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 LEBESGUE MEASURE AND GAMBLING

 We modify a standard coin flipping game and are thus able to characterize
 Lebesgue measure on the Cantor space 2^, in terms of optimal payoffs in this
 game. In addition, if either player has a winning strategy in a certain game
 defined by P Ç 2^, then P is measurable.

 A typical fair game would have a gambler betting on whether a coin flip
 will turn up heads or tails (by fair we mean that the probability of heads
 and tails are both 1 /2 and the gambler is paid the amount of their bet when
 they win). If a gambler plays this game once for each natural number ne N,
 the coin flips produce a sequence, {pn}ne N> heads and tails, which can
 be viewed as an element of 2^. Our modification introduces a second player
 who is given the option of selecting the sequence {pn }n€^, bit by bit, with
 the requirement that the sequence belongs to a given set PC 2N. Thus we
 have two players, G-the gambler and C-the casino. At the start, a payoff set,
 P Ç { +1, -1 }N, the gamblers initial balance, B0 e R+, and a real number,
 h, are fixed. The game has one turn for each n € N and each turn is played
 as follows. First, G places a bet bn, a rational number with absolute value
 less than or equal to their current balance, say Bn. Seeing this bet, C picks a
 digit, pn = +1 or -1, and the gambler's balance is updated to

 Bn+' = Bn H- Pn ' bn-

 Hence, a negative bet is a stake that C will play pn = - 1 and a positive
 bet is a stake that C will play pn = -hi, since these two situations result in
 an increase in G's balance. To make the game nontrivial we require that C
 produces { pn }neN ^ P- We say that C wins a run of this game iff

 D B0 sup Bn< D -
 neN h

 (and neither player "cheats" -the first player to cheat looses and C can cheat
 by producing p £ P, while G can cheat by betting an irrational amount, or
 more than his current balance). Call this game T(P, Bq, h).
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 A strategy for one of the players is a rule, which based on the complete
 history of the game so far, tells the player how much to bet or which digit to
 play. This notion can be precisely defined in terms of functions. A strategy
 for either player is a winning strategy if it wins against every strategy of the
 other player. Intuitively, a winning strategy is a single algorithm which defeats
 every possible legal play by the opponent.

 Let /X denote the (1/2, 1/2) product measure on 2^ (i.e. the homogeneous
 Lebesgue probability measure), ¿¿+ the corresponding outer measure and /¿_
 the corresponding inner measure. Let 0 < Bo < oo be any positive real number
 and PC 2^ be nonempty.

 Measure zero case: /i(P) = 0 iff G has a winning strategy in T(P, Po?0).

 Positive measure G: Let 0 < h < 1. /¿+(P) < h iff V/i' > /i, G heis a winning
 strategy in T(P, Bo , h! ).

 Positive measure C: Let 0 < h < 1. /¿-(P) > h iff for all positive h' < /i,
 C has a winning strategy in T(P, Boi h').

 r(P, Bo,h) is a standard game of perfect information (on a countable set).
 Such a game is determined if one of the two players has a winning strategy.
 For P C 2n, let

 Ł p+(P)+n-(P)
 kP Ł =

 denote the average of the inner and outer measure of P. The above results
 show that if r(P, 1, hp) is determined, then /x+(P) = M-(P) and hence ß(P)
 exists.


