is
again by some flat line bundle. This induces a true holomorphic vector field on the universal
coveringS̃ of S.

In Section 3 we prove that this holomorphic vector field is completely integrable and that
the universal covering of the complement of the curves ofS is isomorphic toH × C, where
H denotes the complex half plane. Section 4 is devoted to the computation of the action of
the fundamental group onH × C. This allows us to recover in Section 5 the contracting rigid
germ of holomorphic map which gave birth to our surfaceS. Using the work of Favre [9]
which classifies such germs, we are able to conclude.

1. Preliminaries. We start by recalling some definitions and known facts. A compact
complex surfaceS is said to belong to Kodaira’s class VII ifb1(S) = 1 and to class VII0 if it
is moreover minimal. Surfaces of class VII0 with b2 = 0 have been completely classified, see
for instance [18]. In this paper we deal with the caseb2 > 0. It is then well-known that the
Kodaira dimension ofS is negative and that the algebraic dimension vanishes. In particular,
S has finitely many irreducible curves.

At present the only known surfaces of class VII0 with b2 > 0 containglobal spheri-
cal shells (GSS). A global spherical shell is a neighborhoodV of S3 ⊂ C2 \ {0} which is
holomorphically embedded in the surfaceS such thatS \ V is connected. All surfaces with
GSS may be constructed by a procedure due to Kato [12]. As a consequence, they all have
exactlyb2(S) rational curves; some of them admit an elliptic curve as well. Kato also made
the following

CONJECTURE. If S is a class VII 0 surface with b2 > 0 rational curves, then S admits
a GSS.

Following Nakamura [16], we shall call a class VII0 surfacespecial, if it has b2 > 0
rational curves. Since special surfaces admitting homologically trivial divisors or with all
rational curves organized in one or two cycles have been shown to admit GSS, [8], [15], [3],
[12], we concentrate our attention on the remaining ones. We shall call themspecial surfaces
of intermediate type.

In [16], Nakamura proved that the configuration of the rational curves of a special surface
of intermediate type is the same as that of a surface with GSS with the sameb2. In partic-
ular the dual graph of such a configuration is connected and contains a cycle to which some
trees are attached. Nakamura also showed that these surfaces are deformations of blown-
up primary Hopf surfaces, in particular that their fundamental group is isomorphic toZ. Fur-
thermore, he proposed a line of attack to Kato’s conjecture. However, one of his conjectures
proved to be not correct, see [19].
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NOTATION. We denote byD the maximal reduced divisor of a special surfaceS, by
M(S) the intersection matrix of the rational curves ofS and setk(S) := √| detM(S)| + 1. (It
is well-known that

√| detM(S)| is the index of the subgroup generated by classes of curves
in H 2(S, Z) and thus it is an integer). Moreover we denote byS̃ the universal cover ofS and
by D̃ the preimage ofD in S̃. ThenD̃ is the universal cover ofD.

In this section we show that after passing to a ramified covering and a resolution of
singularities, we may suppose that the anticanonical bundle of our surface is numerically
divisorial, i.e., there exists a flat line bundleL on S and a divisorD−K such thatK−1

S �
L ⊗ O(D−K).

Since under our assumptionsπ1(S) � Z, it is easy to see that the flat line bundles are
parametrized byC∗ � Hom(π1(S), C∗) � Pic0(S). We shall often writeLλ for the line
bundle corresponding to the complex numberλ ∈ C∗.

LEMMA 1.1. Let S be a special surface of intermediate type. Then there exist a posi-
tive integer m, a flat line bundle L and an effective divisor Dm such that

(KS ⊗ L)⊗m = O(−Dm) .

PROOF. Since the cohomology classes associated to the rational curves ofS generate
H 2(S, Q), there always existm ∈ N∗, L ∈ Pic0(S) and a divisorDm such that

(KS ⊗ L)⊗m = O(−Dm) .

We have only to check thatDm ≥ 0. LetDm = D+−D− with D+,D− ≥ 0 andD+.D− ≥ 0.
The adjunction formula implies thatDm.C ≤ 0 for any irreducible curveC onS. Hence

0 ≥ Dm.D− = (D+ − D−).D− ≥ −D2− ≥ 0 .

But thenD− = 0, sinceS does not admit homologically trivial divisors. �

DEFINITION 1.2. The smallest possiblem ∈ N∗ for which a decomposition

(KS ⊗ L)⊗m = O(−Dm)

as in Lemma 1.1 exists, will be called theindex of the surfaceS and denoted bym(S). When
m(S) = 1, we denoteD−K = D1 and call this thenumerically anticanonical divisor of S.

Notice thatDm is unique whenS is of intermediate type. The following proposition will
enable us to reduce the proof of the Main Theorem to the case of special surfaces of index 1.
We have formulated it for simplicity for special surfaces of intermediate type, but the general
case can be proved similarly.

PROPOSITION 1.3. Let S be a special surface of intermediate type with index m :=
m(S) > 1. Then there exists a diagram
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where
(i) (Z, π, S) is a m-fold cyclic ramified covering space of S, branched over Dm,

(ii) (T , ρ,Z) is the minimal desingularization of Z,

(iii) (T , c, S′) is the contraction of the (possible) exceptional curves of the first kind,

(iv) S′ is a special surface with action of the group of m-th roots of unity Um, with
index m(S′) = 1,

(v) Z′ is the quotient space of S′ by Um,

(vi) (T ′, ρ′, Z′) is the minimal desingularization of Z′, and
(vii) (T ′, c′, S) is the contraction of the (possible) exceptional curves of the first kind

such that the restriction over S \ D is commutative, i.e.,

θ := π ◦ ρ ◦ c−1 = c′ ◦ ρ′−1 ◦ π ′ : S′ \ D′ → S \ D .

We have that θ : S′ \ D′ → S \ D is a m-fold non-ramified covering. Moreover, S′ has
a GSSif and only if S has a GSS.

PROOF. We have
(KS ⊗ L)⊗m = O(−Dm) .

Let X be the total space of the line bundleK−1 ⊗ L−1. We choose an open trivialisation
coveringU = (Ui) for K andL with local coordinates(zi

1, z
i
2), defining cocycles(kij ) and

(g ij ) of K andL such thatDm ∩ Ui = {fi = 0} and

km
ij g

m
ij

fi

fj
= 1 .

If ζi is the fiber variable ofX overUi , the equationsζm
i = fi(z) fit together and define an

analytic subspaceZ ⊂ X. It is easy to see thatUm acts holomorphically and effectively onZ
and thatZ/Um = S. Let π : Z → S be the projection onS. The ramified covering(Z, π, S)

is branched exactly over supp(Dm). The local meromorphic 2-forms

ωi = dzi
1 ∧ dzi

2

ζi

yield a twisted meromorphic 2-formω onX, hence onZ, for

ωi = dzi
1 ∧ dzi

2

ζi

= k−1
ij dz

j
1 ∧ dz

j
2

(kij g ij )
−1ζj

= g ij

dz
j

1 ∧ dz
j

2

ζj

= g ij ωj .
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Now, let (T , ρ,Z) be the minimal desingularization ofZ. This includes of course the
normalization ofZ. Notice that the normalization is connected by the minimality ofm. Set
H = ρ�L. Thenτ = ρ�ω is a twisted meromorphic 2-form onT , which does not vanish
and has a non trivial polar divisorE andKT ⊗ H = O(−E). Finally, in order to obtain
S′, we contract all exceptional curves of the first kind. It is clear that the indexS′ is one.
As before,Um acts holomorphically onS′ and S′ \ D′ is a covering manifold ofS \ D.
The quotientZ′ = S′/Um is a normal surface. The desingularization(T ′, ρ′, Z′) yields S

after contraction of the exceptional curves of the first kind. SinceS has no non-constant
meromorphic functions, the same holds forS′. Applying then the classification of Kodaira,S′
is a K3 surface, a torus or a surface of class VII0. The first two cases have a trivial canonical
bundle, and henceS′ belongs to class VII0. Moreoverb2(S

′) > 0, because it contains a
cohomologically non trivial divisor.

