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 BOREL ME ASUR ABILITY OF EXTREME

 LOCAL DERIVATIVES

 1 Introduction.

 The extreme generalized derivative has been studied by a number of mathe-
 maticians. For example for the extreme bilateral derivatives by Banach [3],
 Kempisty [8], and Hajek [7] whose successive results are that these deriva-
 tives are measurable, in Baire class 3, and in Baire class two. Misik [9], [10]
 proved that for any ordinal number a the upper (lower) unilateral approxi-
 mate derivatives of Borei functions of the class a are lower (upper) semi-Borel
 functions of the class a + 2. In [1], [2] we studied the Borei measurability of
 extreme path derivatives when the system of paths is continuous and non-
 porous, respectively. The notion of local systems introduced by Thomson
 [12] is the most appropriate setting for extreme generalized derivatives.

 It would be most interesting to have general versions of the above men-
 tioned results to help explain how the similarities and the differences arise.
 In this paper the Borei measurability of local systems is defined and it is
 shown that for a unilateral local system S with an overlapping property, the
 Borei measurability of S is a necessary condition for Borei measurability of
 F's(x). We also use the Borei measurability of local systems to study the
 nature of non-removable ^-discontinuities of a bounded function.

 2 Preliminaries.

 Throughout the paper all sets are subsets of the real line, R, and N denotes
 the set of positive integers. The complement of A in R is denoted by A~. The
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 sets of the Borei additive class a, Borei multiplicative class a are denoted by
 ABa, MBa, respectively.

 We first state the following definitions from B.S. Thomson [11] and A.M.
 Bruckner [4].

 2.1 Definition. A local system is a family S such that at each point x G R
 there is given a nonempty collection of sets with the following properties:

 (i) {a:} ^ ¿»(a:), for all x ,
 (ii) if Si G ¿"(z) and Si Ç s 2, then s2 G S(x),
 (iii) if s G S(x), then x G s,
 (iv) if s G S(x) and S > 0, then s D (x - 8, x + S) G S(x).

 2.2 Definition. Let S = {S"(x) : x G R} be a local system.

 2.2.1 S is said to be filtering at a point x G R, if Si D s2 £ S{x) whenever
 si and s2 belong to S(x).

 2.2.2 S is said to be overlapping at a point x G R, if Si fl s2 ^ {a;}
 whenever si and s2 belong to S(x).

 If S has any of these properties at each point, then we say that S has
 that property.

 2.3 Definition. Let S = {•S'(x) : x G R} be a local system and let
 F : R - ► R. The function F is said to be «S-continuous at the point x,
 provided that for every e > 0 the set {t :| F(x) - F(t) |< e} G S(x).

 2.4 Definition. Let S be a local system. The dual of S denoted by S*
 is the local system defined so that, for x G R, s G S*(x ) if and only if

 (i) x G s, and
 (ii)(R ' s) U {*} i S(x).

 2.5 Definition. Let S be a local system and let A Ç R. The set S -
 der(A) = {x G R : A U {®} G ¿"(aj)} is called the derived set of A for the
 local system S.

 2.6 Definition. For any real function F and any local system S, the
 function

 £Íj(x)= sup inf|^^ I y - -x ^^-:y ea,y^x' J cesia;) I y -x J
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 is called the lower extreme local derivative of F with respect to S. Similarly
 F's(x) is defined. From the definition of extreme local derivatives it follows
 that F 's = £5. when S and S* are dual.

 Bruckner, O'Malley and Thomson [6] introduced the concept of path
 derivative. A path at x is a set Ex Ç R such that x € Ex and a: is a point
 of accumulation of Ex. Let E = {Ex : x 6 R} be a system of paths. The
 path derivative and extreme path derivatives are the limit and limit superior

 (limit inferior) of the quotient F^ZX^ as V tends to x, y G Ex, respectively.
 One is interested in finding a local system S such that F's = F'E for any
 function F.

 2.7 Definition. Let E = { Ex : x E R} be a system of paths. The local
 system S = {•S'(x) : x £ R} is generated by the system of paths E if for every
 x G R, the family S(x) is the filter generated by a filter base of the form
 {Ex n (x - r),x + 77) : Tļ > 0}.

