Real Analysis Exchange
Vol. 19(1), 1993/94, pp. 98-105

Kenneth Schilling, Department of Mathematics, University of Michigan-Flint,
Flint, MI 48503

A CATEGORY BASE FOR MYCIELSKTI’S
IDEALS

Given sets S C 2¥ and K C w, the infinite game of perfect information
I'(S,K) is played as follows: Players I and II choose consecutive terms of a
sequence = = (Zg, T1,Z2, ) € 2¥, player I choosing z; for 1 € K¢, player II
choosing z; for i € K. Player I wins if x € S, player II otherwise.

Now let M = (K, : s € Sq) be a system of subsets of w such that Ky U
K, C K, and Ky N Ky = ¢. (Sq is the set of finite sequences of 0’s and
1’s). We further assume that each K is infinite and has infinite complement.
In [1], J. Mycielski defined the translation-invariant o—ideal Ips on 2“ by
putting S € Iy if, for all s € Sq, player II has a winning strategy for the game
I'(S,K,).

Our purpose here is to try to solve the equation

BAIRE PROPERTY _ 7
FIRST CATEGORY ~ I’

In other words, if we think of the Ips-sets as being, in some sense, of the
first category, then which sets have the Baire property in this sense? More
precisely, we want to find a o-algebra B on 2 which contains the Borel sets
and includes I, such that the quotient algebra B/I)s is a complete Boolean
algebra and a regular subalgebra of the Boolean algebra P(2¥)/Ips. (This is
an analogue of a well-known theorem of Birkhoff and Ulam of general topology.
See section 1.1.)

As we shall see, no such B exists. We therefore modify the problem. Do
there exist a o-ideal M and a o-algebra B on 2 such that M contains the
same Borel sets as Ips, B contains the Borel sets and includes M, and B/ M
is a complete Boolean algebra and a regular subalgebra of P(2¢)/ M?

Assuming the continuum hypothesis, there does. (We don’t know the an-
swer in ZFC alone.) Our construction uses J. Morgan’s theory of category
bases. (We give a brief introduction to the theory of category bases in the

Mathematical Reviews subject classification: 1991 54A05
Received by the editors June 1, 1992

98



A CATEGORY BASE FOR MYCIELSKI’S IDEALS 99

next section. For a real introduction, see [2] or [3].) Category bases generalize
the topological theory of category. We shall introduce a category base C}, on
2%, Our B and M will be, respectively, the Baire property and meager sets
with respect to this new category base.

1. Preliminaries

We write Sq to mean the set of finite sequences (¢, Z1,-..,Zs) of 0’s and 1’s,
and 0 for the empty sequence. As usual, 2¢ is the set of infinite sequences of
0’s and 1’s, endowed with the product topology based on the discrete topology
on {0,1}. The notions open, closed, Gs, Borel, nowhere dense, and first and
second category are to be understood as being with respect to this topology.
(However, Baire property and meager are not.)

1.1 Category Bases

The definitions in this subsection, and Proposition 1, are due to J. Morgan.
(Cf. [2] or [3]).

A category base is a pair (X, C) such that X is a nonempty set and C is
a class of subsets of X such that the nonempty sets in C (the regions) satisfy
the axioms:

(1) X =Uc;

(2) Let C be a region, and let D be a nonempty family of disjoint regions
that has power less than the power of C.

(a) If C N D contains a region, then there exists D € D such that
C N D contains a region.

(b) If C N |UD contains no region, then C \ |JD contains a region.

The most common examples of category bases are (i) all topological spaces,
and ii) the pair (X, C), where C is the class of sets of positive measure with
respect to a fixed finite measure on X.

Definition 1 Let A C X. A is said to be

C-singular if, for every region C there exists a region C' C C such that
C'NA=¢;

C-meager if A is a countable union of

C-singular sets;
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C-abundant if A is not C-meager;

have the C-Baire property if, for every region C there exists a region
C' C C such that either C' N A is C-meager or C' \ A is C-meager.

We write S(C), M(C), and B(C), respectively, for the classes of C-singular,
C-meager, and C-Baire property sets.

Proposition 1 (Morgan) Let (X, C) be a category base.
(i) M(C) is a o-ideal on X.
(i) B(C) is a o-algebra on X.