We shall now show that ifS has a GSS, thenS′ will also have this property. We may
choose a GSS,S3 ⊂ V ⊂ C2 \ {0}, which after embedding inS cuts only one curveC of our
surfaceS. For a suitable choice of global coordinates(z1, z2) on V , the intersectionC ∩ V

is given by the equationz1 = 0. MoreoverKS |V andL|V are trivial onV . Let ζ be the fiber
coordinate ofX overV . SupposeDm ∩ V = n(C ∩ V ). The pull-backπ−1(S3) of the sphere
S3 to Z is given by the equations

|z1|2 + |z2|2 = 1, zn
1 = ζm.

Let d := g.c.d.(n,m) andn′ = n/d, m′ = m/d. Then there ared irreducible compo-
nents aroundπ−1(S3) in Z, which will become disjoint after normalization. We denote by
Σ1, . . . ,Σd the corresponding components ofπ−1(S3). Let us chooseΣ1 with equations

|z1|2 + |z2|2 = 1, zn′
1 = ζm′

.

This component is normalized by the map

(t, z2) �→ (tm
′
, z2, t

n′
) .

The pull-backΣ ′
1 of Σ1 to T will be given in these coordinates by the equation

|t|2m′ + |z2|2 = 1 .

We check now thatT \Σ ′
1 is connected. LetP,Q ∈ T \Σ ′

1 two points in a neighborhood
of Σ ′

1 ∩ ρ−1(π−1(D)) which find themselves on different sides ofΣ ′
1. Their projections

π(ρ(P )), π(ρ(Q)) onS may be connected by a path avoidingS3 andD. We may lift this path
to a pathγ in Z which connectsρ(P ) to someQ′ ∈ π−1(π(ρ(Q))). In order to ensure that
Q′ andρ(Q) coincide, it is enough to let the initial path inS turn the needed number of times
around the components ofD. By further lifting γ to T , we obtain the desired connectedness.
Form′ > 1 ,

Σ ′
1 = {(t, z) ∈ C2 | |t|2m′ + |z2|2 = 1}

is no longer a sphere, but remains the border of a bounded Stein domain ofC2. Noticing that
Σ ′

1 may be approximated by a strictly pseudoconvex hypersurface (for example, of equation
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ε|t|2 + |t|2m′ + |z2|2 = 1) it is possible to use the same arguments as in [2] in order to get a
contracting holomorphic germ and hence a GSS onS′.

In particular, whenS has a GSS,S′ has exactlyb2(S
′) = −K2

S ′ rational curves. But
since for a special surfaceS, the dual graph of the curves is the same as for some surface with
a GSS, and since the intersection matrix of the curves ofS′ depends only on this graph, we
see that ourS′ also hasb2(S

′) = −K2
S ′ rational curves. ThusS′ is special under the weaker

condition thatS is special (of intermediate type). Finally, it is not difficult to show (cf. [4])
that quotients of GSS surfaces by the actions of finite cyclic groups of automorphisms remain
GSS surfaces. Thus ifS′ has a GSS, thenS will also have one. �

2. Existence of a twisted logarithmic 1-form. In this section we shall consider a
special surfaceS of intermediate type and prove that it always admits a twisted logarithmic
1-form. LetD = Dmax = ∑n

i=1 Ci be the maximal reduced divisor ofS.

LEMMA 2.1. If S has index m(S) = 1, then the numerically anticanonical divisor
satisfies D−K > D. In particular, for every flat line bundle L on S, H 0(S,KS ⊗ L) = 0.

PROOF. Suppose thatD−K does not contain all the curves ofS. Since by [16] the
maximal divisorD is connected, there exists an irreducible curveC which is not contained
in D−K but such that supp(D−K) ∩ C �= ∅. ThenKS.C = −D−K.C < 0, which gives a
contradiction to the adjunction formula. ThusD−K ≥ D. But the equalityD−K = D would
imply D2 = −b2(S), which may happen only on Inoue-Hirzebruch surfaces by [16]. But
Inoue-Hirzebruch surfaces are not of intermediate type, so in our case we haveD−K>D. �

LEMMA 2.2. For every L ∈ Pic0(S) we have Γ (S,Ω1 ⊗ L) = 0.

PROOF. We may supposeL �= 0. Using the exact sequence of sheaves

0 → dO(L) → Ω1 ⊗ L → Ω2 ⊗ L → 0 ,

we get

Γ (Ω1 ⊗ L) = Γ (dO(L)) .

Take nowω ∈ Γ (dO(L)) and denote bỹω its pull-back on the universal covering̃S
of S. Theng ∗ω̃ = λω̃, whereg is a generator ofπ1(S) � Z andλ is the twisting factor
which corresponds toL ∈ Pic0(S) � C∗. Let f be a primitive ofω̃ andc ∈ C such that
f ◦ g = λf + c. Replacingf by h := f + c/(λ − 1), we geth ◦ g = λh, which means that
h induces a section inΓ (S,O(L)). By our assumption onS, h has then to be the zero section
and thusω = 0. �

LEMMA 2.3. A non-trivial twisted logarithmic 1-form on S is always closed and has
poles along each curve of S.

PROOF. Let 0 �= ω ∈ Γ (S,Ω1(logD) ⊗ L) for a flat line bundleL. Thendω ∈
Γ (S,Ω2(D) ⊗ L). If dω �= 0, then its associated divisorΓ satisfies 0≤ −Γ ≤ D, which
contradicts Lemma 2.1. Thusdω = 0. By Lemma 2.2, the pole divisorD∞ of ω is non-
trivial. ThenD∞ must contain the cycle of rational curves ofS, otherwise one could writeω
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as a non-trivial logarithmic 1-form in a neighborhoodV of D∞, and since the dual graph of
D∞ would be contractible,ω would be holomorphic onV by [17].

So let nowC1 be an irreducible component ofD∞, and suppose there exists a rational
curveC2 not contained inD∞ such that∅ �= C1 ∩ C2 = {p}. Choose coordinates(z1, z2)

locally aroundp such thatCi = {zi = 0}, i = 1, 2, and write

ω = α1
dz1

z1
+ α2dz2

in these coordinates. Since

0 = dω = ∂α1

∂z2
dz2 ∧ dz1

z1
+ ∂α2

∂z1
dz1 ∧ dz2 ,

we see thatα1 must have the form

α1(z1, z2) = β(z1) + z1z2γ (z1, z2) .

If β(0) �= 0, then the restriction ofω to C2 would have, as its only pole, a simple pole inp,
which is impossible. Thereforeβ(0) = 0 and

ω =
(

β

z1
+ z2γ

)
dz1 + α2dz2

has no pole alongC1, which gives a contradiction. ThusD∞ = D. �

LEMMA 2.4. Two logarithmic 1-forms ω1, ω2 on S twisted by flat line bundles L1, L2

are necessarily linearly dependent.

PROOF. If ω1, ω2 were not linearly dependent, then their exterior productω1 ∧ ω2 ∈
Γ (S,Ω2(D) ⊗ L1 ⊗ L2) would be non-identically zero. This contradicts Lemma 2.1.�

LEMMA 2.5. If L is a flat line bundle on S and Γ (S,Ω1(logD)⊗L−1) = 0, then the
morphism

H 2(S, CS(L)) → H 2(D, CD(L))

induced by restriction is bijective.

