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 Heredity of Density Points2

 For t 6 (0, 1] let ii" =

 {x = (xi, . . . , xn ) 6 R n : for each i G > 0 and ļļa;ļļ = (y^ ^ < t}

 and let g be a Lebesgue measurable real function defined on fin = fi" , strictly
 positive almost every where and with the property that g(rx) < g(x ) if r < 1.
 We assume further that g is bounded and g{x) - > 0 as x - ► 0. Let Tn denote
 the set of such functions. If S C fi", then S D fì" is denoted by £<. Let A be
 a Lebesgue measurable subset of Í1" such that 0 is a density point of A; that
 is, - > 1 as t - > 0, where |ii"| = Kntn. Our aim is to study the density
 of A at 0 with respect to the measure fig(E) = fE g. We show that generally
 0 is not a density point of A with respect to fig in the usual sense. If g in
 Tn satisfies an additional condition, always valid in the case n = 1, then we
 prove that 0 is an upper //^-density point of A ; that is, lim sup = 1
 as t - * 0. Stronger and necessary conditions on both A and g for 0 to be a
 //^-density point of A are examined.

 Given a function g G and r, s E (0, 1), we let M(g , r, s) = ess sup g(x)
 and m(g,r,s ) = ess inf g(x) where x G fi" ' fi".

 Theorem 1 Let 0 be a density point of a set A C ii" and let g G Tn.
 Assume further that there is an a > 0 and a strictly decreasing sequence {tk}
 with ¿i = l and - *• 0 such that < a, where Mk = M(g,tk+i,tk) and
 rrik = m(t, tk+i, tk)- Then 0 is an upper density point of A with respect to ļig.

 1 These authors were partially supported by the Consejo de Investigaciones Científicas
 y Tecnológicas de la Provincia de Córdoba.

 Ams subject classification: 28A10.
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 2Dedicated to the memory of Jorge Smith
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 Proof. If the Theorem is not true, then there is an e > 0 and a j such
 that Hg{ fi" ' A) > e/zfl(f2") for all t G (0, tj'. Therefore for k > j

 00 00 r n

 ain? ' ai = a y in" thX ' ii" ťh+iN 'A'>y - =
 ¿i' y in" thX ' ii" ťh+iN 'A'>y ufíWAm* -

 Í -+ f ] f g(-
 jQth'Amk h=k+lJil?h'A 'mh mh-l J

 el^g1ßV +e y 5 íh X / J
 h=ť+ y 1 5 íh 'mh

 00 ßa I (fi? ' ii? »•> ) °°
 £ s 00 ßa I (fi? - ' ii? »•> ) > e ^ °° |Í1J ' ní I = einrj
 h=k "lh h=k

 which is a contradiction. □

 The following example shows that the additional condition on g is an
 essential hypotheses in Theorem 1 for n > 2.
 Example.

 Let tk = ' and A(k) = {reie : r G (0, 1], 9 G [0, f - £]} D ' í$+1],
 and let A = U£lļA(fc). It follows immediately that 0 is a density point of A.

 Let B = il2 ' A and B(k) = B fl ' íl?fc+1 ]• We define

 [ Ì if®G5(Ar)
 g(x) = {

 1 2k'A(k)' ^ X e

 It is clear that g G Ti and ng{At) < ļig{Bt) for any t G (0, 1).
 On the other hand the condition of Theorem 1 is fulfilled in the one

 dimensional case. Indeed take t' - 1, ¿2 = inf{a: G O1 : < g(x) <
 5(ťi")} and generally tk+' = inf{x G Ū1 : a-^p- < g(x) < g(tl)} < tk. Since
 g(tk) < ffer> it follows that g(tk) -► 0 as A: - ► 00 whence due to the form of

 g, tk - ► 0 as k - > 00. Besides ^ < 2 for any k.

