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Abstract

In this article, we prove a general common fixed point theorem for two pairs of weakly compat-
ible self-mappings of a fuzzy metric space satisfying a generalized Meir-Keeler type contractive
condition. Our results substantially extend, generalize, improve and fuzzify multitude of well
known results of the form existing in literature in metric as well as fuzzy metric spaces.
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1 Introduction

Meir and Keeler in [18] considered an extension of the classical Banach contraction theorem on a
complete metric space. The concept of fuzzy sets was introduced by Zadeh [29] in 1965. In 1975,
Kramosil and Michalek [15] gave the notion of fuzzy metric spaces which could be considered as
a reformulation, in the fuzzy context, of the notion of probabilistic metric space due to Menger
[19]. On the other hand, Fixed point theorems give the conditions under which maps (single
or multivalued) have solutions. The theory itself is a beautiful mixture of analysis (pure and
applied), topology, and geometry. Over the last 50 years or so the theory of fixed points has been
revealed as a very powerful and important tool in the study of nonlinear phenomena. In particular
fixed point techniques have been applied in such diverse fields as biology, chemistry, economics,
engineering, game theory and physics. Fixed point theory is one of the most famous mathematical
theories with application in several branches of science. Fixed point theory in fuzzy metric spaces
has been developed starting with the work of Heilpern [11]. He introduced the concept of fuzzy
contraction mappings and proved some fixed point theorems for fuzzy contraction mappings in
metric linear spaces, which is a fuzzy extension of the Banach contraction principle. In [8; 9],
George and Veeramani introduced and studied the notion of fuzzy metric spaces which constitutes
a modification of the one due to Kramosil and Michalek. From now on, by fuzzy metric we mean
a fuzzy metric in the sense of George and Veeramani. Many authors have contributed to the
development of this theory and apply to fixed point theory, for instance [1, 4, 6, 7, 12, 16, 17, 20-24,
26, 28].

In 1976, Jungck [13] introduced the notion of commuting mappings. Afterward, Sessa [27] gave
the notion of weakly commuting mappings. Jungck [14] defined the notion of compatible mappings
to generalize the concept of weak commutativity and showed that weakly commuting mappings
are compatible but the converse is not true. The concept of property (E.A) in metric space has
been recently introduced by Aamri and El Moutawakil [3]. The concept of property (E.A) allows
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to replace the completeness requirement of the space with a more natural condition of closeness of
the range. In 2009, M. Abbas et al.[3] introduced the notion of common property (E.A).

Recently in 2012, Chauhan et al.[5] introduced the concept of JCLRgr property and also
established existence of a common fixed point theorems for generalize contractive mappings satisfy
this property in fuzzy metric spaces.

The aim of this work is to introduce generalized Meir-Keeler type contractive condition in fuzzy
metric space. Moreover, we establish some new existence of a common fixed point theorem for
generalized contractive mappings in fuzzy metric spaces by using generalized Meir-Keeler type
contractive condition and give some examples. Our theorems generalize, unify, and extend many
results in literature.

2 Preliminaries

The concept of triangular norms (¢-norms) is originally introduced by Menger [23] in study of
statistical metric spaces.

Definition 2.1. [33] A binary operation * : [0,1] x [0,1] — [0, 1] is said to be a continuous ¢-norm
if * satisfies the following conditions:

(1) * is commutative and associative;
(#i) * is continuous;
(#i1) ax1=aq for all a € [0,1];

(iv) axb < cxd whenever a < c and b < d for all a,b,¢,d € [0, 1].
Examples of t-norms are a * b = min{a,b},a*xb=a.b and a *b = max {a +b— 1,0}.