PROOF. We may supposeL to be non-trivial, since otherwise the conclusion holds by
our hypotheses onS. The long exact cohomology sequence of the diagram

(1)

0 −−→ CD(L) −−→ OD(L)
d−−→ ⊕n

i=1 ΩCi ⊗ L −−→ 0�restr

�restr

�restr

0 −−→ CS(L) −−→ OS(L)
d−−→ dOS(L) −−→ 0

gives

H 1(OD(L)) −−→ H 1(
⊕n

i=1 ΩCi ⊗ L) −−→ H 2(CD(L)) −−→ H 2(OD(L))� � � �
H 1(OS(L)) −−→ H 1(dOS(L)) −−→ H 2(CS(L)) −−→ H 2(OS(L)) .
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Using the identities

H 2(OS(L)) = 0 , H 0(OS(L)) = 0 , H 2(OD(L)) = 0 , H 0(OD(L)) = 0

and the theorem of Riemann-Roch, we getH 1(OS(L)) = 0 andH 1(OD(L)) = 0. Thus our
task comes to showing the bijectivity of the morphism

H 1(dOS(L)) → H 1
( n⊕

i=1

ΩCi ⊗ L

)
.

On the other hand, the commutative triangle

����	





�

�dOS(L) Ω1(L) ,

⊕n
i=1 ΩCi ⊗ L

restr restr

the long exact cohomology sequence associated to

(2) 0 → dOS(L) → Ω1
S(L) → Ω2

S(L) → 0

and the fact thatH 0(Ω2
S(L)) = 0, allow us to get the commutative triangle

����	





�

�H 1(dOS(L)) H 1(Ω1(L)) ,

H 1
( ⊕n

i=1 ΩCi ⊗ L
)

where the horizontal arrow is an isomorphism. Thus, we have only to prove that the morphism

(3) H 1(Ω1(L)) → H 1
( n⊕

i=1

ΩCi ⊗ L

)

is bijective.
We examine the dimensions first.

dimH 1
( n⊕

i=1

ΩCi ⊗ L

)
=

n∑
i=1

dimH 1(ΩCi ⊗ L) = n

and

dimH 1(Ω1(L)) = −χ(Ω1(L)) + h0(Ω1(L)) + h2(Ω1(L))

= −χ(Ω1(L)) = −χ(Ω1) = b2 ,

since we know thath0(Ω1(L)) = h0(Ω1(L−1)) = 0. By assumption,b2 = n, so it is enough
to show only the surjectivity of the morphism (3). In order to do so, let us compute the kernel
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N of the surjective morphism

Ω1
S →

n⊕
i=1

ΩCi .

Locally around a pointC1 ∩ C2, whereCi = {zi = 0}, this morphism is given by

f1dz1 + f2dz2 �→ (f1(z1, 0)dz1, f2(0, z2)dz2) .

Thus a section of the kernel must have the formz2g 1dz1 + z1g 2dz2, whereg 1, g 2 are holo-
morphic functions. Therefore we get the duality

N ⊗ Ω1
S(logD)

∧−−→ Ω2
S ,

mapping

(
z2g 1dz1 + z1g 2dz2,

h1

z1
dz1 + h2

z2
dz2

)
�−→ (g 1h2 − g 2h1)dz1 ∧ dz2 ,

proving that

N � Ω1
S(logD)∨ ⊗ Ω2

S .

In order to finish the proof we consider now the long exact cohomology sequence of

0 → N ⊗ L → Ω1
S ⊗ L →

n⊕
i=1

ΩCi ⊗ L → 0 ,

and use the fact thatH 2(N ⊗ L) = H 0(Ω1
S(logD) ⊗ L−1)∗ = 0 which is ensured by

hypothesis. �

THEOREM 2.6. Let S be a special surface of intermediate type and k := k(S). Then
there exists a choice of a generator of π1(S) � Z such that S admits a closed logarithmic
1-form twisted by the flat line bundle Lk .

PROOF. By [16] there exists a surfaceS′ with a GSS such that the dual graph of the
maximal reduced divisorD′ of S′ coincides with that ofD. By [5] and [9, Thm. 1.2.24], we
may choose the generator ofπ1(S

′) � π1(D
′) such thatΓ (S′,Ω1(logD′) ⊗ Lk) �= 0. We

further fix the generator ofπ1(S) � π1(D) � Z � π1(S
′) � π1(D

′) to be the same as above.
We may now suppose thatΓ (S,Ω1(logD)⊗L1/k) = 0, otherwise we change the generator of
π1(S). We shall identify sections of sheaves onS twisted byLk with sections of the pullback-
sheaves on the universal coverS̃ of S which respect the representationρ : π1(S) → C∗
definingLk. We start with the exact sequence

(4) 0 → dO(Lk) → dO(logD) ⊗ Lk →
n⊕

i=1

OC̃i
⊗ Lk → 0 ,
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whereC̃i are the normalisations of the curvesCi ⊂ S and with a certain element

a ∈ Γ

(
S,

n⊕
i=1

OC̃i
⊗ Lk

)
= Γ

(
S̃,

∞⊕
i=−∞

OC̃i

)ρ

to be defined below. Seen as an element in

Γ

(
S̃,

∞⊕
i=−∞

OC̃i

)
�

∞⊕
i=−∞

Γ (S̃,OC̃i
) ,

a becomes a vector inCZ with the propertyai+n = kai for all i ∈ Z.
Choose a non-trivial element

ω′ ∈ Γ (S′,Ω1(logD′) ⊗ Lk)

and put

ai :=
∫

γi

ω′ ,

whereγi is a small path aroundC′
i ⊂ D̃′. We denote again byω′ the pull-back ofω′ to the

universal cover̃S′ of S′. The Camacho-Sad formula for the foliation defined byω′ gives

C2
j = −

∑
i �=j

Ci∩Cj �=∅

ai

aj

,

see [7]. Moreover we have seen in [7] thatω′ may be chosen such thata ∈ Z[1/k]Z. For such
a choice let furtherUj be small neighborhoods of the curvesCj on S̃ and consider divisors
Dj in these neighborhoods of the form

Dj := kν

(
ajCj +

∑
i �=j

Ci∩Cj �=∅

aiCi

)
,

for someν ∈ N which is sufficiently large. SinceDj .Cj = 0, Dj is the zero divisor of some
holomorphic functionfj ∈ O(Uj ). Put then

ωj := k−ν dfj

fj

∈ Γ (Uj , dO(logD̃)) .

One may choose the functionsfj ∈ O(Uj ) such that

g ∗ωj+n = kωj

holds for allj ∈ Z; hereg ∈ π1(S) denotes the “positive” generator ofπ1(S). There exist
local coordinate functionszj , zi which define the curvesCj , Ci such that aroundCi ∩ Cj we
have

ωj = aj

dzj

zj

+ ai
dzi

zi

,
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and around points ofCj away from any other compact curve

ωj = aj

dzj

zj

.

We look now at the situation onUi ∩ Uj . Hereωj − ωi is a closed holomorphic 1-form
and thus exact ifUi ∩Uj is simply connected, which we shall always suppose. Indeed,ωj −ωi

has the form

aj

dg j

g j

+ ai

dg i

g i

,

with g i , g j ∈ O∗(Ui ∩ Uj ). Let U be the covering of̃S which consists of the open setsUi

and ofS̃ \ D̃. We setω = 0 onS̃ \ D̃. Then we get a cocycle(ωj − ωi)j,i ∈ H 1(U, dO(Lk))

which represents the image ofa through the canonical connecting homomorphism associated
to the sequence (4). We follow this image further through the isomorphism

H 1(dO(Lk))
�−→ H 2(C(Lk)) ,

which comes from the short exact sequence

0 → C(Lk) → O(Lk) → dO(Lk) → 0 .

In order to do this, we pass to a finer coveringV = (Vν)ν which has the property that the sets
Vµν := Vµ ∩ Vν are simply connected. Letγ be the refinement map and setων := ωγ (ν)|Vν

for Vν ⊂ Uγ(ν). Sinceων − ωµ is exact onVµν , we may choose primitivesfνµ. This is done
such that

fνµ = 0 if γ (µ) = γ (ν) and

fνµ = fγ (ν)γ (µ) if γ (µ) �= γ (ν) and γ (µ), γ (ν) ∈ Z .