 Let a be an ordinal number and let F : R - ► R. Then F is a lower (upper)
 semi-Borel function of the class a if and only if the sets {x : F(x) > ß} ({x :
 F(x) < /3}) are of the Borei additive class a for all ß E R.

 The closed sets are said to be of type Fq. The unions of denumerably
 many sets of type Fq are called of type F'. The intersections of denumerably
 many sets of type Fi are called of type F2. It is clear that this process can
 be continued to generate a class of sets, Fa, corresponding to each ordinal
 number a. The set A is of type Ga if A~ is of type Fa.

 3 Borei measurability (measurability) of lo-
 cal systems.

 3.1 Definition. Let S = {S(x) : x G R} be a local system.

 (i) S is said to be of type Fa (of type GQ) if the set S - der(A) is of type
 Fa (of type G a), for every Borei measurable set A Ç R.

 (ii) S is said to be Borei measurable if S is of type Fa or Ga for some
 ordinal number a.

 (iii) S is said to be Lebesgue measurable if S - der(A) is Lebesgue mea-
 surable for every Lebesgue measurable set A Ç R.
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 (iv) S is said to be of type ABa (of type MBa) if S - der(A) is of type
 ABq (of type MBa) for every arbitrary set A Ç R.

 In this section we investigate the Borei measurabilty of known local sys-
 tems, using the same notations as [11].

 3.2 Example. Let A Ç R. Then So - der(A) is the set of all points x
 for which A U {a:} is a neighborhood of x. Consequently this derived set is
 easily seen to be open. Thus the local system So is of type Go- Similarly the
 local systems Sq" an<ł Sq are both of type Fļ.

 3.3 Example. Let S+„ = {S+Ś(x) : x G R} and S~s = {S~,(x) :iGR}
 be the local systems defined as a G S£s(x) ^ an<i only ^ x e cr and such that
 cr has right hand exterior, upper density positive at x, and cr G S~as(x) if and
 only if x G cr and cr has left hand exterior, upper density positive at x. From
 lemma 23.10 of [11] follows that S*ss and S~ss are both local systems of type
 G2.

 3.4 Lemma. Let S be a local system and let S* be its dual. Then S
 is of the type Fa (measurable or Ga) if and only if S* is of the type Ga
 (measurable or Fa).

 Proof: Let A be a Borei measurable subset of R. Then

 S* - der(A) = {x : A U {z} G 5*(x)}
 = {x : (y4 U {x}) pl<7 ^ {x} for all cr G 5"(a;)}
 = (x:(R'>l)U{x}^5(x)}
 = (S - der( R ' A))~.

 Hence S* - der(A) is a set of the type Ga or measurable if and only if
 S - «řer(R ' A) is of type Fa or measurable, respectively.

 3.5 Example. From example 3.3, it is clear that the local system Si
 described by the requirement that a G 5i(x) if and only if x G cr and either
 T+(a,x) > 0 or 51(<7,x) > 0, is of type G2. Theorem 12.3 of [11] shows that
 the local systems St and Sap(cr G Sap(x) if and only if x G cr and d'(cr, x) = 1)
 are dual. Thus the local system Sap is of type F2.

 3.6 Lemma. Let /ICR, and define the real function F by
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 F(x) = P+(A U {x}, x) = limsup
 h-* o+ h

 where A(A U {x},x, A) is the length of the largest interval contained in
 ( A U {x})~ D (x,x + h). Then F(x) is the right hand porosity of A at any
 point x and F is a lower semi-Borel function of the class 2.

 Proof: Let r G R. For r < 0 or r > 1 the set {a; : F(x) > r} is the entire
 real line or the empty set, respectively. Thus it is trivially a Gsa set.