Definition 2.2. [1] A 3-tuple (X, M, ) is said to be a fuzzy metric space if X is an arbitrary set,
* is a continuous t-norm and M is a fuzzy set on X2 x [0, 00) satisfying the following conditions:for
all z,y,2 € X and s,t > 0,

(1) M(z,y,0) = 0;
(ii) M(z,y,t) =1if and only if z = y;
(iid) M(z,y,t) = M(y,z,1);

(iv) M(z,y,t) « M(y,z,8) < M(z,z,t+s);

(v) M(z,y,.):[0,00) = [0,1] is left continuous
The function M (x,y,t) denotes the degree of nearness between x and y w.r.t. ¢ respectively.
Remark 2.3. In fuzzy metric space (X, M, ), M(z,y,.) is non-decreasing for all z,y € X.

Definition 2.4. [1] Let (X, M, %) be a fuzzy metric space. Then a sequence {z,} in X is said to
be
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(i) a Cauchy sequence if, for all ¢ > 0 and p > 0, lim M (zy4p, Tpn,t) =1;
n—oo
(#4) convergent to a point x € X if, for all t > 0, lim M (z,,x,t) = 1.
n—oo
Definition 2.5. [1] A fuzzy metric space (X, M,#) is said to be complete if and only if every
Cauchy sequence in X is convergent.

Example 2.6. [1] Let X = {1 : n € N}U{0} and let * be the continuous ¢-norm defined by ab =
a.b for all a,b € [0,1]. For each t > 0 and z,y € X, define (X, M, x) by M(x,y,t) = t>0

and M(x,y,0) = 0. Clearly, (X, M, ) is a complete fuzzy metric space.

_t
t+lz—y|’

Definition 2.7. [1] A pair of self mappings (f,g) of a fuzzy metric space (X, M, *) is said to be
compatible if lim M (fgxz,,gfz,,t) =1 whenever {x,} is a sequence in X such that
n—oo

lim fz, = hm gTy, = 2
n—oo

for some z € X.

Definition 2.8. [1] Two self mappings f and g of an fuzzy metric space (X, M,x*) are called
non-compatible if there exists at least one sequence {z,} in X such that

lim fx, = hm gy, = 2
n— oo

for some z € X but either lim M(fgxn,gfxn,t) # 1 or the limit does not exist.

n—oo
Definition 2.9. [13] Two self-mappings f and ¢ of a nonempty set X are said to be weakly
compatible if fgr = gfx for all z at which fx = gx.

Definition 2.10. [4] A pair of self-mappings (f,g) on a fuzzy metric space (X, M, *) is said to
satisfy the property (E.A) if there exists a sequence {z,} in X such that

lim fx, = hm gy, = 2
n—r oo

for some z € X.

The class of E.A. mappings contains the class of non compatible mappings.
Definition 2.11. [15] The pairs (4,S) and (B,T) on a fuzzy metric space (X, M, *) are said to
satisfy the common property (E.A) if there exist two sequences {z,} and {y,} in X such that

lim Az, = lim Sz, = hm By, = hm Ty, =z
n— o0 n—oo

for some z € X.

In 2012, Chauhan et al. [6] introduced the concept of the JCLRgy property as follows:
Definition 2.12. [6] The pairs (A,S) and (B,T) on a fuzzy metric space (X, M, *) are said to
satisfy the JCLRgr property if there exist two sequences {x,} and {y,} in X such that

lim Az, = lim Sz, = hm By, = hm Ty, =Sz=T=z

n—oo n—oo

for some z € X.
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Example 2.13. Let (X, M, *) be a fuzzy metric space with X = [—1,1] and for all z,y € X by
M(z,y,t) = ﬁ, t > 0 and M(z,y,0) = 0 where axb = min {a, b} for all a, b € [0, 1] respectively.
Define self maps A, B,S and T on X as Az = 5, Bx = 5%, Sz = z,Tx = —x for all z € X. Then,
with sequences {z,} = {1}, and {y,} = {=}, in X, one can easily verify that

lim Az, = lim Sz, = lim By, = lim Ty, = S(0) = T(0)

n— oo n—oo

. This shows that the pairs (A4, 5) and (B, T) satisfy JCLRgr property.