The cocycle
((fµν − fλν + fλµ)|Vλµν )λµν

is the desired element inH 2(V, C(Lk)). But we remark now that the trace of this cocycle on
D̃ is zero and thus its image inH 2(D ∩V, C(Lk)) by the restriction morphism will be zero as
well. One sees this by checking the different possibilities forλ,µ, ν, such thatVλµν ∩D̃ �= ∅ :

(i) whenγ (λ) = γ (µ) = γ (ν), all primitives are zero,
(ii) whenγ (λ) = γ (µ) �= γ (ν), one gets againfµν − fλν + fλµ|Vλµν = 0.

Notice that at least two elements amongγ (λ), γ (µ), γ (ν) must be equal. Now Lemma 2.5
shows that the class of our cocycle inH 2(S, C(Lk)) vanishes. Hence there exists a non-trivial
elementω in Γ (S, dO(logD) ⊗ Lk) which maps ontoa ∈ Γ (S,

⊕n
i=1 OC̃i

⊗ Lk). �

COROLLARY 2.7. The only singularities of the foliation associated to ω ∈
Γ (S,Ω1(logD) ⊗ Lk) are simple and are located at the intersection points of the ratio-
nal curves of S. The rational curves are invariant with respect to this foliation and their
Camacho-Sad indices are rational numbers.

PROOF. Let F denote the foliation associated toω. Lemma 2.3 implies that every
rational curve ofS is invariant forF . This shows already that theb2 intersection points of the
rational curves are singularities of the foliation. On the other side ifZ denotes the complex



294 G. DLOUSSKY, K. OELJEKLAUS AND M. TOMA

subspace of the singularities ofF , we can compute its length out of the following short exact
sequence induced byω

0 → O(−D) ⊗ L1/k → Ω1 → Lk ⊗ JZ ⊗ KS(D) → 0 .

We getb2 = c2(Ω
1) = length(Z) − D.KS − D2. But it is easy to check using the adjunction

formula that in our caseD.KS + D2 = 0, soF has exactlyb2 singularities counted with
multiplicities. Thus the intersection points of the rational curves are the only singularities of
the foliation and they are simple.

Next we prove the rationality of the Camacho-Sad indices of the curves with respect toF .
If ω is obtained as in the main part of the proof of Theorem 2.6, then the associated Camacho-
Sad indices areai/aj , i.e., the same as those associated toω′ on S′, and thus rational. But
if ω ∈ Γ (S,Ω1(logD) ⊗ L1/k), where the orientation onπ1(S) andπ1(S

′) is chosen to be
the same, we have to reconsider the Camacho-Sad equations of the componentsCi of D. Let
C1, C2 be two such components which intersect atp, and(z1, z2) local coordinate functions
aroundp such thatCi = {zi = 0} for i = 1, 2. We may writeω aroundp as

ω = g 1
dz1

z1
+ g 2

dz2

z2
,

whereg 1, g 2 are holomorphic functions inz1, z2.
Consider now small pathsγi turning aroundCi , contained say in the local curve

{z3−i = c3−i}, for two constantsc1, c2 ∈ C. Sinceω is closed, the integrals∫
γ1

ω = 2πiResz1=0(ω|z2=c2) = 2πig 1(0, c2) ,∫
γ2

ω = 2πiResz2=0(ω|z1=c1) = 2πig 2(c1, 0)

are independent ofc1, c2. Moreover, sinceω has true poles of order one alongC1 andC2, both
integrals are non-zero; in particular,g 1(0, 0) �= 0 �= g 2(0, 0) andp is a simple singularity
for F . Now the foliationF is defined locally aroundp by the kernel of the formz2g 1dz1 +
z1g 2dz2 and the Camacho-Sad index ofF with respect toC2 is by definition

CS(F , C2, p) : = Resz1=0

(
∂

∂z2

(
− z2g 1

z1g 2

) ∣∣∣∣ C2

)
= Resz1=0

(
− g 1(z1, 0)

z1g 2(z1, 0)

)

= −g 1(0, 0)

g 2(0, 0)
= −

∫
γ2

ω

/ ∫
γ1

ω

and similarly forC1. As a consequence, all Camacho-Sad indices ofF along the curves ofS
are non-zero.

Now recall that the maximal divisorD of S consists of a cycle
∑m

i=1 Ci of rational
curves, to which a non zero number of trees of rational curves is attached. It is easy to see
that the Camacho-Sad indices associated to the curves of the trees are all rational. Indeed, if
Bi,1, . . . , Bi,mi is the tree with rootCi , and if−B2

i,j =: bi,j , we get:

CS(F , Bi,mi , Bi,mi ∩ Bi,mi−1) = −bi,mi
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for the top,

CS(F , Bi,mi−1, Bi,mi ∩ Bi,mi−1) = − 1

bi,mi

,

CS(F , Bi,mi−1, Bi,mi−1 ∩ Bi,mi−2) = −bi,mi−1 + 1

bi,mi

,

and so on. Setting as in [7],bi := −CS(F , Ci, Ci ∩ Bi,1), di := −C2
i − bi andαi :=

−CS(F , Ci, Ci−1 ∩ Ci), i = 1, . . . ,m, we get the equations

αi + 1

αi+1
= di , for 1 ≤ i ≤ m − 1

and

αm + 1

α1
= dm .

Eachαi is the solution of a quadratic equation withrational coefficients, and since we know
already that a rational solution exists by working withω′ on S′, the other solution has to be
rational as well. �

COROLLARY 2.8. A special surface of intermediate type of index 1 possesses a non-
trivial holomorphic vector field θ twisted by some flat line bundle and its vanishing divisor
Dθ contains all the curves of D except perhaps certain summits of the trees. In particular, θ

vanishes on all the curves of the cycle of D and θ has no isolated zeroes.

PROOF. Let S be a special surface of intermediate type, and letD−K be the (unique)
numerical anticanonical divisor onS. This means that there exists a torsion factorκ ∈ C∗
such that

O(D−K) = K−1
S ⊗ Lκ .

Let now 0 �= ω ∈ Γ (S,Ω1(logD) ⊗ Lk) andZ the subspace of the intersection points of
the curves ofS. By Corollary 2.7 this is exactly the space of singularities of the associated
foliation toω. Thusω induces an exact sequence

0 → O(−D) ⊗ L1/k → Ω1 → Lκk ⊗ JZ ⊗ O(D − D−K) → 0 ,

and by duality we get a non-trivial section

θ ∈ Γ (S,�S ⊗ Lkκ)

vanishing precisely onDθ := D−K − D. We know by Lemma 2.1 thatDθ > 0. Let now
C1 �⊂ supp(Dθ ) such thatC1 intersects an irreducible curveC2 ⊂ Dθ . Sinceθ defines
the same foliation asω the curveC1 is θ -invariant. On the other hand, sinceC1 ∩ C2 is a
singularity of this foliation andθ vanishes onC2, the vanishing order of the restriction ofθ

to C1 is at least two. But then sinceC1 is rational, this order is exactly two andC1 cannot
intersect another curve ofD. ThusC1 is the summit of a tree of rational curves. This implies
our statement. �

3. The universal covering of the complement of the curves. From now on we shall
consider a special surfaceS of intermediate type which admits a numerical anticanonical
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divisor. We have seen that in this caseS possesses a non-trivial twisted logarithmic 1-form
ω with twisting factork = k(S) and a non-trivial twisted holomorphic vector fieldθ with
twisting factor, sayλ ∈ C∗. The caseλ = 1, i.e.,θ is a holomorphic vector field onS, was
considered and completely understood in [6] and [7]. In this section we prove that in the
general case, as in the caseλ = 1, the universal covering ofS \ D is isomorphic toH × C,
whereH denotes the complex half-plane.

