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Abstract. Inthe previous note [2] we calculated the rank of the group of relative units
for a Galois extension of number fields: this note the calculation is concluded.

1. Introduction. A finite extension of the rational number field in the complex num-
ber field will be called a number field. For a number fiéldwe denote byE r (resp.Wr) the
group of units ofF (resp. the group of roots of unity iA). For an extension of number fields
L D K, we define

Epjxk ={e € EL | NLym(e) € Wy forall M suchthatk € M C L},

whereNy,u is the relative norm mapping fdr/ M. The elements of; ¢ are called relative
units of L over K. The quotient grougr,;x = Er x/ Wy is a free module over the rational
integer ringZ. In [2] we calculated th&-rank of£; ¢ whenL /K is a Galois extension. We
denote byG the Galois group of./K and byR[G] the group ring ofG over the real number
field R. For a subgrougd of G, we denote by Ty the elemend_, _,, 4 of RIG]. The left
G-endomorphism — x - Try of R[G] is also denoted by . We put

ng = dimg m Ker Try .
{B#HCG

Then we have

rankz&r/x = SL/k NG

wheresz x denotes the number of infinite prime spotskotvhich are unramified i (Propo-
sition 1 of [2]).

In Theorem of [2], we have calculatad exceptwherG = SL(2, F,) andp is a Fermat
prime bigger than 5 (cf. Remark in Section 3 of [2]), whéike(2, F ) is the special linear
group of degree 2 over the fiek, of p elements.

In this note we deal with this exceptional case and show the following:

THEOREM. If G isisomorphicto SL(2,F,) and p is a Fermat prime bigger than 5,
then

ng =0.
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2. Preliminaries. For a finite groupG, we denote byg ¢ the left ideal ofR[G] gen-
erated by(Try | {1} # H < G}. ThenZg is a two-sided ideal becausexlrg = g - Try-1y,
for g € G. Furthermore, we have:

LEMMA 1 (Corollary to Proposition 1 of [2]).
ng = |G| — dimr T .

The following fact about conjugate classesSaf(2, F ) is well known(e.g. Section 1
of Part | of [1]).

LEMMA 2. Let p beanodd prime. For an element « of F ,, we denote by C () the set
of elementsof SL(2, F ) of tracew. If o # £2, then C(«) isa conjugate classof SL(2, F )
and contains p(p + 1) or p(p — 1) elements according as«® — 4 isa square or not in Fp.

Whenp is a Fermat prime bigger than 5, we can wyite= 22" +1 withm > 2. Itimplies
p is congruent to 2 modulo 3, 1 modulo 4, and 2 modulo 5. Then the following calculation of
Legendre’s symbols is obtained:

()-(2)-()- (3)-(5)-=
p p 3 p )
Therefore we have:
LEMMA 3. Let p bea Fermat prime bigger than 5. Then neither —3 nor 5 isa square

inF,.

3. Poof of the Theorem. Let G beSL(2,F,) andp a Fermat prime bigger than 5.
We denote byl the subgroup o6 generated by

<_11 _01>'
(5 9)+ (3 3)+( % A).

Because the second and third terms are of trat@nd(—1)? — 4 = —3 is not a square in
F,, Lemma 2 implies

1 _ 1 0 2
(1) —Zgl(TrT)g=< )+7 > a.
Gl =% 01 p(p=1) o=

Then we have

Because Lemma 3 implies15 is a square ifr ,, we denote byw/—15 a square root of
—15. Then the matrix

1+/=15 3+-15

| T T

90 = 0 1-/-15
a
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is an element o&; and we have

1+J/=15  3+/=15 1 _14+J/15
golrr = 4 4 + 2 4
0 1-/-15 1-/-15 0
4 4
_3+v=15 _1
+ 4 2

_1-/=15 _1-/-15
4 4
The first and second terms are of tra¢@ &nd the third term is of tracel. Becaus¢l1/2)2 —
4 = —15/4is a square ifr ,, Lemma 2 implies
1 2 1
(2) =Y g MTrg=——= ) at——r D a.
G geG rp+1 aeC(1/2) rp—1 aeC(~1)

We denote byP the subgroup o& generated by

(o1)

Then we have

1+/-15 o
Trp = 4
golrp Z 0 T
aeF, 1
Because all terms are of tracg2l Lemma 2 implies
1 _ 1
(3) Gl Z g M goTrp)g = TR Z
geG aeC(1/2)

Now we put
4
xo=Trr — 2g0TrT + 7goTrp s

which is an element df . Then (1), (2) and (3) imply

1 . 10
o setor=(g 1)

geG

Because the left side is an element of the two-sided i@ealso is the right side. It implies
%6 = R[G]. Therefore we see from Lemma 1 tha = 0. The proof of the Theorem is
complete.
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