 Let 0 < r < 1 and {ri}^ be an enumeration of rational numbers in
 [0,1]. Then we will show that {x : F(x) > r} = USii® : 3 a sequence of
 open intervals {/n} Ç (All {x})~,/„ contracting to x , and | In | ] >
 d(x,In)}. Here ļ In ļ and d(x,In ) are the length of /„ and the distance of
 x to respectively. Let Ai = {x : 3 a sequence of open intervals {/n} Ç
 (AU {x})~,/n contracting to x, and | In | [ 1 r' ] > d(x,/n)}. If y G {x :

 F(x) > r}, then F(y) > r, i.e. limsup/l_f0+ HAu^}'y<h) > r. So there is a
 sequence of open intervals {/„} Ç (A U {y})~, and In contracts to y so that

 limn-too ¿(y Jn)+|/n| ^ r ' Hence there is a rational number r¿ in (0,1) such that

 limn_.oo d(y j^ļ|/n| > r + r,-. Without loss of generality we can assume that

 d(yji)+'In' > r + ri for a11 n- Thus I Jn |> (r + ri)[d(y,In)+ ' /„ |]. Hence
 I -fn I ] > d(y, In) and finally y G (J£i

 On the other hand let y G U¿Si A,. Then there exists a sequence {/„} C
 (AU{y})~ such that {/„} contracts to y and | /„ | [1~^~r' ] > d(y, /„) for some

 ri G(0,1), implying j(J^||7n| > r + r,-. Therefore limsupfc_>0+ HAu{y}<y<h) >
 r + ri > r. Now the set Ai is shown to be Gs- The set A~ = Um=2 Fm,%
 where, Fm<i = {x : for every open interval / C [x, x+l/m]fìi4~, | I | [1~ļ~r'] <
 d(x, /)}. We show Fmļi is a closed set for each m.

 Let x* G Fm>i and x¡¡ - ► 2;. Since Xk G Fm¡i for/ C fi [xjt,xjt + 1/m],
 we have | I | [1~|~T"'] < d(xk,I). If z Fm%i , then there exists an / Ç
 [z, z + l/m] D A~ so that | I | [*=^] > d(z,I). Hence d(z,I)~ ' I '
 [ 1 7+7, r' ] < ~e - e ^or some 0 < e < 1. Let J be an open interval such
 that the left end point of J is the same as the left end point of / and J is a

 proper subset of / with *7+7^ (I ^ I - I ^ I) < e/^- Choose K large enough
 so that 'xk~ z |< e/2 and J C [xk,xk + 1 /m] D A~. Then
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 d(xt,J)~ I J I [',+/' ] = d(xt, J) - d(z, J) + d(z, J)
 -d(z, I ) + d(z , I)-i^'I' +1=^(| / I - I J I)
 < i/2 + £/2[jé±íy + [-£ - < 0.

 Thus d{xjc, J) <| J I [ 1 T| 1 1 which it implies that xt <1 Fm,i , leading to
 a contradiction. Therefore each Fm¿ is a closed set and {x : F(x) > r} =
 USin~=1F~,isaG5£rset.

 3.7 Corollary. For 0 < t < 1, let PSt denote the local system defined at
 each point x as:

 PSt(x) = {S : x E S, and the porosity of S at x is < t },
 PS' = {S : x (E S, and the porosity of S at x is < 1}.
 From lemma 3.6 it follows that the local systems PSt, for 0 < t < 1 and

 PS i are of type F2 and F3 respectively.

 4 Applications of Borei measurability of lo-
 cal systems.

 Let F be a function, £ = {£t : 1 6 R} be a system of paths and let S
 be the local system generated by E. Then the following lemma shows that
 F 5 = F 'E. Therefore some of the results in [1] and [2] could be expressed in
 this setting with respect to a path generated local system.

 4.1 Lemma. Let F be a function and S be the local system generated
 by the system of paths E = {Ex : x G R}. Then F's = ~F'E.

 Proof: It is clear that F'E > F's, since for each x € R

 F'e(x) = lim supv_Xļ yeEx F(y)-_Fx(x)

 = inf„eN sup { : y G Ex n (x - 1/n, x + 1/n)} .