Let U be a small open neighborhood ofD such thatD is a deformation retract ofU . We
have

π1(U) = π1(D) = π1(S) = Z ,

and we denote as before byg a generator of this group. There is a fundamental domainU0

for the action ofZ in the inverse imagẽU of U in the universal cover̃S of S, such that the
border ofU0 in Ũ cutsD̃ in a componentC0 and in its translatedg (C0) along a circleS1. Set
Y0 := ⋃

ν≥0 g ν(U0). We keep the notationω for the logarithmic 1-form one gets oñS.

LEMMA 3.1. There is a normalization of ω such that the representation

ρ : π1(S̃ \ D̃) → C ,

which maps

γ �→
∫

γ

ω ,

has as image 2πiZ[1/k] ⊂ C. Furthermore, one can choose this normalization such that
ρ(π1(Y0 \ D̃)) = 2πiZ.

PROOF. SinceS̃ is simply connected, the groupπ1(S̃ \ D̃) is generated by small paths
around the irreducible components ofD̃. Thus keeping the notations of the previous section,
we see thatρ(π1(S̃ \ D̃)) is aZ[1/k]-module generated by

2πia0 =
∫

γ0

ω, . . . , 2πian−1 =
∫

γn−1

ω ,

whereγ0, . . . , γn−1 are small paths around the curvesC0, . . . , Cn−1 in U0. Using Corollary
2.7 and the way we computed the Camacho-Sad indices, we see that we can normalize the
form ω such that the numbersa0, . . . , an−1 are non-zero integers with g.c.d. equal to 1; so
ρ(π1(S̃ \ D̃)) is free of rank 1 asZ[1/k]-module. In a similar way, the groupρ(π1(Y0 \ D̃)) is
generated as aZ-module by small paths around the irreducibles components ofD̃ which meet
U0, and we get the announced result. �

In what follows, we supposeω to be normalized such thatρ(π1(Y0 \ D̃)) = 2πiZ. This
is the same as to say thata0, . . . , an−1 are non-zero integers with g.c.d. equal to 1. LetA be
a fundamental domain for the action ofZ on S̃ andX0 := ⋃

j≥0 g j (A). Translating byg , we

may suppose that̃D ∩ X0 ⊂ Y0. We remark that after such a translation we have

ρ(π1((Y0 ∪ X0) \ D̃)) = ρ(π1(Y0 \ D̃)) = 2πiZ .
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Fix z0 ∈ U0. We define a holomorphic functionf on (Y0 ∪ X0) \ D̃ by

f (z) = exp

( ∫ z

z0

ω + 1

k − 1

∫ g (z0)

z0

ω

)
.

One verifies easily thatf is well-defined and that

(†) f (g (z)) = f k(z)

for z ∈ (Y0 ∪ X0) \ D̃.
LetC be the smooth part iñD of an irreducible component of̃D∩Y0. Sinceω is a closed

logarithmic 1-form, an easy computation shows that one can extendf meromorphically across
C such thatC belongs to the zero or to the polar set of the extension off . By replacingω

with −ω if necessary, one finds at least one preimage onS̃ of a component of the cycle of
D in the zero-set off . This means that the connected components of the polar set off are
exeptional divisors inY0. Thus the polar set is empty, see [17], andf vanishes onD̃ ∩ Y0. In
particular, we see that the integersa0, . . . , an−1 are positive.

LEMMA 3.2. |f (z)| < 1 for any z ∈ Y0 ∪ X0.

PROOF. Remark first that one can extend the function|f | to the whole ofS̃. The
extended function is still denoted by|f |. Then the statement of the Lemma can be rephrased
by saying that the image of|f | is the interval[0, 1[. Suppose now that this is not so. Then
|f | has as image[0,∞[, since|f | ◦ g = |f |k. We consider the real hypersurfacẽH :=
|f |−1(1), which isπ1(S)-invariant and thus descends to a compact real hypersurfaceH onS.
Obviously,H is a (compact) leaf of the foliation defined by�e ω. Remark that the morphism
π1(H) → π1(S) is non-trivial. Otherwise the connected components ofH̃ would be compact
and their intersection withf −1(1) would give compact analyticcurves in the complement of
D̃, which is absurd. By passing to a finite unramified covering ofS, we may even suppose
thatπ1(H) → π1(S) is surjective.

Next we prove thatω must have non-vanishing periods oñH . If not, consider aπ1(S)-
invariant neighborhood̃V of H̃ which is the preimage of a neighborhoodV of H in S and on
whichω has no periods; thusω|Ṽ is exact. We define the following holomorphic function on
Ṽ :

h(z) :=
∫ z

z0

ω + 1

k − 1

∫ g (z0)

z0

ω ,

wherez0 ∈ Ṽ is a fixed base point,z ∈ Ṽ and integration is done along paths inṼ . We have
h(g (z)) = kh(z) for all z ∈ Ṽ . The functionh does not take the value 0, because the set
{h = 0} would then be aπ1(S)-invariant analytic curve giving rise to a compact curve in the
complement ofD in S, which is absurd. Hence one may consider the 1-formd(log |h|), which
is closed and descends to a closed non-twisted form onV . This form obviously defines the
same foliation as�e ω. But this means that this foliation has trivial holonomy. This implies
that the leaves nearH are also compact. In particular, they are contained inV . The inverse
images of these leaves are leaves of the foliation defined by|f | on S̃. On the other hand, they
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are completely contained iñV and intersect all the setsg ν(S̃ \ X0), ν ∈ Z. But the relation
f (g (z)) = f k(z) and the choice ofV imply that⋂

ν∈Z

|f |(g ν(Ṽ \ X0)) = {1} ,

giving a contradiction. Thusω|H̃ has non-vanishing periods.
The next point is to show thatf may be extended holomorphically to

U1 := |f |−1(]1,∞[) .

In order to do this we consider the sets

Uα := |f |−1(]α,∞[)
for α ≥ 1 and

M := {α > 1|f admits a holomorphic extension toUα} .

ThenM is non-empty, sinceUα ⊂ X0 for α > maxz∈∂X0|f (z)|. Furthermore, the setM is
closed in]1,∞[, sinceUα0 = ⋃

α>α0
Uα for eachα0. It remains to check thatM is open as

well. Let α ∈ M. There exists someν ∈ N such thatUα ⊂ g −ν(X0). Ong −ν(X0) one can
extendf kν

holomorphically. Take now a finite open coveringV1, . . . , Vµ of (∂Uα) \X0 such
that eachVi intersectsUα and that onVi akν-th root off kν

is defined. Consider next on each
Vi thatkν-th root off kν

which coincides withf onVi ∩ Uα . This gives an extension off to

Uα ∪ X0 ∪
µ⋃

i=1

Vi .

Remark that this set will contain someUβ with β < α.
We finish the proof of the Lemma by considering a pathγ ⊂ U1 such that

∫
γ ω �= 0,

which is possible, sinceω has non-vanishing periods onH . But for ν sufficiently large∫
g−ν◦γ

ω = k−ν

∫
γ

ω ,

cannot be a multiple of 2πi, which is incompatible with the definition off on the whole of
U1. �

PROPOSITION 3.3. The holomorphic vector field θ̃ ∈ Γ (S̃, �̃S̃) induced by θ is com-

pletely integrable on S̃.

PROOF. We consider the integrability of̃θ along a leafF of the foliation. It suffices to
show that one can find a local integration radius which is uniform for allF .