3 Main Results

Theorem 3.1. Let A, B,S and T be four self maps of a fuzzy metric space (X, M, *), with a *b
= min {a, b} for all a,b € [0, 1], such that

(31) AXCTX and BX C 5X;

(3.2) given an £ > 0 and for all z,y € X, there exists a § € (0,¢) such that
e—0 <m(z,y,t) <e= M(Az,By,t) >¢,. .. (1)
where m(z,y,t) = min{M(Sxz, Ty, t), M(Azx, Sz, t), M(By,Ty,t)};

(3.3) one of AX,BX,SX or TX is a complete subspace of X.
Then

(I) A and S have a coincidence point,
(II) B and T have a coincidence point.

Moreover, if the pair (A4, S5), as well as (B, T), are weakly compatible, then the maps A, B, S and
T have a unique common fixed point in X.

Proof. Let x¢ be an arbitrary point in X. Define sequences {z,} and {y,} in X by using (3.1),
Yon—1 = Txon—1 = Axop—2

and
Yon = S:L‘Qn = B!’,anfl ..... (2)

We claim that {y,} is a Cauchy sequence. Let M,, = M (yn,Yn+1,t) and Ny = N(Yn, Yn+1,1)
where t > 0.

Two cases arises. Suppose that M,, = 1 for some n = 2k — 1. Then M (y2x—1,y2k,t) = 1. This
gives Yor_1 = Yok, which implies that Txop_ 1 = Axop_o = Swop = Bxor_1, so T and B have a
coincidence point. Further, if M,, = 1 for some n = 2k, then M (yo,y2x+1,t) = 1. This gives
Yok = Yok+1, which implies that T'wor11 = Awoy, = Swap, = Bxok—1 , so A and S have a coincidence
point.

Now suppose that M,, # 1 for all n.

If, for some z,y € X, m(z,y,t) = 1 then we get Az = Sz and By = T'y. Hence the result.

If m(z,y,t) <1 for all z,y € X, then, by (1), we have

M(Az, By,t) > m(x,y,t)....(3)
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Hence, we have
Mop_q = M(yZn—la Yon, t) = M(AxQH—Q’ Bx2n—17 t)
> m(Zon—2, Tan—1,1)
= min{M(Smgn,g, T,Tgn,h t), ]\4(44.%‘271727 S(L‘Qn,Q, t), M(B,Tgn,h ngn,l, t)}
= min{ M (Yan—2,Y2n—1.t), M (Y2n—1, y2n—2,t), M (Y2n, y2n—1,1)}
= min{Map_2, Mop_1} = Mop_o.
Therefore, Msy_1 > Mo,—o (4)
Similarly, Moy, > Moy, 1.
Hence we deduce that M,, > M,,_ for all n.
Thus {M,, } is a strictly increasing sequence of positive real numbers in [0, 1]. Hence, {M,,} converges
to some limit, say p....(5)
Next we claim that p = 1. If p # 1, then by (5), there exists a § > 0 and a natural number m
such that, for each n > m,

p—0 < M(Yn, Ynt+1,t) = M,, < p...(6)

In particular, m(zay,, Tan—1,t) = min{Ma,, Ma,_1} = Ms,_1, and we get p — 6 < Ma,—1 < p.
Therefore, by using (1),

M(Azopn, Bran—1,t) = M (y2n+1, Yan, t) = Man > p,
a contradiction. Hence p = 1; i.e.,

lim M, = lim M(y,,ynt+1,t) = 1.
n— o0

n—oo
Now, for any positive integer k,

t

t t
7) * M(yn-ﬁ-l,yn-i-?a %) koK M(yn+k—l7yn+/€7 %)

M(ymyn-i-kvt) > M(ynayn-i-la A

Since, lim M (yn,ynt1,t) = 1 for t > 0, it follows that
n—oo

nleréoM(yn,yn+p,t) >1lsl*...x1=1,
which shows that {y,} is a Cauchy sequence in X.

