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THE PEANO CURVE AND
Z-APPROMIMATE DIFFERENTIABILITY

1 Preliminaries

A function f:R — R is density continuous (Z-density continuous, deep-I-
density continuous) at the point z if it is continuous at £ when the density
topology (Z-density topology, deep-Z-density topology) is used on both the
domain and the range (2, 3, 4, 10]. In [4] it is proved that the first coordinate
of the classical Peano area-filling curve is nowhere approximately differen-
tiable, even though it is continuous and density continuous. In this paper
we generalize this result by proving in Section 3 that the same function is
also Z-density and deep-Z-density continuous, even though it is nowhere Z-
approximately differentiable. To prove this it is shown that a point z is a
deep-Z-density point of the Baire set E if, and only if, z is an Z-density point
of the unique regular open set E such that the symmetric difference EAE is
of the first category.

In Section 4 we give an example of a bounded Z-approximately continuous
function that is not a derivative.

The notation used throughout this paper is standard. In particular, R
stands for the set of real numbers and N = {1,2,3,...}. For A,B C R and
d € R the complement of A is denoted by A¢, the symmetric difference of A
and B is denoted by AAB = (AUB)\ (AN B), while B—d = {z—d €
R:z € B} and dB = {dz € R:z € B}. The symbol B stands for the family
of subsets of R which have the Baire property and Z denotes the ideal of
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first category subsets of R. A statement about a subset of R is true Z-a.e.
if the set on which it fails to be true is in Z. An open set E C R is regular
if E = int(cl(E)). For a set E € B we denote by E the only regular open
set A for which EAA € I. The Lebesgue measure of a measurable set A is
denoted by m(A).

If A € B, then 0 is an Z-density point of A if for every increasing sequence
{nm}men of natural numbers there exists a subsequence {nm,},en such that

Pll_f{.lo Xnmpan(-1,1) = X(-1,1), T-a.e.,
or, equivalently, that the set

11m mf N, A = U ﬂ N, A
g€Np>g

is residual in (—1,1). We say that a point a is an Z-density point of A € B
if 0 is an Z-density point of A — a. The set of all Z-density points of A € B
is denoted by ®7(A). It is not difficult to see that AA®(A) € T for every
A € B [10, Theorem 3] and that

®7(A) = &7(B) for every A, B € B such that AAB € T. (1)

The family of sets
Tr={A€B:AC P;(A)}

forms a topology on R called the Z-density topology [9, 10].

A point a € R is a deep-T-density point [10] of an A € B if there exists a
closed set ' C AU{a} such that a is an Z-density point of F. The set of all
deep-I-density points of A € B is denoted by ®p(A). The family of sets

={AeB:AC Pp(A)}

forms a topology on R called the deep-I-density topology [5, 10].

A point z is a dispersion (Z-dispersion, deep-I-dispersion) point of A if
z is a density (Z-density, deep-Z-density) point of A°.

A function f:R — Ris said to be Z-approzimately differentiable at a point
z if there exists a number DO f(z), called the T-approzimate derivative of f
at z, such that for every € > 0, z is an Z-density point of some Baire subset

of
{teR f&) = $(w) € (DD f(z) — e,D(I)f(:c)+6)}.
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(Compare also [6] and [10, Definition 8].)
We also need the following easy fact [1, Lemma 4].

Lemma 1. If B = Upen(@n, bn) is such that lim,_. by = 0 and there exists
a positive number ¢ such that

b, —a,
bn
for every n € N, then 0 is not an I-dispersion point of B.

>c,

2 Basic Lemmas

We start this section with the following lemma.
Lemma 2. If A is regular open, then ®7(A) = ®p(A).

Proof. The inclusion ®p(A) C ®7(A) is obvious from the definitions.

To prove the converse inclusion let £ € ®7(A). For simplicity we assume
that £ = 0. We must show that 0 is a deep-Z-density point of A.

But 0 is an Z-density point of A if, and only if, 0 is an Z-dispersion point
of A°. Without using the full strength of Theorem 1 from [7] it follows that
0 is an Z-density point of A if, and only if,

for every nonempty interval (a,b) C (—1,1) there exist numbers
€ > 0 and ny € N such that for every n > ng there is a nonempty
interval (¢,d) C (a, b) with the properties:

|d—c|>¢e and (c,d)NnAc=4.

Notice that in the above it is enough to consider only intervals (a, b) with
rational endpoints. Moreover, by the regularity of A, cl (A"') = A° and so

(d)NnAc=0 <= (c,d)NnA°=0
= %(c,d) NA° =10
— %(c, d) C A.
Hence, we can conclude that 0 is an Z-density point of A if, and only if,
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(*) for every nonempty interval I = (a,b) C (—1,1) with rational
endpoints there exists a number ¢; > 0 and n; € N such that for
every n > ny there is a nonempty interval (¢,d) C [¢,d] C (a,b)
with the properties:

|d —¢c| >er and i—[c,d]CA.