We setA0 := X0 ∪ Y0 \ g (X0 ∪ Y0). The setA0 intersectsD̃ along a curveC0 and its
translated byg , Cn. There is a constantc ∈]0, 1[ such thatF ⊂ |f |−1(c). Using the relation
|f | ◦ g = |f |k again and Lemma 3.2, we see that limν→∞ |f | ◦ g ν = 0 uniformly on compact
sets. Hence there exists aν0 ∈ N such thatF ∩ ⋃

ν>ν0
g ν(A0) = ∅. On the other side there

exists aν1 ∈ N such thatF ∩ ⋃
ν≥ν1

g −ν(A0) ⊂ Ũ . By passing to a suitable translation, we
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may assume thatν1 = 0. We may further assume that aroundŨ ∩ ∂A0 we have coordinate
functions(z0, z1) such thatC0 = {z0 = 0},

ω = a0
dz0

z0

with a0 ∈ N∗ and

θ̃ = α(z0, z1)z
s
0

∂

∂z1

with s ∈ N∗ andα a nowhere vanishing holomorphic function. Here we havef (z0, z1) = z
a0
0 .

Thus

(z0, z1) ∈ F ∩ ∂

( ⋃
ν≥0

g ν(A0)

)

implies that |z0|a0 = c. But sinceF ∩ ⋃
ν≥0 g ν(A0) is contained in the compact set⋃ν0

ν=0 g ν(A0), the integration radius of̃θ at points of

F ∩
⋃
ν≥0

g ν(A0)

is at least as large as the integration radius ofθ̃ at

F ∩ ∂

( ν0⋃
ν=0

g ν(A0)

)
= F ∩ ∂

( ⋃
ν≥0

g ν(A0)

)
,

and this is the minimal integration radius ofα(z0, z1)z
s
0∂/∂z1 at points(z0, z1) with |z0|a0 =

c. Looking now atθ̃ on

F ∩ ∂

( ⋃
ν≥−r

g ν(A0)

)
for r ∈ N, we see, by applyingg r∗, that the integration radius at these points will be at
least as large as the minimal integration radius ofλrα(z0, z1)z

s
0∂/∂z1 at points(z0, z1) ∈

F ∩ ∂(
⋃

ν≥0 g ν(A0)) with |z0|a0 = ckr
. But the sequence of velocities

|λ|r cskr/a0 sup|α|
is obviously bounded and thus there is an uniform integration radius forθ̃ onF . �

The kernel kerρ defines a covering

π : X′ → S̃ \ D̃ .

One checks immediately that theZ-action induced byg onπ1(S̃ \D̃) stabilizes kerρ and thus
induces aZ-action onX′. We denote again byg a lift of g onX′. Thus we get an action of the
semi-direct productZ�Z[1/k] onX′ whose quotient isS\D. Letω′ = π∗ω andφ : X′ → C
be a primitive ofω′ on X′ such that exp(φ) andf ◦ π coincide on a connected component
of theπ-preimage of(Y0 ∪ X0) \ D̃. Sinceφ ◦ g = kφ, the image ofφ is invariant under
the action of the multiplicative group{kν |ν ∈ Z}; this image is also invariant under the action
of the additive group 2πiZ[1/k]. Sincef takes its values in the unit disk by Lemma 3.2, we
see now thatφ(X′) must coincide with the left half planeHl := {w ∈ C | �e w < 0}. The
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functionφ : X′ → Hl is a surjective holomorphic submersion sinceθ has no zeroes onS \D.
The connected components of its fibers are leaves of the inverse image foliation induced by
F . For the proof of the next Proposition the reader is referred to [7, Prop. 2.2]. Note that the
Camacho-Sad indices of our foliation here, are positive integers, just as in [7].

PROPOSITION 3.4. The fibers of φ are connected.

COROLLLARY 3.5. The foliation defined by θ on S̃ \ D̃ has no closed leaf.

PROOF. If F were a closed leaf oñS \ D̃, its preimageπ−1(F ) in X′ would also be
closed. But sinceρ|π1(F ) is trivial, the groupZ[1/k] operates onX′ by permuting components
of π−1(F ). Using the previous Proposition, the non-discreteness of the 2πiZ[1/k]-orbits in
Hl and the fact thatφ is a submersion, we get a contradiction. �

LEMMA 3.6. The fibers of φ are isomorphic to C.

PROOF. Sinceθ̃ is completely integrable, there is a holomorphicC-action onS̃ \ D̃.
The fixed point set of a non-trivial element ofC is a closed analytic subset ofS̃ \ D̃ which
is a union of leaves of the foliation. By the previous Corollary, such a fixed point set cannot
have dimension 1. Hence it is either empty or the whole spaceS̃ \ D̃. We must exclude the
second case. In this situation theC-action factorizes to aC∗-action. Thus all fibers ofφ are
isomorphic toC∗. Moreover theC∗-action lifts toX′ makingφ : X′ → Hl into a principal
C∗-bundle. But such a bundle overHl is always trivial. We may therefore seeφ as the first
factor projection

X′ � Hl × C∗ → Hl .

If (w, z) denote coordinate functions onHl × C∗, then the pull-back of the vector field has
the formα(w)z∂/∂z for someα ∈ O∗(Hl ). We now consider generatorsfg , fγ of the groups
Z andZ[1/k] acting onHl × C∗.

By passing to a double covering ofS, we may assume thatfg acts on theC∗-fibers by
homotheties. Suppose that the same holds forfγ . Then we have

fg (w, z) = (kw, β(w)z) ,

fγ (w, z) = (w + 2πi, γ (w)z)

for someβ, γ ∈ O∗(Hl ). The compatibility with the pulled-back vector field implies that

α(kw) = λα(w) , α(w + 2πi) = α(w)

for all w ∈ Hl . The second relation implies thatα is the composition of a functionu on the
punctured unit disc with the exponential. Then the first relation translates into

u(ζ k) = λu(ζ ) for all ζ ∈ ∆� ;
(by ∆ we denoted the unit disk inC). By comparing the Laurent expansion of this equality at
0, one sees thatu is constant andλ = 1. Hence we obtain an effectiveC∗-action onS, which
is excluded by [10].
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Whenfγ is composed with an inversion a similar argument applies, working withα2

instead ofα for instance. Thus theC-action is effective and the fibers ofφ are isomorphic to
C. �

Using now the lift of theC-action onX′, we get aC-principal bundle structure onX′
overHl . Again, such a bundle is holomorphically trivial. In conclusion we have proven the
following

THEOREM 3.7. The universal covering of S \ D is isomorphic to Hl × C.

4. The action of the fundamental group. We consider a system of holomorphic

coordinates(w, z) in Hl × C � S̃ \ D. The integrable vector field induced here byθ has no
zeros and is therefore constant on each fiber of the projection ofHl × C onHl . Consequently,
this vector field is of the formα(w)∂/∂z on Hl × C, whereα ∈ O�(Hl ). Conjugating by the
automorphism

(w, z) �→ (w, α−1 · z) ,

one getsα ≡ 1.
Let γ ∈ π1(S̃ \ D̃) be a closed path iñS \ D̃ with ρ(γ ) = 2πi. Denoting byg γ the

automorphism ofHl × C � S̃ \ D corresponding toγ , we have:

g γ (w, z) = (w + 2πi, z + fγ (w)) ,

g (w, z) = (kw, λz + fg (w)) .

The caseλ = 1 was treated in [7]. From now on we shall therefore assume thatλ ∈
C \ {0, 1}.

The automorphismg γ generates an action ofZ onHl ×C, which induces a holomorphic
C-principal bundle

Hl × C/Z → Hl/Z � ∆� .

The triviality of this bundle proves the existence of a holomorphic functionh : Hl → C such
that

h(w + 2πi) − h(w) = fγ (w) ,

and conjugation by(w, z) �→ (w, z + h(w)) gives us the new form

g γ (w, z) = (w + 2πi, z) .

In what follows we suppose therefore thatfγ ≡ 0. We have

g ◦ g γ ◦ g −1 = g k
γ ,

which gives a group isomorphism

〈g γ , g 〉 � Z � Z
[

1

k

]
� π1(S \ D)

on the one hand, and the 2πi-periodicity of the functionfg on the other hand.
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Factorizing by exp: Hl → ∆�, w �→ ew =: ζ, gives a Laurent series expansion

fg (w) =
∑
m∈Z

amemw =
∑
m∈Z

amζm .