	Contents
	p. 40
	p. 41

	Issue Table of Contents
	Real Analysis Exchange, Vol. 19, No. 1 (1993-94) pp. 1-349
	Front Matter
	EDITORIAL MESSAGES [pp. 1-1]
	CONFERENCE ANNOUNCEMENTS [pp. 2-5]
	CONFERENCE REPORTS
	REPORT ON THE SUMMER SYMPOSIUM IN REAL ANALYSIS XVII, MACALESTER COLLEGE, ST. PAUL, MINNESOTA, JUNE 23–27, 1993, PROGRAM of the MACALESTER SYMPOSIUM [pp. 6-10]
	THE CONTRIBUTIONS OF ANTONI ZYGMUND TO REAL ANALYSIS [pp. 11-12]
	LIPSCHITZ MAPS AND ω-LIMIT SETS [pp. 13-14]
	TRAJECTORY OF THE TURNING POINT IS DENSE FOR ALMOST ALL TENT MAPS [pp. 15-17]
	UNIONS OF PRODUCTS OF INDEPENDENT SETS [pp. 18-19]
	SOME OF KOLMOGOROV'S FUNDAMENTAL RESULTS IN FOURIER ANALYSIS: HISTORY, DEVELOPMENT, AND OPEN PROBLEMS (In honor of A. N. Kolmogorov's 90th birthday) [pp. 20-20]
	TWO SUMMABILITY PROBLEMS - SPEEDS OF CONVERGENCE AND A RESULT OF POLLARD AND BUCK [pp. 21-22]
	UNIFORM GENERALIZED ABSOLUTE CONTINUITY [pp. 23-23]
	NEW INTEGRABILITY CLASSES [pp. 24-26]
	TOTALIZER II: THE NIGHTMARE CONTINUES [pp. 27-27]
	RECENT DEVELOPMENTS IN GEOMETRIC INTEGRATION THEORY [pp. 28-31]
	REGULATED FUNCTIONS WHOSE FOURIER SERIES CONVERGE FOR EVERY CHANGE OF VARIABLE [pp. 32-32]
	BASIC CONSTRUCTIONS FOR THE FEYNMAN INTEGRAL [pp. 33-33]
	BANACH-VALUED HENSTOCK INTEGRATION [pp. 34-34]
	DIMENSIONS FOR SUBSETS OF [0, 1] [pp. 35-36]
	LUSIN'S PROBLEM [pp. 37-37]
	ANTIDERIVATIVES OF BAIRE FUNCTIONS [pp. 38-38]
	MUTUAL INDEPENDENCE OF CONVERGENCE CONDITIONS [pp. 39-39]
	LEBESGUE MEASURE AND GAMBLING [pp. 40-41]
	RECTANGULAR AND ITERATED CONVERGENCE OF MULTIPLE TRIGONOMETRIC SERIES [pp. 42-42]
	TWO DIMENSIONAL PARTITIONS [pp. 43-43]
	CONTROLLED INTERSECTION THEOREMS FOR CONTINUOUS NOWHERE MONOTONE FUNCTIONS [pp. 44-45]
	STORING BAIRE 1 FUNCTIONS [pp. 46-47]
	NORMAL NUMBERS AND SUBSETS OF ℕ WITH GIVEN DENSITIES [pp. 48-49]
	EXPANSION VIA LEGENDRE FUNCTIONS [pp. 50-51]
	UNIFORMLY ANTISYMMETRIC FUNCTIONS I [pp. 52-53]
	UNIFORMLY ANTISYMMETRIC FUNCTIONS II [pp. 54-55]

	ERRATA
	ERRATA TO "ON TWO GENERALIZATIONS OF THE DARBOUX PROPERTY" [pp. 56-56]
	ERRATA TO "A∞ TYPE CONDITIONS FOR GENERAL MEASURES IN ℝ [pp. 56-57]
	ERRATA TO "LIMITS OF SIMPLY CONTINUOUS FUNCTIONS" [pp. 57-57]
	ERRATA TO "ON BOREL SETS WITH SMALL COVER" [pp. 58-58]