Now we can construct a closed set EJ{0} C AU{0} which satisfies (x).
This will finish the proof.

Let {Ii}ren be an enumeration of all nonempty subintervals of (—1,1)
with rational endpoints and assume that nj, > k for every k € N. For k € N,
let E; be a union of intervals %[cn,dn] for n > nj,, where [c,,d,)] is a subset
of I satisfying (x); i.e., such that

|dn — ¢n| > €1, and %[cn,dn] C A

Let
E = U Ey.
keEN
Notice that 1 1 11
E - = - =
k C( nlk’nlk) C( k’ k)

so that E;\(—2,1) intersects only finitely many closed intervals forming Ej.
In particular,

E\(pp) = UB\pp)

where the right-hand side intersects only finitely many closed intervals from
the collection whose union forms E. This implies that E(J{0} is closed. This
finishes the proof of Lemma 2.

Lemma 3. Let f:R — R be such that f~}(E) € T for every E € T. Then
f is deep-TI-density continuous if, and only if, f is IT-density continuous.

Proof. It is known that every Z-density continuous function is deep-Z-
density continuous [3, Theorem 4.1(iv)]. To prove the converse implication
choose a deep-Z-density continuous function f satisfying the assumption and
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let f(z) be an Z-density point of E € B with f(z) € E. Then, by (1), f(z)
is an Z-density point of E and, by the regularity of E and Lemma 2, f(z)
is also a deep-Z-density point of E. Thus, z is a deep- Z-density point of
f~Y(E). Moreover, by the assumption,

fTUE)AfYE) = fFYEAE) € 1.
So, by (1), = is an Z-density point of f~!(E).
We will need also the following characterization of a deep-Z-density point.

Lemma 4. The following conditions are equivalent:

(i) z is a deep-I-density point of A;

(1) given s € (0,1), there exists D, > 0 and R, € (0,1) such that whenever
0<D<D,and(y—6y+86)C(z—D,z+ D)\ {z} with26/D > s,
then there is an interval J C (y — 6,y + 6) N A with m(J)/26 > R,.

Proof. Without any loss of generality it may be assumed that z = 0. In
[11, Theorem (5)] Zajicek proves that 0 is an ZI-density point of A if, and
only if, (ii) is satisfied, where the inclusion J C (y — 6,y + 6) N A is replaced
by

(y—=8,y+6)NAJ\JeT. (2)
But we can assume that A is open, since there is a closed set FF C AJ{0} for

which 0 is an Z-density point and then, by Lemma 2, 0 is also an Z-density

point of ' = int (F). But then (2) implies that J C (y—6,y+6)NA. Lemma
4 is proved.

3 Main Theorem
Theorem 1. There erists a continuous, density continuous and I-density
continuous function f which is nowhere approrimately and I-approzimately

differentiable.

Proof. We begin by defining a version of the classical Peano area-filling
curve P : [0,1] — [0,1]x [0, 1]. To do this, a sequence of continuous paths P, :
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[0,1] — [0,1] x [0,1] for n = 0,1,..., are defined which converge uniformly
to P. This definition is facilitated by the following basic construction, which
will be referred to as BCP.

Given a square [a,b] x [¢,d] with one of its diagonals a parametrized
constant speed path A : [a,8] — [a,b] X [c,d], we construct a new path
A1 ¢ [a, B] — [a,b] X [c,d] as shown in Figure 1, where the speed of the new
path is constant and three times the speed of A.

d d

BCP XK
>XK

Figure 1: Basic construction BCP.

Using symmetries, BCP can be applied to either of the two diagonals of
any square with either path orientation. Also, if |G|l = sup, |G(z)|, then
it is clear that

A= Nlleo < /(b )2 + (d = c)? (3)
for every X' : [a, 8] — [a,b] X [c, d].
To construct the Peano curve, let Py(t) = (¢,t) and define P, by applying

BCP to Py. The image of P; consists of a diagonal from each of the nine
squares

1 z+1]x[_1 7+1

Q 3’ 3 ]7 Z,]=0,1,2.

373
(See Figure 1 with a = ¢ = 0 and b = d = 1.) Construct P, by applying
BCP to each of the diagonals of these squares as shown in Figure 2.

This process can be continued inductively in the obvious way to form the
sequence P, n € N. From (3) it follows that

”Pn _ Pm”oo < \/_2-3—min(n,m).
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Figure 2: Construction of P,.