(itt) (The generalized Banach category theorem) Let A C X . Suppose that for
every region C there ezists a region C' C C such that C’' N A is meager.
Then A is meager.

Now consider the quotient Boolean algebra P(X)/M(C), and its important
subalgebra, the category algebra B(C)/M(C). For A C X, let [A] be the
equivalence class of A ‘mod M(C).” We have

Proposition 2 (The generalized Birkhoff-Ulam theorem) For all category
bases (X,C), B(C)/M(C) is a complete Boolean algebra, and a regular subal-
gebra of P(X)/M(C).

In detail: For all £ C B(C), sup4¢¢[A] exists in the algebra P(X)/M(C),
and is an element of the algebra B(C)/M(C). It follows from the general theory
of Boolean algebras that sup 4¢¢[A] also exists in the algebra B(C)/M(C), and
the two suprema coincide.

For proof see [3], Theorem C15. For the case where (X,C) is a topological
space, this is a classic theorem of Birkhoff and Ulam. (Cf. [5], p. 75.)

1.2 A Bit More about Games

We shall require a few more definitions related to the games described in the
introduction.

For K C w, we define a K-strategy to be a function 7 with domain the set
of sequences (zo, Z1,.-.,Tk-1) € Sq where k € K, and range {0,1}. Given a
K¢- strategy o and a K-strategy 7, o * 7 is the element z of 2“ defined by

_ J(:Bo,...,:l:k_l) it ke K¢,
Tk = T(:L‘o,...,:l:k_l)ikaK.
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Let 7 be a K-strategy. We define P(7), the set of possible outcomes of 7, to
be the set {o *x 7 : o is a K -strategy }.

Thus, with respect to the game I'(S, K) of the introduction, we have: a
winning strategy for player I is a K¢-strategy o such that P(c) C S. A winning
strategy for player II is a K-strategy 7 such that P() NS = ¢.

A K-strategy contains much superfluous information, namely the moves
which the player using it would make in situations which can never arise
during a game in which it is employed. The following proposition may clarify
this situation somewhat, and will in any event be useful.

Lemma 3 Suppose that o is a K-strategy and o’ is an L-strategy.
(i) If o C o', then P(c) D P(d’).
(i) If P(o) D P(0’), then there exists an L-strategy o” such that o C o”
and P(0") = P(o’). (In particular, K C L.)
(iti) If L\ K is infinite, then P(c’) is nowhere dense in P(o), where the latter

is endowed with the topology induced as a subspace of 2*.

The proof of (i) is entirely straightforward; to prove (ii), let o' (zo, . .., Tx—1)
= o(zo,...,zk-1) if k € K, and o'(zo,...,zk-1) if kK € L\ K. To prove (iii),
observe that, if (zo,...,zk) is any finite sequence in which play has followed
the strategy o, then we may choose n € L\ K such that n > k, and extend
(zo,...,Zk) to a sequence (zo,...,Z,) which still follows ¢ but not ¢’, by
taking z, # o'(zo,...,ZTn-1)-

We conclude this section with some basic results of Mycielski [1] about the
ideal Ips.

Proposition 4 (Mycielski) .
(i) In is a translation-invariant o-ideal on 2¢.
(i1) Inp contains all singletons (and so, by (i), all countable sets).

(iii) If S € Ipy, then there exists a Gs set S’ such that S’ O S and S’ € 1.

2. The Trouble with I,,.

We first prove the negative result mentioned in the introduction.

Theorem 5 There does not ezist a c-algebra B on 2* which contains the
Borel sets and includes Ipg, for which B/In is a complete Boolean algebra
and a regular subalgebra of P(2¥)/Ip.
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ProoFr. This is an application of the technique of 21.4 of [5]. It suffices
to find a collection of Borel sets with no supremum in the Boolean algebra
P(2¥)/Ip. To this end, let (z¢ : £ < 2%°) be an enumeration of 2X¢, and let
(Be: €< 2R0) be an enumeration of the Gs sets which are elements of Ips. Set
A¢ = {z¢} x 2Ke; thus the sets A¢ are closed, disjoint, and not elements of
Ing. Now the set € = {[A¢] : £ < 2%} has no supremum in P(2%)/Ips. Indeed,
suppose that A is a subset of 2* such that [A] > [4¢] for £ < 2R, Choose
Ye € (AN A¢)\ Be. ThenY = {y : £ < 2R} ¢ B, for all 7, so by 4(iii),
Y & Ip. On the other hand, Y N A¢ = {y¢} € Inm, so [A] > [A-Y] > [Ag],
i.e., A is not the supremum of £ in P(2%)/Ips. The proof is complete.