Now suppose that SX is a complete subspace of X. Then the subsequence ys, = S, must
have a limit in SX, call it z, and v € S~!(z), so that Sv = 2. As {y,} is a Cauchy sequence
containing a convergent subsequence {y2,} , the sequence {y,} also converges to z.

First we claim that Av = z. Suppose not. Then, on setting x = v and y = x9,_1in (3), one
gets, for ¢t > 0,

M(Av, Bxoy—1,t) > m(v, xon—1,t) = min{ M (Sv,Txa,_1,t), M(Sv, Av,t), M(Bxaoy—1,Txon_1,t)}.
Taking the limit as n — oo, we have
M(Av, z,t) > min{M(z, z,t), M (z, Av,t), M (z,z,t)} = M(z, Av,t)

a contradiction. Therefore, Av = z = Sv. Hence the pair (A, S) has a point of coincidence. As
AX CTX, Av = z implies that z € TX. Let w € T~!(2), then Tw = 2.
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Next, we claim that Bw = z. Suppose not. Again by using (3), we get

M(y2n+17 Bwa t) = M(Ay2n7 Bw7 t) > m(yQTH w, t)
= min{M (Syan, Tw,t), M (Syan, Ayon,t), M (Bw, Tw,t)}.

Taking the limit as n — oo, we have
M (z, Bw,t) > min{M(z,z,t), M(z, z,t), M(Bw, z,t)} = M (Bw, z,1),

a contradiction. Therefore, Bw = z = T'w. Thus the pair (B,T') has a point of coincidence. Hence,
we have shown that z = Sv = Av = Bw = Tw.

The same result is obtained if we assume T'X to be complete. Indeed, if AX is complete, then
z € AX C TX and if BX is complete, then z € BX C SX. As the pairs (4,S) and (B, T) are
weakly compatible, then Az = ASv = SAv = Sz and Bz = BTw = TBw = Tz. Next, we claim
that Az = z. If not, then by (3), we have
M(Az, z,t) = M(Az, Bw,t) > m(z,w,t)
= min{M(Sz,Tw,t), M(Sz, Az, t), M(Bw,Tw,t)}
=min{M(Az, z,t), M(Az, Az,t), M(z,2,t)} = M(Az, z,t),
a contradiction. Therefore, Az = z. Similarly, one can easily show that Bz = z. Thus z is unique
common fixed point of A, B,S and T. Uniqueness of the fixed point is an easy consequence of
inequality (3.2). Hence the result. Q.E.D.

We now give an example to illustrate the above theorem.

Example 3.2. Let X = [2,20] and for each t > 0 and x,y € X define (X, M, *) by M(z,y,t) =
m,t > 0 and M (z,y,0) = 0. Define self maps A, B, S and T on X by
Ax=2ifx=2o0or >5, Az =ax+1if2<ax <5,

Br=2ifx=2or>5,Br=x+2if2<z<5,

52=2Sr=8if2 <z <5 5z =2ifx > 5,

Te=2ifz=2o0r>5,Te=ac+1if 2 <z <5.

Then the self maps A, B, S and T satisfy all of the conditions of the above theorem and have a
unique common fixed point at £ = 2. Moreover the maps satisfy neither the p-contractive condition
nor the Banach type contractive condition. Also, one may verify that the self maps A, B, S and T
are discontinuous at the common fixed point = 2 and SX is a complete subspace of X.

Now we shall improve the above theorem using common property (E.A), since it relaxes con-
tainment of the range of one map into the range of other, which is utilized to construct the sequence
of joint iterates in common fixed point considerations.

Theorem 3.3. Let A, B,S and T be four self maps in a fuzzy metric space (X, M, *), with a * b
= min {a, b} for all a,b € [0,1] satisfying condition (3.2), and

(3.4) the pairs (4, S) and (B, T) satisfy common property (E.A),
(3.5) SX and T'X are closed subsets of X.
Then

(I) A and S have a coincidence point,
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(II) B and T have a coincidence point.

Moreover, if the pairs (A4,5) and (B, T) are weakly compatible, then the maps A, B, S and T have
a unique common fixed point in X.