This shows that P, converges uniformly to P. It is also easy to see that the
image of P is a dense, compact subset of [0,1] x [0,1], so P is an area-filling
curve. )

If P = (p1,p2), where p; : [0,1] — [0,1], ¢ = 1,2 are the coordinate
functions for P, then we claim f = p; is a function satisfying the conditions
of Theorem 1. _

To see this, it might be helpful to see how f can be defined directly as
a uniformly convergent sequence of continuous functions f, : [0,1] — [0,1],
where each f, is the first coordinate of P,. The first coordinate of BCP can
be represented by the construction shown in Figure 3. A similar construction
can be done with either diagonal via an obvious reflection. This construction
is denoted BCX.

Notice that Figure 3(B) also represents f; : [0,1] — [0,1], if we take
a=a=0and b= = 1. To form f, it is enough to apply BCX to each
linear segment of f;. Then, apply BCX to each linear segment of f; to arrive
at f3, etc.

Evidently, f is continuous, as the first coordinate of the continuous func-
tion P. Also, as proved in [4], it is density continuous and nowhere approxi-
mately differentiable.

In the rest of the proof, we will need the following easy observations.

The function P is self-similar in the sense that for every n € N and every
i =0,1,...,9" — 1, there exist {(¢),r(¢) € {0,1,...,3" — 1} such that the
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b b : :
BCX
a . ; ;
7 B o B
A B

Figure 3: Basic construction BCX.

image

¢oe+ 17 _ (1) 1(2) +1 r(i) r(@)+1
P([g_n’ on D‘[?m’ o R A )
and the path followed is a scaled and reflected copy of the entire path of P
in [0,1] x [0,1]. Since f is the first coordinate of P, condition (4) implies

also that for each integer : € {0,1,...,9™ — 1}, there is an integer (i) €
{0,1,...,3™ — 1} such that

() - [, 90 0

Also notice the following easy geometrical fact.

For every t € N, t > 1, and nonempty interval (a,b) C [0,1] there are
i,n € N such that

1 1+1

) n

m(K) _ 1
>
b—a ~ 2t (6)

K = [ ] C (a,b) and
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To see this, let n be the smallest natural number such that
1/t" < (b—a)/2.

Thus, 2/t~ > (b—a) and there exists ¢ such that i /t" € (a, (b+a)/2). Hence,
K = [¢/t",(i + 1)/t"] C (a,b) and m(K)/(b—a) > (1/t")/(2/t""1) = 1/2t.
This finishes the proof of (6).
Notice that (5) implies f~!(E) is nowhere dense for every nowhere dense
set E. So,
f"YE) €T forevery E€1T.

Thus, by Lemma 3, to show that f is Z-density continuous it is enough to
prove that f is deep-Z-density continuous.

Let z € [0,1] and let A C R\ {f(z)} be a set such that f(z) is a deep-
Z-density point of A. It must be shown that z is a deep-Z-density point of
f~1(A). This will be done with the aid of Lemma 4.

Let s = 1/9* € (0,1). We must find D, > 0 and R, € (0,1) such that
whenever 0 < D < D, and an interval I C (z — D,z + D) \ {z} with
m(I)/D > s, then there is an interval J C I N f~1(A) with

m(J)
m([)

Let s' = s/9°. Using Lemma 4 with A and f(z), there exists D, > 0 and
Ry =1/3' € (0,1) such that

> R,. (7

e whenever 0 < D’ < D, and an interval
I'C (f(z) - D', f(z) + D') \ {f(2)}
with m(I’)/D’ > ', then there is an interval J' C I’ N A with
m(J")/m(I') > Ry (8)
Let D, > 0 be such that

If(m)—f(y)l < D, for |:c—y|<D, (9)

and let R, = 1/9'*5. Let 0 < D < D, and choose an interval I C (z—D,z+
D)\ {z} with m(I)/D > s. We will find an interval J C I N f~1(A) with
m(J)/m(I) > R,.
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Assume that I C (z,z + D). The other case is similar.
Using (6), we can find I, = [j/9"7, (] +1)/9™] C I such that
m(Io)
> —.
m(l) ~ 18 (10)
Moreover, using (4), it is easy to find I; = [¢/9",(¢: + 1)/9"] C I, such that
f(z) € f(I,). Thus,

m(I;) 1 m(Io) 11 m(I) _ 3,
D -9 D 2318 D 93 S
In particular, there exist p = (s’)~! contiguous intervals I',I?,... I? of

length 1/9", one of which is I; and such that z € ' UI?U...UI*.
Define

D' = max{|f(z) — f(i/9")],1f(z) — f((z +1)/9™)]} > 0

and I' = f(I;). By (9) we see that D’ < D,, and, by (4), f(:/9") and
f((i+1)/9") are the end points of I' so that I' C [f(z)—D’, f(z)+D'|\{f(z)}.
Moreover, since z,1/9",(i +1)/9™ € I* UI?U. ..U I? then, by (5), we have