Corollary 6 There is no category base (2“,C) such that all Borel sets have
the C-Baire property, and the class of C-meager sets coincides with Ip;.

3. The Category Base (2¥,C},)

From here on, we assume the continuum hypothesis.
Recall that, for a strategy o, P(c) is the set of all possible outcomes of
games played according to 0. We define the category base (2, C},) by putting

M = {P(o)|o is a K§-strategy for some s € Sq}.

In other words, a region in Cj}, is the set of possible outcomes of some strategy
for player I in one of the games I'(S, K,).

Remarks:

1. Because we assumed that K is infinite for all s € Sq, every region in
C}y is a perfect set. In fact, (2¥,C},) is a perfect base in the sense of [3].

2. Clearly, if S contains a region, then S ¢ Ips. A partial converse holds.
Call a set S M-determined if, for all s € Sq, the game I'(S, K) is determined.
(In particular, by the theorem of D. A. Martin that all Borel games are deter-
mined, every Borel subset of 2 is M-determined.) If S is an M-determined
set, then S contains a region if, and only if, S & Ijs.

We first show that we in fact have a category base.

Theorem 7 (2¢,C},) is a category base.

PROOF. Condition (1) in the definition of category base is obvious. Let C
be a region in C}, , and let D be a nonempty family of disjoint regions of
power less than the power of C},. Since C},; has the power of the continuum
and we have assumed the continuum hypothesis, D must be countable. (By
the way, we shall have occasion to invoke the continuum hypothesis only one
other time, in the proof of theorem 13.)
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2(i). Suppose that, for all D € D, C N D contains no region. Since each
C N D is a closed set, by the remark above we have C N D € Ip,. Since D is
countable and Iy is a o-ideal, CN YD € Ip, so C N |JD contains no region.

2(ii). Suppose that C' N |JD contains no region. Since C N |JD is a Borel
set (an F, set, in fact), by another use of the remark above, C N |JD € Ip.

Now suppose for contradiction that C'\ |JD contains no region. C'\ UD
is a G set, and so C\ |UD € Ip. But then C = (Cn UD) U(C\ UD) € I,
contrary to the hypothesis that C is a region. The proof of the theorem is
complete.

Corollary 8 The Boolean algebra B(C},)/ M (C},) is a complete Boolean al-
gebra, and a regular subalgebra of P(X)/ M (C},).

Lemma 9 Let S C 2“. The following are equivalent:
i) S is C}s-singular.

it) If o is a K§-strategy, then there exists a K& -strategy o' O o such that
P(o')NnS =¢.

This follows immediately from 3 and the definition of singular sets.
A category base is called a Baire base if no region is meager.

Theorem 10 (2¥,C},) is a Baire base.

PROOF. Suppose for contradiction that C is a region, and that C = |Ji2, 4;,
where each A; is C};-singular. Say C = P(c0), where o is a K¢-strategy.
Applying 9 repeatedly, we obtain a sequence of strategies 0 C 03 C o5 C - -+,
where o; is a K¢ -strategy and P(0;) N A; = ¢. Now consider the |Ji2, K3 -
strategy ¢ = (J;=, 0i . Then we have, by 3,

¢ # P(6) C P(e)n [\ P(o:)) c C\ | A

i=1 =1

which contradicts our initial hypothesis.
We can now characterize the exact relationship between Ips and the C},-
meager sets.

Theorem 11 Let A C 2*. Then the following are equivalent:
(i) Aely.
(it) A is M-determined and C},- singular.
(iii) A is M-determined and C},- meager.
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PROOF.

(i) — (ii): Let A € Ip. It is immediate from the definition of Iy, that
A is M-determined. To see that A is also C},-singular, suppose s € Sq and
o, a K¢-strategy, are given. Let 7 be a winning strategy for player II in the
game I'(A, K,). Since K{ N K, = ¢ and K¢, D KU K, there exists a K-
strategy o’ such that ¢’ O o U 7. Therefore P(c’) C P(c) N P(1) C P(0) \ 4,
which completes this part of the proof.