Proof. In view of (3.4), there exist two sequences {z,} and {y,} in X such that lim Az, =

n— oo
lim Sz, = lim By, = lim Ty,= z for some z € X. Since SX is a closed subset of X, there
n—00 n—00 n—00

exists a point u € X such that z = Su. We claim that Au = 2. If Au # z, then, by (3.2) (or
equation (3)), take z = u,y = y,,. Then

M(Au, Byp,t) > m(u, yn,t) = min{ M (Su, Ty, t), M (Su, Au, t), M(Byy, Tyn,t)}.
Taking the limit as n — oo, we have

M(Au, z,t) > min{M (z, z,t), M(z, Au,t), M(z, 2,t)} = M(z, Au, 1),

a contradiction. Therefore, Au = z = Swu, which shows that u is a coincidence point of the pair
(4,5).
Since T'X is also a closed subset of X, lim Ty, = z € TX, and hence there exists a v € X
n—oo
such that Tv = z = Au = Su. Now we show that Bv = z.
If Bv # z, then, by using inequality (3.2), take x = u,y = v. We then

M (Au, Bu,t) > m(u,v,t) = min{M (Su, Tv,t), M(Su, Au,t), M(Bv,Tv,t)},

M (z, Bv,t) > min{M (z, z,t), M(z, z,t), M(Bv, z,t)} = M(Bv, z,t),

which is a contradiction. Therefore, Bv = z = Tw, which shows that v is a coincidence point of the
pair (B,T).

Since the pairs (A4, S) and (B,T) are weakly compatible and Au = Su, Bv = Tv, Az = ASu =
SAu=Sz,Bz=BTv=TBv="T-x.
If Az # z, then, by using inequality (3.2), take x = z,y = v to get

M(Az, Bv,t) > m(z,v,t) = min{M(Sz,Tv,t), M(Sz, Az, t), M(Bv,Tv,t)},

M(Az, z,t) > min{M (Az, z,t), M(Az, Az,t), M(Bv, Bv,t)} = M(Az, z,1),

a contradiction. Therefore, Az = z = Sz.

Similarly, one can prove that Bz = Tz = z. Hence, Az = Bz = Sz = Tz, and z is common
fixed point of A, B, S and T. Uniqueness of the fixed point is an easy consequence of inequality
(3.2). Hence the result. We now give an example to illustrate the above theorem. Q.E.D.

Example 3.4. Let X = [2,20] and for each ¢t > 0 and z,y € X define (X, M, x) by M(z,y,t) =
m,t>0, and M (z,y,0) = 0. Define self maps A, B, S and T on X by

Ar =2, =2or > 5,

Ar=x+1if2 <2 <5,

Br=2ifz=2o0or>5 Br=x+2if2<z<5,

Sr=2ifxz=2o0r >5 Sr=8if 2 <z <5,
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Te=2ifz=2o0r>5Te=9if2 <z <5.
Take {z, =5+ 1} and {y, =5+ 1}. Then

lim Az, = lim Sz, = lim By, = lim Ty, =2 € X.
n—00 n—o0 n—oo n—00

Thus the pairs (A, S) and (B, T') satisfy common property (E.A). One can easily verify that the self
maps A, B, S and T satisfy all of the conditions of the above theorem and have a unique common
fixed point at = 2. Here SX and T'X are closed subspaces of X whereas neither AX nor BX is
closed subspace of X. Moreover, the maps neither satisfy a (p-contractive condition nor a Banach
type contractive condition. Also one may notice that neither BX ¢ SX nor AX ¢ TX and at the
common fixed point x = 2, self maps A, B, S and T are discontinuous.

Finally, it is observed that common property (E.A) requires the completeness or closedness of
the subspaces for the existence of the common fixed point. So an attempt has been made to drop
the closedness of the subspaces from Theorem 5 by using the JCLRgy property.

