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 NEW INTEGRABILITY CLASSES

 The problem of integrability amounts to the question when is a trigonomet-

 ric series Y^kez°ke%kx a Fourier-Lebesgue series, i.e. when does (ck) G L1?

 Since there are no suitable characterizations of the space Ll we search for

 subsets of L 1 that can be characterized in terms of sequences alone, called
 the integrability classes. In some sense the even integrability classes, i.e. the

 classes of ( Ck ) G L 1 satisfying Ck = C-k for all fc, are most essential.
 The class of all even convex null sequences /C is an integrability class, i.e.

 K, C L1. This class obtained by Young (1913) was extended by Kolmogorov
 (1923) to the space of quasiconvex null sequences qo- Since qo is the linear span

 of /C, the conclusion that qo C L1 also follows from Young's theorem. We are
 referring here to standard BK spaces of two-way even sequences: co~ the space

 of null sequences with norm || c ''£oo= supk | Ck |; (Pi 1 < p < oo, - the space of
 i /p

 all ( Ck ) such that || c ''¿p= ( I ck |P) < oo; bvo~ the space of null sequences
 of bounded variation under norm || c ''bVo = || c ||¿oo + || Ac || i ; qo~ the space

 of quasiconvex null sequences with norm ''c''q = ^2 k' A 2Ck | + || c ''¿x>< oo.
 An enlargement of qo , introduced by Sidon (1939) and redescribed by

 Telyakovskii (1973), is the class ST of all (ck) G Co such that for some Ak [ 0
 with J2Ak < oo, ļ A Ck I < Ak- This class was extended by Fomin (1978) to
 a family of even integrability classes Tpi p > 1. A sequence c = (c^) G Tv if
 and only if c G Co and (1) Yl^o II ^ II ep < oo. Here l/p+ l/q = 1 and
 djc is the jth dyadic section of a sequence c, i.e. djc = X)jfc=2J_1 Ck ek- That
 Tv, p > 1 are integrability classes for even series was rediscovered by other au-
 thors. It turns out that = ST and the following chain of proper inclusions

 is valid for r > p > 1: (2) K C qo C ST = C Tr C Tv C bvo H L1.
 There were several attempts to derive integrability classes larger than

 Fomin's. Some were shown to reduce to the classes Tv . The proper enlarge-
 ments are the classes T*,p> 1 [4] and their later extensions hv p. p > i [i]
 and HVP, p > 1 [3]. A sequence c = (cjt) G hvP if and only if c G Co and there
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 exist sequences of natural numbers (uj) nondecreasing and, ( kj ) increasing,

 such that Vj < fcj+i and (3) Yl^o '°6 ^¡7~ II ^ ¿±c |Ļi + || /iJ Ac ''ep < oo.
 Here hjc = Y^k=k~l ek - The restrictions Vj = kj and (kj) lacunary in (3)
 describe the classes J7* and further restrictions to kj = V give Fomin's classes

 described by (1). The classes HVP are certain BK spaces containing hvP. All
 of these classes decrease with p | oo and satisfy the following proper inclusions

 for p > 1: (4) Tv C Tļ C hv C HVP C bv0 n L1.
 The corresponding general integrability classes were also determined [5].

 By relaxing the ^-norm in condition (3) new integrability classes were intro-
 duced in [5], denoted dlP and hlP, p > 1, incomparable with hvP, as well as
 their BK enlargements HL 1 °;p > 1. These contain sequences outside of bvo
 and give rise to a second chain of proper inclusions valid for all p > 1, namely

 (5) Tv C df C hf c HLP C £'
 A troublesome fact about the above two types of integrability classes was

 that neither of them contain a special integrability class W, described by
 a necessary and sufficient condition for integrability of even series with co-
 efficients constant on lacunary blocks, due to M. Weiss (1967). This fact

 2 2
 inspired new enlargements of the classes TPi namely the classes dv and cv

 [2]. A sequence c belongs to the class dv 2, [respectively to the class, cv" ,
 / 9 ' 1/2

 if and only if ( ck ) e c0 and satisfies JZ'jLo II dTJAc |ĻiJ < oo,

 respectively, £°10 maxo<i/<2¿ (E£Li I cr2,+l/ - c(r+i)2j |2) / <00 .where

 dric = Y^k=rïi 1 c'k e>c- They are BK spaces and natural extensions of both
 2

 Fomin's classes Tv, p > 1 and the special class W. Furthermore, dv C bv o,
 2 2 2 ^1

 while cv is incomparable with bv o and (6) W C dv C cv C L .
 A new and surprising result is that cv is the largest among all these inte-
 grability classes, that is a class connecting the chains (3), (5) and (6). Precisely
 the following proper inclusions are valid for all p > 1: WUfpCWU hvP C

 W U HVP C dv2 C cv2n bv0 C L1 and Tp C dlP C hf C H if C cv C L1.
 We conclude with a conjecture about yet a larger family of integrability

 2 2
 classes that can be obtained by refining dyadic divisions of dv and cv via a
 recent extension of the Housdorff- Young theorem.
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