A conjugation by

(w, z) �→ (w, z + β(w)) ,

whereβ is a 2πi-periodic function onHl , does not change the form ofg γ , but replacesfg by

w �→ fg (w) + β(kw) − λβ(w) .

Let

h(ζ ) :=
∑
m∈Z

amζm, h+(ζ ) :=
∑
m>0

amζm .

The series
∑∞

l=0 λ−(l+1)h+(ζ kl
) converges uniformly on compact sets in∆�. To see this,

it is enough to writeh+(ζ ) = ζ(ζ−1h+(ζ )) and to remark thatζ−1h+(ζ ) is holomorphic in
0. Let

χ(ζ ) :=
∞∑
l=0

λ−(l+1)h+(ζ kl

) .

Then we have

λχ(ζ ) − χ(ζ k) = h+(ζ ) .

If we setβ(w) := χ(ew) + a0/(λ − 1), then we get

fg (w) + β(kw) − λβ(w) =
∑
m<0

amemw .

We can therefore suppose thatfg (w) = h(ew), whereh ∈ O(P1(C) \ {0}) andh(∞) = 0.
One still has the possibility to conjugate with(w, z) �→ (w, z + χ(ew)), whereχ ∈

O(P1(C) \ {0}).
For a function

h(ζ ) =
∑
m<0

amζm

andl ∈ N�, we consider

hl(ζ ) :=
∑

kl |m, m<0

amζm

and

h0 := h.

Eachhl is of the formhl(ζ ) = fl(ζ
kl

), for a certain functionfl . Let χ be the formal series
− ∑

l≥1 λl−1fl . Formally one has:

h(ζ ) + χ(ζ k) − λχ(ζ ) = (h(ζ ) − f1(ζ
k)) + λ(f1(ζ ) − f2(ζ

k)) + λ2(f2(ζ ) − f3(ζ
k)) + · · ·

=
∑
l≥0

λl−1(fl(ζ ) − fl+1(ζ
k))
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and each term contains in its Laurent series expansion inζ only termsbmζm with k � m. For
0 < R < 1, l ≥ 1 and|ζ | ≥ R one has:

|fl(ζ )| ≤
∑
kl |m
m<0

|am|R m

kl ≤
∑
kl |m
m<0

|am|Rm+kl−1 ≤ Rkl−1
∑
m≤0

|am|Rm ,

which shows that the series definingχ is uniformly convergent on compact sets ofP1(C) \ {0}.
One gets the following normal form forh:

h(ζ ) =
∑
m<0
k�m

amζm .

Remark that ifh is of this form, any modification ofh(ζ ) by conjugation gives

h(ζ ) + χ(ζ k) − λχ(ζ ) ,

which is in normal form if and only if the functionζ �→ χ(ζ k) − λχ(ζ ) is identically zero.
To see it, write the power series expansions of these functions:

χ(ζ ) =
∑
m<0

bmζm , −χ(ζ k) + λχ(ζ ) =
∑
m<0

cmζm .

If there existed acr �= 0 for r ∈ Z−, thenk � r, λbr = cr, λbkr = ckr +br = λ−1cr , λ
3bk2r =

λ2ck2r + λ2bkr = cr, . . . , and the series
∑

m≤0 bmζm would not converge onP1(C) \ {0},
which one verifies by puttingζ = |λ| or ζ = 1. Hence we get a contradiction.

We are now in the following normalized situation:

PROPOSITION 4.1. The action of the fundamental group π1(S \ D) � Z � Z[1/k] on
the universal cover Hl × C of S \ D is generated by the two automorphisms:

g γ (w, z) = (w + 2πi, z),

g (w, z) = (kw, λz + fg (w))

with fg (w) = h ◦ exp(w) = H ◦ exp(−w), where

H(ζ ) =
∑
m>0
k�m

Amζm , Am = a−m .

The elementsg l,n := g −n ◦ g l
γ ◦ g n for n ∈ N, l ∈ Z, form a subgroupΓ of π1(S \ D)

isomorphic toZ[1/k]. Explicitly, we have

g l,n(w, z) =
(

w + 2πilk−n, z +
n−1∑
j=0

λ−j−1(fg (kjw) − fg (kjw + 2πilkj−n))

)

with fg (w) = H ◦ exp(−w), whereH is of the form

H(ζ ) =
∑
m>0
k�m

Amζm .
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We know thatΓ acts properly discontinuously. ThereforeH is non-trivial. One verifies easily
that if n ≥ m, g p,n ◦ g q,m = g p+qkn−m,n.

For l = 1, let

Gn,j (ζ ) = H(ζ kj

) − H(ζ kj

exp(−2πikj−n)) , 0 ≤ j < n ,

Fn(ζ ) =
∑

0≤j<n

λ−j−1Gn,j (ζ ) .

With these and puttingζ = exp(−w), we have
n−1∑
j=0

λ−j−1(fg (kjw) − fg (kjw + 2πikj−n)) =
n−1∑
j=0

λ−j−1Gn,j (ζ ) = Fn(ζ ) ,

and

g 1,n(w, z) =
(

w + 2πi

kn
, z + Fn(ζ )

)
.

The rest of this section is devoted to the proof of the following

THEOREM 4.2. The function H is a non-constant polynomial.

This theorem generalizes the similar statement of [7], whose proof we owe to Alexander
Borichev. In what follows we use the notation:

rT (resp. rD) denote the circle (resp. the open disc) of radiusr > 0 andK the com-
pact set{z ∈ C | 3 ≤ |z| ≤ 3k}. The different circlesrT are equipped with the normal-
ized Lebesgue measuredm(ζ ), for which

∫
rT dm(ζ ) = 1. If f is holomorphic on 3D, then

wind(f ) denotes the number of zeros off in 3D.
The proofs of the following lemmas are left to the reader; see however [7] for the case

λ = 1.

LEMMA 4.3. Let f be a holomorphic function on the closed unit disc 3kD such that
for all z ∈ K |f (z)| ≥ 1. Then one has the relations∫

3T
ln |f (ζ )ζ−wind(f )| dm(ζ ) =

∫
3kT

ln |f (ζ )ζ−wind(f )| dm(ζ ) ,∫
3T

ln |f (ζ )| dm(ζ ) =
∫

3kT
ln |f (ζ )|dm(ζ ) − (k − 1) wind(f ) ln 3 .

LEMMA 4.4. For all a, b ∈ C, such that |a| > 2 and |b| < 1, one has

ln |a + b| ≥ ln(|a|) − |b| .
LEMMA 4.5. Let f be a holomorphic function defined in a neighborhood of the closed

disc 3D. If we set

A =
∫

3T
ln+ |f (ζ )| dm(ζ ) ,

then there is a constant C > 0, independent of f, for which

ln
∫

2T
|f (ζ )| dm(ζ ) ≤ CA .
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(Here ln+ := max(ln, 0).)

LEMMA 4.6. Let f = ∑
s≥0 f̂ (s)zs be a holomorphic function in a neighborhood of

the disc 2D. Then, for all s ∈ N,

|f̂ (s)| =
∣∣∣∣
∫

2T
f (ζ )ζ−sdm(ζ )

∣∣∣∣ ≤ 2−s

∫
2T

|f (ζ )| dm(ζ ) .

LEMMA 4.7. For all n ≥ 0 we have

λFn+1(ζ ) = Gn+1,0(ζ ) + Fn(ζ
k) .

LEMMA 4.8. For every ν ≥ 1,

F̂n(νkn−1) = λ−nAν(1 − exp(−2πiν/k)) .

In particular,

|F̂n(νkn−1)| ≥ |λ|−n |Aν |
k

.

PROOF OFTHEOREM 4.2. SinceΓ acts properly discontinuously, the imagesg 1,n(K)

of the compactK tend to infinity. Since the first component ofg 1,n(w, z) converges, this
implies that the sequence(|Fn|) converges uniformly onK to +∞.