 Theorem 2 Let 0 be a density point of A C fi". A necessary and sufficient
 condition for 0 to be a fig-density point of A for any g G J~n is that ' At' = |fž™|
 for t small enough.
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 Proof. The condition is obvious sufficient. To prove the necessary part,
 assume that 'BĄ > 0 for all ť, where B = fin ' A. Then Bt has density
 points in the interior of fi". Let V¡ be a (ri, <i)-radial neighborhood of a
 density point of B in the interior of fi"; that is, if x G Ví, then r' < IMI < h

 and Ax G Vu ^ < A < where 0 < T' < t' < 1. It is easy to see
 that we can also take Ví in such a way that 'B fl Ví| - 'A fl Ví | = c' >
 0, IV, I < |fi"j ' fij^ ' Vi|. We now apply a recurrent procedure to construct
 radial neighborhoods V¿ assuming that Ví, ... , V¿_i are given, i = 2,

 Si = min let V¿ be a (r¿, ť,)-radial neighborhood of a density point of
 B in the interior of fi". where ź,- < s; and | B D V¿| - 'A fl V;| = ct > 0, |V¿| <

 |fi". 'fi". ' V;). Next a function g G J-n will be defined. For x G (ii" ' fi"j ) U Vļ

 let g(x ) = 1. For x G (fi£ ' fi£+i ' V¿) U V¿+i, for z = 1,2,. . . , let g(x) =

 ^J~1 Oj*- i |(^ ' ^"J+i ' Vj) I < fr- S° it is easy to see that the function
 g is in ZFn and to see that fig (/I fl [fi£ ' fi"i+1]) < Pg {p ^ ' ^",+J) f°r
 all i. Hence 0 is not a //^-density point of A.Ü

 A function g G is said to be of slow increase at the origin if there

 exists an a > 0 and a A G (0, 1) such that n(g$t'tj - a ^or any ^ ^ (^' ^1*

 Theorem 3 a) Let g be a function of slow increase at the origin. Then for
 any measurable set A with density 1 at the origin, 0 is a fig-density point of
 A .

 b) In the one dimensional case the condition of slow increase at the origin is
 also necessary to obtain this result.

 Proof, of a) Let A G (0, 1). Since A has density 1 at 0, for t small enough

 |An[nr'ns,]|>te!l. Thus

 On the other hand, since g(rx) < g(x) for all r G (0,1), ess sup g(x) <
 M(g, Ať, t) for x G fi" ' A and hence

 tig(W'A)<W'A'M(g,'t,t),

 whence 0 as í -» 0. □
 Hg(At)
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 Proof, of b) Let = -~ļ for v = 1,2, ... . If g does not satisfy the
 condition of slow increase at the origin, then we can obtain, by an iterative

 procedure, a sequence {xu} with xj = 1, 0 < x„+i < ^ and ) > v.
 Let

 K = + IlI+1(i _ A„) <
 9'xv+ x) 1/ + 1

 Then

 ®iH-l "ł~ ^f]) ^ 0(s*+i)5i/ -

 "ł" j ®t/+i]) = ®í/+i])-
 Let B = U£lļ [x„+i , xv+i +£j/]. By the above estimate B does not have density
 0 at the origin with respect to fig. On the other hand we show now that B
 has density 0 at the origin. Indeed for v > k we have Then

 V/f <ŹE*±L
 S V/f " <ŹE*±L - * + r

 Pick ť e (0, 1). If Xfc+1 + 8k < t < xk, then

 W 4
 t t k + 1'

 If xjt+i < t < xjt+i + 6k, then

 m ť 4
 t t ł+r

 whence ^ - ► 0 as t - > 0.Ü
 For n > 2 we introduce polar coordinates (r, x') to express the points x

 of ii" ' {0}. We set r = ||x||, and x' = f. Let E = {y G í)n : ||y|| = 1}.

 Theorem 4 Leí g E Tn and set <ļ>(r) = g{rx') da . Then <Ļ E Tx. More-
 over <ļ> is of slow increase at the origin if for each measurable set A with
 density 1 at the origin, 0 is a fig-density point of A.

 Proof. It is easy to show that <f> G T'. Assume that <f>(r) is not of slow
 increase at the origin. Then neither is the function (in F') rn-1^(r), whence
 by Theorem 3 b) there is a set B in ii1 with density 0 at the origin such that

 SBtrn~l<t>{r)dr
 -,
 Jo rn . <f>{r) v dr ,
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 If B = {x G íin : ||x|| = r for some r 6 B }, then 'Bt' = (Bt), where
 cj„_i is the surface area of E. Since the function rn_1 is of slow increase at
 the origin, it follows from Theorem 3 a) that

 ļļlļ - -, 0 as i -> 0. 'ūt' ¿írn-l([0,ť])

 On the other hand - rrr - does n°t tend to 0 as t - ► ().□.
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