 On the other hand, if F's(x) = -00, then for each n G N, we have
 a crn G £(a:) such that sup { '• V G crn,y ¥" x} < ~n- But an ^

 - Vn,x + Vn)) for some rļn > 0. Hence
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 F'e(x) = infngNsup{FM . y č Exf)(x - 1/n, x + 1/n), 1>/a:}
 < inf{(- n) : n G N} = - oo.

 When F #(x) is finite, using the infimum property, it is easy to show that
 F'e(x) < F's(x), so F'e(x) = F's(x).

 4.2 Definition. A local system S = {£(x) : x £ R} is called right
 unilateral (left unilateral) if for each x G R and for all s G S(x) we have
 s fi [x, oo] G S(x) (for s G -S^a;) we have 5 D (- oo, x] G S(x)).

 The theorem below shows that the Borei measurability (measurability) of
 a local system is a necessary condition for Borei measurability (measurability)
 of local derivates of a Borei measurable (measurable) function, when the local
 system is left (right) unilateral and has the overlapping property.

 4.3 Theorem. Let S be a right unilateral local system with overlapping
 property. If F's(x ) is Borei measurable (measurable) for any given Borei
 measurable (measurable) function F , then the local system S is necessarily
 Borei measurable (measurable).

 Proof: Suppose S is not a Borei measurable (measurable)local system.
 Then there is a Borei measurable (measurable) set A so that S - der(A) is
 not a Borei measurable (measurable) set. Let F(x) = - x,i(x). Then clearly
 F is Borei measurable (measurable).

 I: For x G A fi (S - der(A)), F's(x) = 0.
 For each x G R there is a sequence {ca:,n}£Li G S(x) so that

 Fs(x) = limsup{^^
 -►oo y - x

 When x G A D (S - der(A)) then A = A U {x} G S(x). Thus

 ~F's(x) > lim sup^op { F^yļZx^x) : V £ °x,n n A,y^x}
 > limsupn_QO{~1~_(~1) : y G <rx,n D A} = 0.

 On the other hand
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 F ¿(x) = infff€S(x) sup{ F{y)y_Fx{x) : y G <r, y ± x}

 < sup{ F(ļlf [j) •• y £ A,y ^ x} = 0.

 So F's(x ) = 0 on A n (S - der(A)).

 II. For x G (S - der(A)) 'A,F ¿(x) = - oo.
 When x G (S - der(A)) ' A, we have x ^ A, but A U {x} G 5"(x). So

 F's(x) = inf^supi^M: y e * ,y ¿ x)
 < inf»eN sup{ F(y'~_l{x) : y G (AU {x}) D [x, x + l/n), ± x}
 < infngN sup{1^ : y G (A U {x}) D [x, x + 1/n), / x}
 < inf{(- n) : n G N} = - oo.

 Thus F's(x) = - oo.
 III. For x G A ' (S - der(A)),Ws(x) = +00.
 In this case x e A, and A U {x} £ S(x). Thus A~ U {x} G S*(x). For

 each m G N and each cr G S(x), {x} ± (<rD [x,x+ 1/m) D(A~ U {x})). Thus

 T'si*) = ■■ v e y ¿
 > : y G <TIt„ n[l,i+ ¿) n (A~ U {*})

 y ï ®}]

 > iiaSRt : ». 6 "... n [*, X + £) n A~)

 > Jiī5,sup{n : n G N} = +00.

 So F g(x) = +00.
 IV. For x G (A U (5 - der(A)))~ , F ¿(x) = 0.
 Since x g Al) (S - der(A)), x g A and A U {x} £ S(x). Thus x £ A

 andA~ U {x} G 5"*(x). Hence

 7%(x) = limsupn^TO{íM^M . y g ^ ^
 > limsupn_00{F(y¿:^^ : y G <rr,n D A~ and y ¿ x}
 > limsup^^i J=§ : y G <r*tfl fl A~ and y ^ x} = 0.
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 On the other hand

 F¿(z) = inf»6S(íe) sup{ F(y)~_Fx(x) : y G a, y ¿ x}

 < inf^gsíx) sup{ :y e v,y Ž x} <0,

 since F(y) < 0 and y - x > 0. Thus we have
 _ 0 on (A n S - der(A)) U (A U S - der(A))~)
 F's(x) =ļ on (S ~ der (A)) ' A

 [ +00 on '(S - der(A)),
 which is not a Borei measurable (measurable) function.
 Note: If F's(x) is a Borei measurable (measurable) function, the sets
 {x : F's(x) = 0}ni = i4n(5' - der(A)) and {x : F's(x) = - oo} =

 ( S - der(A)) ' A
 would be Borei measurable (measurable) implying the Borei measurability

 (measurability) of S - der(A), leading to a contradiction.