Theorem 3.5. Let A, B, S and T be four self maps of a fuzzy metric space (X, M, x), with a x b
= min {a, b} for all a,b € [0, 1] satisfying condition (3.2), and

(3.6) (A,S) and (B, T) satisfy the JCLRgr property.

Then the pairs (A, 5) and (B, T') have a coincidence point. Further, if (4,5) and (B, T') are weakly
compatible pairs of self maps of X, then A, B,.S and T have a unique common fixed point in X.

Proof. As the pairs (4, S) and (B, T) satisfy the JCLRgT property, there exist two sequences {x,, }
and {y,} in X such that

lim Az, = lim Sz, = lim By, = lim Ty, = Su=Tu
n—oo n—o00 n—o00 n—oo

for some u € X.
First, we assert that Au = Su. By (3.2) (or equation (3)), take x = u,y = y, to get

M(Au, Byp,t) > m(u, yn, t) = min{ M (Su, Ty, t), M (Su, Au, t), M(Byy, Tyn,t)}.
Taking the limit as n — oo, we have
M(Au, Su,t) > min{M(Sz, Su,t), M(Su, Au, t), M(Su, Su,t)} = M(Su, Au,t),

a contradiction. Therefore, Au = Su, which shows that u is a coincidence point of the pair (4, .5).
Secondly, we assert that Bu = Tu. Using (3.2), take x = u,y = u to get
M (Au, Bu,t) > m(u,u,t) = min{M (Su, Tu,t), M (Su, Au, t), M(Bu,Tu,t)},
M (Tu, Bu,t) > min{M(Su, Su,t), M(Tu, Tu,t), M(Bu,Tu,t)} = M(Tu, Bu,t),

a contradiction. Hence Bu = Tu, which shows that  is a coincidence point of the pair (B,T).
Thus we have Tu = Bu = Au = Su.
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Now, we assume that z = Tu = Bu = Au = Su. Since the pairs (4, S) and (B, T) are weakly
compatible and Au = Su, Bu = Tu, Az = ASu= SAu= Sz and Bz = BTu=TBu="T-=.
If Az # z, then, by using inequality (3.2), take = z,y = u, to obtain

M(Az, Bu,t) > m(z,u,t) = min{M (Sz,Tu,t), M(Sz, Az,t), M(Bu,Tu,t)}

M(Az, z,t) > min{M (Az, z,t), M(Az, Az, t), M(z,2z,t)} = M(Az, z,1),

a contradiction. Therefore, Az = z = Sz.

Similarly, one can prove that Bz = Tz = z. Hence Az = Bz = Sz = Tz, and z is a common
fixed point of A, B, S and T. Uniqueness of the fixed point is an easy consequence of inequality
(3.2). Hence the result. Q.E.D.

We now give an example to illustrate the above theorem.

Example 3.6. Let X = [2,20] and for each t > 0 and x,y € X define (X, M, *) by M(z,y,t) =
m,t>Oand M (z,y,0) = 0. Define self maps A, B,S and T on X by

Ar =2ifx=2o0or>5, Ax =+ 1if2<x <5,

Brxr=2ifx=20or>5 Br=x+2if2<z<5,
Sr=2ifz=2o0rz>5Sr=z+1if2<z <5,
Te=2ife=20r>5Te=xc+9if2 <z <5.

Take {z, =5+ =} and {y, =5+ +}. Then

lim Az, = lim Sz, = lim By, = lim Ty, =2 = 5(2) =T(2).
n—oo n—oo n—o0 n—oo

Thus the pairs (A, S) and (B, T) satisfy the JCLRgr property. Also the self maps A, B,S and T

satisfy all of the conditions of the above theorem and have a unique common fixed point at = = 2.

Notice that none of AX, BX,SX and TX is a closed or complete subspace of X. Also, at the

common fixed point x = 2, all of the self maps A, B, S and T are discontinuous. Moreover, the

maps satisfy neither the ¢-contractive condition nor the Banach type contractive condition. Also
B(X) ¢ S(X) and A(X) € T(X).
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