(ii) — (iii) is trivial.

(iii) — (i): Let A C 2* be M-determined and C},-meager. Since (2*, C},)
is a Baire base, A cannot contain a region. By M-determinacy and the remark
above, A € I.

The proof of 11 is complete.

Corollary 12 Every Ip-set is Cy,-meager. Every Borel C},-meager set is in
Iy

Theorem 13 The inclusions Ing C S(C}y) C M(C3y) hold and are strict.

PROOF. The inclusions are given by 11. Now suppose for the purpose of
contradiction that Ips = S(C},). That makes S(C},) a o-ideal, so in fact Ips
= 8(C3y) = M(C},)- But from 5 and 8, it is clear that M(C},) # Inm, and
the first part of the proof is complete.

It remains to show that S(C},;) # M(C}s). To this end, let (P(o¢) : € <
2%0) be an enumeration of the Cjs-regions. We will define by recursion a
function f : 2% — w and, for ¢ < 2% and n € w, a KS-strategy og and

T¢ € 2¢ such that, for all €,¢&’ < 2R ncw,
(1) of D¢, and of is a K;-strategy for some s € Sgq of length > n,
(2) ¢ € P(oe)
3) If ¢ > &, then z¢ & P(o?), and
£ 3
(4) If ¢’ <€ and f(§) = n, then z¢ & P(o3,).

Assuming for the moment that we have done so, let A, = {z¢ : f(§) = n}.
Then for all regions P(o¢), by (2), z¢ € P(0¢) NU,, An, so U, An is not Cj-
singular. However, for all n € w and all regions P(o¢), by (1), (3) and (4),
P(0}) C P(0¢) \ An, so Ay is Cjy-singular. Thus |, 4n € M(C3)\S(Chy),
which completes the PROOF.

To carry out the construction, suppose < 280, and f(¢), o and z¢
have been defined for £ < n and n € w so as to satisfy (1)-(4). Say o, is
a K¢-strategy. Since K$ \ K¢ is infinite, it is easy to see that there are



A CATEGORY BASE FOR MYCIELSKI’S IDEALS 105

2% K¢ -strategies ¢ D oy, such that the regions P(c) are pairwise disjoint.
Temporarily take 0™, n € w, to be any w of these strategies o having the
additional property that z¢ ¢ P(o) for all £ < n. Finally, choose o7 to be
some K strategy where sn is of length > n and o7y O ™. Thus (1) and (3)
hold for &,¢" <.

Next, choose 7t € w greater than the length of the given sequence s, and
let f(n) = n. By 3, P(a?,) is nowhere dense in P(0y,) for ' < n. As we are
assuming the continuum hypothesis, 7 is countable, so Uy ,, P(a?,) is of the
first category in P(0y), so we choose z, € P(a,) \ U <, P(a?,). Thus (2) and
(4) are satisfied for &,&’ < n, and the proof of 13 is complete.

Call a set A strongly M-determined if, for all closed sets FF C 2¥, ANF
is M-determined. The following guarantees an adequate supply of C},-Baire
property sets.

Theorem 14 Strongly M -determined sets have the C},-Baire property. In
particular, Borel sets have the C},-Baire property.

PROOF. Let A be a strongly M-determined set, and let C be a region. Then
C is closed, so C N A is M-determined. Thus either C N A contains a region
or CN A € Iy, in which case C'N A is Cj,-meager.

Corollary 15 Analytic sets have the C},-Baire proymrty.

Indeed, it is shown in [4] that B(C) is invariant under the operation (A)
for all category bases C.

References

(1] J. Mycielski, Some new ideals of sets on the real line, Coll. Math. XX
(1969), 71-76.

[2] J. Morgan, Baire category from an abstract viewpoint, Fund. Math. 94
(1977), 13-23.

[3] J. Morgan, Point set theory, M. Dekker, New York, 1990.

[4] J. Morgan and K. Schilling, Invariance under th- operation (A), Proc.
Amer. Math. Soc. 100 (1987), 651-654.

[5] R. Sikorski, Boolean algebras, Springer-Verlag, N.Y., 1965.