 The concept of continuity has been generalized in various ways. These
 generalizations lie between the two extreme ones, the ordinary and feeble
 continuity. A function F is said to be feebly continuous at a point x if there
 is at least one sequence of points {zn}^! with xn - ► x and F(xn) -+ F(x).

 The function F is said to be 5-discontinuous at xo if it fails to be S-
 continuous there. The set of points of ¿"-discontinuity is contained in the set
 of points of ordinary discontinuity. This latter set is an Fa set as is proved
 in elementary analysis.

 A set A is ¿"-negligible if and only if A fi (S - der(A)) = 0. Thomson in
 [11] shows that the set of points of ¿"-discontinuity of an arbitrary function
 is a countable union of ¿"-negligible sets.

 The function F is said to have a removable ¿"-discontinuity at x, if ¿" -
 limv-+xF(y) exists. Bruckner and Ceder in [5] showed that if H C [a, b],
 then a necessary and sufficient condition for there to exists an everywhere
 discontinuous function F such that H = {x : lim^-n F(y) exists }, is that H
 be a denumerable set of type G¿.
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 We use Borei measurability (measurability) of local systems to classify the
 Borei measurability (measurability) of non-removable points of 5-discontinu-
 ity of a bounded function.

 4.4 Definition: Let S = {<S"(x) : x E R} be a local system, and F be
 an arbitrary bounded function. The ¿"-oscillation of F at x, S - u>(F, x), is
 defined as follows:

 S-u>(F, x) = inf sup{F(y) :y e cr, y ± x}- sup inf{F(íř) : y E cr, y ± x}.
 ^S(x) aeS(x)

 The following lemma gives a necessary and sufficient condition on S -
 ui(F, x), in order for F to have a removable discontinuity at x.

 4.5 Lemma. Let S = {¿»"(x) : x E R} be a local system with filter-
 ing property. Then S - u>(F, x) = 0 if and only if F has a removable S-
 discontinuity at x.

 Proof: Let F have a removable ¿'-discontinuity at x. Then for each
 e > 0, there exists a ac E S(x) such that for all y and z in cre different from
 x we have | F(y) - F(z) |< e. For e = l/n, let z0 E <r1/n, and z0 ± x. Then

 S-u(F,x) = inf ^six) snp{F (y) : y E cr, y ^ x}
 - SUP<76S(s) inf{^(î/) : y e <7, y ± x}

 < sup{F(y) : y E Oi/ny ^ x} - inf{F(y) : y E <Ti/ny ^ x}
 < [F(z0) + l/n] - [F(z0) - l/n] < 2/n.

 Thus S-u(F, x) <2/n for all natural numbers N. Hence S - u)(F, x) < 0.
 On the other hand, for each natural number N, choose zn E o"i/n> zn ^ x. For
 each cr E S(x) we have

 inf{F(y) : y E <r, y ± x} < inf{F(y) : y E <Ti/„ fi a, y ± x} < F{zn) + l/n,

 and

 sup{F(î/) : y E a, y ± x} > : y E <r1/n H a, y ± x} > F(zn ) - l/n.
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 Then

 sup inf{F(y) : y G a, y ¿x}< F(zn) + 1/n,
 aeS(x)

 and

 iņf sup{F(y) : y G <r, y / x} > F(zn) - 1/n.

 Therefore 5" - lo(F,x) > ( F(zn ) - 1/n) - (.F(zn) + 1/n) = - 2/n, for each
 natural number N, which implies S - u>(F, x ) > 0.