D'<m (f (CJ If)) < S m(f()) = pm(I').

j=1 i=1

Hence,
m(I)  m() _ L, _,
D' prn(I )

Thus, by (8), there is an interval J’ C I’ N A such that m(J’)/m(I') > R,:
Using (6), we can find an interval

=[5o/3™, (o + 1)/37] C J'
such that m(Jj)/m(J’) > 1/6 > 1/9. Hence,

m(J;) =m(J')_m(J')m(J') R _ 1
m(f(I;)) m(I') m(J)m(I') o' = 32

and J} = [jo/3™,(Jo + 1)/3™] C f(h) = f([¢/9™,(¢ + 1)/9"]). But now
condition (4) implies easily that there exists an interval

J=[/9",(G+1)/9"] C I = [¢/9", (i +1)/9"]
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such that f(J) = J] and

m(J) 1\ 1
m(h) (3'+2) = gz
Hence, by (10),
m(J) > m(J) _1 m(J) 11
m(I) — 18m(lp) 918m(L) =~ 9392

Condition (7) is proved. This finishes the proof that f is Z-density continu-
ous.

= R,.

To see that f is not Z-approximately differentiable at a point z € [0,1]
let us do the following construction for each n € N. Choose : € N such that

z € [¢/9", (¢ +1)/9"]. Then, by (5), £([/9" (i +1)/9"]) = [i/3",(j +1)/3"]
for some j € N. It is also not difficult to see that condition (4) implies that

{f ([ 9: 9i+1]) f([9i+8 92’+9])}
gn+l ’ 9n+1 ’ gn+1 ’ gn+1
_ {[ 3; 3j+l] [3j+2 3j+3]}
T L Ignt1? g+l |7 gndl 0 gn+l ’
This implies, in particular, that for every y € [9/9"*1,(9: +1)/9"*!] and
y' € [(9: +8)/9™1 (9 + 9)/9™*!] we have
() = F@) /3
ly—vl ~ 1/9
Hence, an easy geometrical argument implies that for one of the intervals
[9¢/9™+1, (92 + 1)/9™*] or [(9: + 8)/9™+1, (9 + 9)/9™*1], which we denote by

[@n, bs], we have z & [a,,b,] and

F@) = F(@)] 5 g
ly—=| ~
But, by Lemma 1, z is not an Z-dispersion point of U,en[an, bs]- Thus, for
every Z-density open set U containing z, for every ¢ > 0 and n € N there is
any € (z —¢e,z+€) NU NUmnsn[@m, b] for which
@) = F@) 5 g0
ly—=] ~

This implies that f is not Z-approximately differentiable. Also notice that
the construction of the intervals [a,,b,] given above also implies that f is
not approximately differentiable. This finishes the proof of Theorem 1.

— 3n—1.

! for every y € [an, by).
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4 Derivatives and Z-approximate continuity

In this section we show that the well-known fact that every bounded ap-
proximately countinuous function is a derivative is not true for the bounded
TI-approximately continuous functions.

Example 1. There exists a bounded I-density continuous function which
is not a derivative.

Proof. Let P C (0, 1] be a nowhere dense closed set with positive measure.

Choose a sequence {nj}xen of natural numbers satisfying limg_.o ng/nk41 =
0 and define

1
A= —P.
Then, by [3, Lemma 2.4], 0 is a deep-Z-dispersion point of A. Hence, there
exists a closed set BJ{0} C A° such that 0 is an Z-density point of B.
Moreover, it can be assumed that

B = | (e, be] Ulew dil,

keN

where a; < b < agpy1 < 0 < diyy < ¢ < di [5, 8.
On the other hand, for all k¥ € N,
m(B° N (0,1/n)) > m(A N (0,1/n;))
l/nk - l/nk

so 0 is not a dispersion point of B*.

Define the function f on A B by

> m(P) > 0, (11)

ra={5 255

and extend f on elsewhere in such a way that it is piecewise linear on (0, 00)
and bounded by 1. Since 0 is an Z-dispersion point of B¢, it is apparent that
f is Z-density continuous. On the other hand, f cannot be a derivative. To
see this, suppose F' is any primitive function for f and define

G(z) = /0’ f.
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Since f is continuous on R\ {0}, we see that F — G must be constant on
both (—00,0) and (0,00). Since both F and G are continuous, this implies
that F — G is constant on R and therefore G is differentiable on R. But, this
is impossible since, by (11),

D~G(0) = 0<m(P)
m(E N (0,1/nk))

< Tmi
< hﬂg}f T/ne
< limsup G /n) < FG(O).

k—oo  1/mg
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