	Contents
	p. 98
	p. 99
	p. 100
	p. 101
	p. 102
	p. 103
	p. 104
	p. 105

	Issue Table of Contents
	Real Analysis Exchange, Vol. 19, No. 1 (1993-94) pp. 1-349
	Front Matter
	EDITORIAL MESSAGES [pp. 1-1]
	CONFERENCE ANNOUNCEMENTS [pp. 2-5]
	CONFERENCE REPORTS
	REPORT ON THE SUMMER SYMPOSIUM IN REAL ANALYSIS XVII, MACALESTER COLLEGE, ST. PAUL, MINNESOTA, JUNE 23–27, 1993, PROGRAM of the MACALESTER SYMPOSIUM [pp. 6-10]
	THE CONTRIBUTIONS OF ANTONI ZYGMUND TO REAL ANALYSIS [pp. 11-12]
	LIPSCHITZ MAPS AND ω-LIMIT SETS [pp. 13-14]
	TRAJECTORY OF THE TURNING POINT IS DENSE FOR ALMOST ALL TENT MAPS [pp. 15-17]
	UNIONS OF PRODUCTS OF INDEPENDENT SETS [pp. 18-19]
	SOME OF KOLMOGOROV'S FUNDAMENTAL RESULTS IN FOURIER ANALYSIS: HISTORY, DEVELOPMENT, AND OPEN PROBLEMS (In honor of A. N. Kolmogorov's 90th birthday) [pp. 20-20]
	TWO SUMMABILITY PROBLEMS - SPEEDS OF CONVERGENCE AND A RESULT OF POLLARD AND BUCK [pp. 21-22]
	UNIFORM GENERALIZED ABSOLUTE CONTINUITY [pp. 23-23]
	NEW INTEGRABILITY CLASSES [pp. 24-26]
	TOTALIZER II: THE NIGHTMARE CONTINUES [pp. 27-27]
	RECENT DEVELOPMENTS IN GEOMETRIC INTEGRATION THEORY [pp. 28-31]
	REGULATED FUNCTIONS WHOSE FOURIER SERIES CONVERGE FOR EVERY CHANGE OF VARIABLE [pp. 32-32]
	BASIC CONSTRUCTIONS FOR THE FEYNMAN INTEGRAL [pp. 33-33]
	BANACH-VALUED HENSTOCK INTEGRATION [pp. 34-34]
	DIMENSIONS FOR SUBSETS OF [0, 1] [pp. 35-36]
	LUSIN'S PROBLEM [pp. 37-37]
	ANTIDERIVATIVES OF BAIRE FUNCTIONS [pp. 38-38]
	MUTUAL INDEPENDENCE OF CONVERGENCE CONDITIONS [pp. 39-39]
	LEBESGUE MEASURE AND GAMBLING [pp. 40-41]
	RECTANGULAR AND ITERATED CONVERGENCE OF MULTIPLE TRIGONOMETRIC SERIES [pp. 42-42]
	TWO DIMENSIONAL PARTITIONS [pp. 43-43]
	CONTROLLED INTERSECTION THEOREMS FOR CONTINUOUS NOWHERE MONOTONE FUNCTIONS [pp. 44-45]
	STORING BAIRE 1 FUNCTIONS [pp. 46-47]
	NORMAL NUMBERS AND SUBSETS OF ℕ WITH GIVEN DENSITIES [pp. 48-49]
	EXPANSION VIA LEGENDRE FUNCTIONS [pp. 50-51]
	UNIFORMLY ANTISYMMETRIC FUNCTIONS I [pp. 52-53]
	UNIFORMLY ANTISYMMETRIC FUNCTIONS II [pp. 54-55]

	ERRATA
	ERRATA TO "ON TWO GENERALIZATIONS OF THE DARBOUX PROPERTY" [pp. 56-56]
	ERRATA TO "A∞ TYPE CONDITIONS FOR GENERAL MEASURES IN ℝ [pp. 56-57]
	ERRATA TO "LIMITS OF SIMPLY CONTINUOUS FUNCTIONS" [pp. 57-57]
	ERRATA TO "ON BOREL SETS WITH SMALL COVER" [pp. 58-58]