 For the converse, suppose that S - u>(F, x ) = 0. Thus

 inf sup{F(y) : y G <r, y ± x} = sup inf{F(?/) : y G (7, y ^ x}.
 *€5(x) <reS(x)

 For e > 0, there are er° and a' elements of S(x) so that

 sup {F(y) :y e <t°, y ž x} < inf sup{F(y) : y G <7, y ± x) + e/2

 and

 sup inf{F(j/) :y e<r} < inf{F(y) : y G cr¡, y ± x} + e/2.
 ťTGS(x)

 Let <j£ = <7° D • Clearly, at G 5(x), and

 I sup {F(y) : y G <re, y ± x} - m/{F(y) : y G cre, y ± x} |< e

 which implies F has ¿'-removable discontinuity at x.

 4.6 Lemma. Let a < fi be an ordinal number, F an arbitrary bounded
 function, and S = {¿"(x) : x G R} be a local system of the type ABa (or of
 the type MBa ). Then S - u(F,x) is a function in Ba+i (or in 5Q+2)-
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 Proof: Let r bea real number, and let

 g{x)= inf sup{F(y) : y G a, y ± x}.
 aeS(x)

 Then

 {x : g(x) < r} = {x : 3<rr G S^x) such that sup{F(y) : y G crr , y ^ x} < r}

 = {a; : Bri < r such that aT C {x} : F{y ) < ri}}

 = {x : Bri < r such that{x} |^J{j/ : F(y) < n} G «^(a:)}

 = (i : ]n 6 N such that{x} [J{y : F(y) < r - 1/n} G S^x)}

 OO

 = U ix : {*} ÜÍ2/ : F(y) < r - 1/n } e 5(®)}
 n=l

 oo

 = U (S - der({y '• F(y) <r- 1/n})),
 n= 1

 and therefore

 OO OO

 {x : g(x) < r} = fļ (J (S - der({y : F(y) < r - 1/n + 1/m})).
 ra=l n= 1

 When the local system S is of the type ABa (of the type MBa), the set
 {x : g(x) < r} and {x : g(x) > r} are of the type ABa+i (of the type ABQ+2).
 Let

 h(x) - sup -a G S(x) inf{F(y) : y G cr, y ± x).

 Similarly {x : h(x ) < r} and {x : h(x) > r} are of the type ABa+1 (of
 the type ABa+i). Hence S - u(F, x) = g(x) - h(x) is a function in Ba+i (in
 Ba+i)-
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 4.7 Theorem. Let a < ii be an ordinal number, S = {¿'(x) : x G R}
 a local system of the type ABa (of the type MBa) with filtering property,
 and let F be an arbitrary bounded function. Then the set of points at which
 F has a non-removable ¿"-discontinuity is of the type ABa+i (of the type
 ABa+2).

 Proof:From Lemma 4.6 it follows that S - u)(F, x) is a function in Ba+ 1
 (in Ba+ 2) when the system S is of the type ABa (of the type MBa ). Also
 Lemma 4.5 implies that F has a removable ¿"-discontinuity at x if and only
 iî S - u(F , x) = 0. Hence {x : xis a non-removable ¿"-discontinuity} = {x :
 S - u(F, x) ^ 0} = {x : S - u(F, x) = 0}~ is a set of the type ABa+i (of the
 type ABa+2 ).

 4.8 Corollary. The set of points of non-removable approximate discon-
 tinuity of a bounded function is of additive Borei class four.

 Proof: Approximate continuity is ¿'-continuity when the local system S
 is the density system i osi • The set of points of non-removable approximate
 discontinuity is of additive Borei class four, since the local system ÍdSi is of
 the type MB2 with filtering property.

 4.9 Remark. Every bounded measurable function is approximately con-
 tinuous almost everywhere, that is the set of points of approximate dis-
 continuity of a bounded measurable function is of measure zero. The set
 of points of approximate discontinuity of an arbitrary bounded measurable
 function could be any set of measure zero. For example consider the function
 F(x) = Xm(x) where M is any set of measure zero. The set of all points of
 approximate discontinuity are removable except for a set of the type AB4.
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