	RESEARCH ARTICLES
	INVERSION OF THE CROFTON TRANSFORM FOR SETS IN THE PLANE [pp. 59-80]
	THE DESCRIPTIVE DEFINITIONS AND PROPERTIES OF THE AP INTEGRAL AND THEIR APPLICATION TO THE PROBLEM OF CONTROLLED CONVERGENCE [pp. 81-97]
	A CATEGORY BASE FOR MYCIELSKI'S IDEALS [pp. 98-105]
	ANALOGS OF THE HAUSDORFF-YOUNG INEQUALITY FOR THE RADON TRANSFORM [pp. 106-113]
	MONOTONICITY THEOREMS FOR SOME LOCAL SYSTEMS [pp. 114-120]
	MEASURE SPACES AND DIVISION SPACES [pp. 121-128]
	ON LIMITS WITHOUT EPSILONS [pp. 129-134]
	SUFFICIENT CONDITIONS FOR ANALYTICITY [pp. 135-145]
	ALGEBRA GENERATED BY A.E. CONTINUOUS DERIVATIVES OF INTERVAL FUNCTIONS [pp. 146-154]
	ON THE EQUIVALENCE OF FOUR CONVERGENCE THEOREMS FOR THE AP-INTEGRAL [pp. 155-164]
	HOW TO OBTAIN ALL FINE CATEGORY DENSITY TOPOLOGIES [pp. 165-172]
	UNIFORM KURZWEIL-HENSTOCK INTEGRABILITY [pp. 173-193]
	MEASURABLE RECTANGLE [pp. 194-202]
	THE H-SETS IN THE UNIT CIRCLE ARE PROPERLY Gδσ [pp. 203-211]
	TWO TYPES OF ABSOLUTE CONTINUITY USED IN HENSTOCK AND AP INTEGRATION ARE EQUIVALENT [pp. 212-217]
	ON UNIFORMLY ANTISYMMETRIC FUNCTIONS [pp. 218-225]
	UNIFORMLY ANTISYMMETRIC FUNCTIONS [pp. 226-235]

	INROADS
	EQUI-INTEGRABILITY AND CONTROLLED CONVERGENCE FOR THE HENSTOCK INTEGRAL [pp. 236-241]
	SOME CONSEQUENCES OF THE FREILING - HUMKE RESULT ON THE DENSITY PROPERTY [pp. 242-247]
	AN INTEGRAL INVOLVING THOMSON'S LOCAL SYSTEMS [pp. 248-253]
	A NECESSARY AND SUFFICIENT CONDITION FOR GAUGE INTEGRABILITY [pp. 254-255]
	ON THE CARATHÉODORY SUPERPOSITION [pp. 256-265]
	CHEBYSHEV INEQUALITIES AND COMONOTONICITY [pp. 266-268]
	DIMENSIONS OF THE PERTURBED CANTOR SET [pp. 269-273]
	AN ACG FUNCTION WHICH IS NOT AN ACGs FUNCTION [pp. 274-277]
	THE σ-ALGEBRA GENERATED BY THE JORDAN SETS IN ℝn [pp. 278-282]
	VANISHING DERIVATIVES AND NILPOTENCY [pp. 283-289]
	UNIFORM GENERALIZED ABSOLUTE CONTINUITY AND SOME RELATED PROBLEMS IN H-INTEGRABILITY [pp. 290-300]
	SCHAUDER BASES, SCHAUDER FUNCTIONS, AND THE GRAM-SCHMIDT PROCESS [pp. 301-308]
	TO THE QUESTION OF REALIZABILITY OF THE CROFTON FUNCTION ON SETS IN ℝ² [pp. 309-311]
	THE S-HENSTOCK INTEGRATION AND THE APPROXIMATELY STRONG LUSIN CONDITION [pp. 312-316]
	SOME REMARKS ON METRIC PRESERVING FUNCTIONS [pp. 317-320]
	ON THE STRUCTURE OF THE SPACE OF METRICS DEFINED ON A GIVEN SET [pp. 321-327]
	SOME INTERESTING SMALL SUBCLASSES OF THE DARBOUX BAIRE 1 FUNCTIONS [pp. 328-331]
	SOME ADDITIONAL NOTES ON GLOBALLY POROUS SETS [pp. 332-348]

	QUERIES
	A Query on Sard's Theorem [pp. 349-349]

	Back Matter