SinceH is C1 onK, there is a constantc > 0 independent ofn for which

βn := sup
ζ∈K

|Gn,0(ζ )| = sup
ζ∈K

|H(ζ ) − H(ζ exp(−2πik−n))| ≤ ck−n .

Fix a positive integerN such that

(∗) for all ζ ∈ K, n ≥ N , |Fn(ζ )| ≥ 2

and

(∗∗) λ−1
∑
n>N

βn ≤ 1 .

SetW := wind(FN) andF(ζ ) := FN(ζ k). Using(∗), we get wind(F ) = kW . We recall
that λFN+1(ζ ) = F(ζ ) + GN+1,0(ζ ). Combine now Rouché’s Theorem applied toF and
GN+1,0 with the inequalities(∗) and(∗∗) to obtain wind(FN+1) = kW. By induction, one
shows that forp ∈ N,

wind(FN+p) = kpW .

The Lemmas 4.3 and 4.7 imply that∫
3T

ln |FN(ζ )| dm(ζ ) =
∫

3kT
ln |FN(ζ )| dm(ζ ) − (k − 1)W ln 3

=
∫

3T
ln |FN(ζ k)| dm(ζ ) − (k − 1)W ln 3

=
∫

3T
ln |λFN+1(ζ ) − GN+1,0(ζ )| dm(ζ ) − (k − 1)W ln 3 .
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Applying Lemma 4.4 and the inequalities(∗) and(∗∗), one gets∫
3T

ln |FN(ζ )| dm(ζ ) ≥
∫

3T
(ln | λFN+1(ζ )| − | GN+1,0(ζ )|)dm(ζ ) − (k − 1)W ln 3

≥
∫

3T
ln |λFN+1(ζ )| dm(ζ ) − βN+1 − (k − 1)W ln 3 ,

and furthermore∫
3T

ln |λFN+1(ζ )| dm(ζ ) ≤
∫

3T
ln |FN(ζ )| dm(ζ ) + βN+1 + (k − 1)W ln 3 .

Induction gives the inequalities

(††)

∫
3T

ln | FN+p(ζ ) | dm(ζ ) ≤
∫

3T
ln | FN(ζ ) | dm(ζ ) +

∑
N<s≤N+p

βs

+ (k − 1)W ln 3
∑

0≤s<p

ks − p ln|λ|

≤ C + Wkp ln 3 − p ln|λ| ,
for a certain constantC > 0 independent ofp ∈ N. Lemma 4.5 and the inequalities(∗) and
(††) give the existence of a constantC1 > 0 independent ofp such that

ln
∫

2T
| FN+p(ζ ) | dm(ζ ) ≤ C1 + C1k

p .

If H is not a polynomial, one can find an integerν verifying

ν > C1k
1−N/ ln 2 , and Aν �= 0 .

But now, on the one hand Lemma 4.6 gives

ln |F̂N+p(νkN+p−1)| ≤ ln
∫

2T
|FN+p(ζ )| dm(ζ ) − νkN+p−1 ln 2

≤ C1 + C1k
p − νkN+p−1 ln 2

= C1 − (νkN−1 ln 2 − C1)k
p.

On the other hand, by Lemma 4.8,

|F̂N+p(νkN+p−1)| ≥ |λ|−N−p |Aν |
k

> 0 ,

and therefore ln|F̂N+p(νkN+p−1)| ≥ C2 − C3p for some constantsC2 andC3 independent
of p. This is a contradiction. �

5. The contracting germ. We have seen that the action of the groupπ1(S \ D) on
Hl × C is generated by the two automorphisms{

g γ (w, z)=(w + 2πi, z) ,

g (w, z) =(kw, λz + H(e−w)) ,

whereH(ζ ) = ∑s
m=1 Amζm is a polynomial in normal form, i.e.,Am = 0 for all m > 0 with

k|m andAs �= 0.
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Let l := [s/k] + 1. We will conjugate our group by

φ(w, z) =
(

w, z + λ−1
l−1∑
m=1

Ame−mw

)
.

This has no effect ong γ , but

φ ◦ g ◦ φ−1(w, z) = (kw, λz + Q(e−w)) ,

whereQ(ζ ) = H(ζ ) − ∑l−1
m=1 Amζm + λ−1 ∑l−1

m=1 Amζmk is a polynomial of degrees with

ζmin(k,l)|Q(ζ ) .

Iterating this procedure if necessary, we end up with a polynomialQ of degrees such that
ζ l|Q(ζ ). Let Q(ζ ) := ∑s

m=l bmζm andd := g.c.d.{k, m | bm �= 0}.
We conjugate now withφ(w, z) = (dw, z):

φ ◦ g γ ◦ φ−1(w, z) = (w + 2πid, z) ,

φ ◦ g ◦ φ−1(w, z) = (kw, λz + Q(e−w/d)) .

One verifies directly that the group generated is the same as the groupG′ generated by

(w, z) �→ (w + 2πi, z) ,

(w, z) �→ (kw, λz + Q(e−w/d)) .

Let now
l′ := [s/kd] + 1

and

Q′(ζ ) :=
s∑

m=l

bmζm/d .

Using the inequalityd[x/d] < [x] + 1, d ∈ N�, x ∈ R and the fact that the indices of the
non-vanishing coefficients ofQ′ are divisible byd, one verifies easily thatζ l′ |Q′(ζ ). We
conjugate now with(w, z) �→ (w, el′wz) and the generators ofG′ become

(w, z) �→ (w + 2πi, z) ,

(w, z) �→ (kw, λel′(k−1)wz + P(ew)) ,

whereP is the polynomial defined by

P(ξ) := ξ l′kQ′(ξ−1) .

Remark that degP ≤ l′(k − 1) and thatP(0) = 0. Let

P(ξ) =
l′(k−1)∑
m=1

cmξm.

We have g.c.d.{k,m | cm �= 0} = 1. This relation implies that the contracting germ

f : ∆∗ × C → ∆∗ × C ,

f (ξ, z) := (ξk, λξ l′(k−1)z + P(ξ))
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is locally injective around(0, 0): If f (ξ1, z1) = f (ξ0, z0), thenξk
0 = ξk

1 andλξ
l′(k−1)
0 z0+

P(ξ0) = λξ
l′(k−1)
1 z1 + P(ξ1). Putε := ξ1/ξ0. One hasεk = 1 and

z1 = εl′
[
z0 + λ−1ξ

−l′(k−1)
0

l′(k−1)∑
m=1

cmξm
0 (1 − εm)

]
.

If ε = 1, one hasz1 = z0. Otherwise, takem0 the smallest index such thatcm0 �= 0 and
εm0 �= 1. The existence of such an index is ensured by the relation

g.c.d.{k,m | cm �= 0} = 1 .

We write now

z1 = εl′
[
z0 + λ−1ξ

−l′(k−1)+m0
0

(
cm0(1 − εm0) +

l′(k−1)∑
m=m0+1

cmξ
m−m0
0 (1 − εm)

)]

and we see that forz0 andξ0 sufficiently small,z1 stays away from 0. The local injectivity
follows now directly.

By Proposition 1.2.8 of [9], we see thatf is a defining germ for a minimal GSS surface
S′ whose maximal divisor we denote byD′. One can verify that the quotient ofHl × C by
the action ofG′ is the same as the one of∆∗ × C by the equivalence relationu1 ∼ u2 :
there existn1, n2 ∈ N such thatf ◦n1(u1) = f ◦n2(u2). It follows by construction thatS \ D

andS′ \ D′ are isomorphic. Since the intersection matrices ofD and ofD′ are negative-
definite and neitherD norD′ contain exceptional curves of the first kind, this isomorphism is
extendable to an isomorphism ofS ontoS′. This completes the proof of the Main Theorem.

�
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