	RESEARCH ARTICLES
	INVERSION OF THE CROFTON TRANSFORM FOR SETS IN THE PLANE [pp. 59-80]
	THE DESCRIPTIVE DEFINITIONS AND PROPERTIES OF THE AP INTEGRAL AND THEIR APPLICATION TO THE PROBLEM OF CONTROLLED CONVERGENCE [pp. 81-97]
	A CATEGORY BASE FOR MYCIELSKI'S IDEALS [pp. 98-105]
	ANALOGS OF THE HAUSDORFF-YOUNG INEQUALITY FOR THE RADON TRANSFORM [pp. 106-113]
	MONOTONICITY THEOREMS FOR SOME LOCAL SYSTEMS [pp. 114-120]
	MEASURE SPACES AND DIVISION SPACES [pp. 121-128]
	ON LIMITS WITHOUT EPSILONS [pp. 129-134]
	SUFFICIENT CONDITIONS FOR ANALYTICITY [pp. 135-145]
	ALGEBRA GENERATED BY A.E. CONTINUOUS DERIVATIVES OF INTERVAL FUNCTIONS [pp. 146-154]
	ON THE EQUIVALENCE OF FOUR CONVERGENCE THEOREMS FOR THE AP-INTEGRAL [pp. 155-164]
	HOW TO OBTAIN ALL FINE CATEGORY DENSITY TOPOLOGIES [pp. 165-172]
	UNIFORM KURZWEIL-HENSTOCK INTEGRABILITY [pp. 173-193]
	MEASURABLE RECTANGLE [pp. 194-202]
	THE H-SETS IN THE UNIT CIRCLE ARE PROPERLY Gδσ [pp. 203-211]
	TWO TYPES OF ABSOLUTE CONTINUITY USED IN HENSTOCK AND AP INTEGRATION ARE EQUIVALENT [pp. 212-217]
	ON UNIFORMLY ANTISYMMETRIC FUNCTIONS [pp. 218-225]
	UNIFORMLY ANTISYMMETRIC FUNCTIONS [pp. 226-235]

	INROADS
	EQUI-INTEGRABILITY AND CONTROLLED CONVERGENCE FOR THE HENSTOCK INTEGRAL [pp. 236-241]
	SOME CONSEQUENCES OF THE FREILING - HUMKE RESULT ON THE DENSITY PROPERTY [pp. 242-247]
	AN INTEGRAL INVOLVING THOMSON'S LOCAL SYSTEMS [pp. 248-253]
	A NECESSARY AND SUFFICIENT CONDITION FOR GAUGE INTEGRABILITY [pp. 254-255]
	ON THE CARATHÉODORY SUPERPOSITION [pp. 256-265]
	CHEBYSHEV INEQUALITIES AND COMONOTONICITY [pp. 266-268]
	DIMENSIONS OF THE PERTURBED CANTOR SET [pp. 269-273]
	AN ACG FUNCTION WHICH IS NOT AN ACGs FUNCTION [pp. 274-277]
	THE σ-ALGEBRA GENERATED BY THE JORDAN SETS IN ℝn [pp. 278-282]
	VANISHING DERIVATIVES AND NILPOTENCY [pp. 283-289]
	UNIFORM GENERALIZED ABSOLUTE CONTINUITY AND SOME RELATED PROBLEMS IN H-INTEGRABILITY [pp. 290-300]
	SCHAUDER BASES, SCHAUDER FUNCTIONS, AND THE GRAM-SCHMIDT PROCESS [pp. 301-308]
	TO THE QUESTION OF REALIZABILITY OF THE CROFTON FUNCTION ON SETS IN ℝ² [pp. 309-311]
	THE S-HENSTOCK INTEGRATION AND THE APPROXIMATELY STRONG LUSIN CONDITION [pp. 312-316]
	SOME REMARKS ON METRIC PRESERVING FUNCTIONS [pp. 317-320]
	ON THE STRUCTURE OF THE SPACE OF METRICS DEFINED ON A GIVEN SET [pp. 321-327]
	SOME INTERESTING SMALL SUBCLASSES OF THE DARBOUX BAIRE 1 FUNCTIONS [pp. 328-331]
	SOME ADDITIONAL NOTES ON GLOBALLY POROUS SETS [pp. 332-348]

	QUERIES
	A Query on Sard's Theorem [pp. 349-349]

	Back Matter



