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A Symmetric Approximate Perron Integral for the Coefficient Problem of

Convergent Trigonometric Series

0. Introduction
The purpose of this note is to show how a monotonicity theorem established

recently by Freiling and Rinne in [FR] can be used to define a symmetric
approximate Perron integral which solves the coefficient problem of the
convergent trigonometric series, and to raise some questions that are
interesting for further investigations.

One of the problems in the theory of trigonometric series is that of
suitably defining an integral which is general enough to integrate the sum of

any everywhere convergent series of the form

®
% ag + :E: (ajcosnx + b sinnx) (1)

n=1

and to give back the coefficients a , b, in terms of the sum function. This is
the so-called coefficient problem for convergent trigonometric series. The
problem seems to be first considered and solved by Denjoy in [D]. It has also

been solved later by Marcinkiewicz and Zygmund [MZ], James [J] (cf. also [Z],
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vol II, pp. 86-91), and Burkill [BJ] (cf. also [BH]).
It is well-known that a series like (1) can converge everywhere to a
function f which is not Lebesgue or even Denjoy integrable on an interval. If

f were integrable, one should like to say that the series

®
% apx + :E: % (a sinnx - b cosnx) (2)
n=1

obtained by formally integrating (1) term by term, in some sense represents the
indefinite integral of f. However, the series (2) converges, in general, only
almost everywhere so that its sum function is not nice enough to be an
"ordinary" indefinite integral.

Two distinct methods of attacking this difficulty have been developed.
(i) Define an integral in such a way that its indefinite integral need exist
only at points of a set of full measure in the interval of integration. The
(T)- integral of [MZ] and the SCP-integral of [BJ] are of this type. (ii)
Define a second order integral so that the indefinite integral is nice and
recaptures the second primitive instead of the first one. Denjoy’s
totalization of second symmetric derivatives (to be denoted as T2,S-integra1 in
our discussion) and James’ P2-integral are of this type. The reason for this

to work is that the series

@®
% aox2 - :E:—;%- (a cosnx + b sinnx) (3)
n=1

obtained by formally integrating series (1) twice, converges everywhere to a

nice function.
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Representations of the coefficients a, brl by using the second order
T2,S-integra1 and P2-integra1 are not in the exact ordinary Euler-Fourier forms
since the definite integrals involve the second differences of the second
primitives. When the first order (T)- and (SCP)-integrals are used, the exact
Euler-Fourier forms are obtained. But in proving the Euler-Fourier formulas,
one still has to appeal to the properties of the function defined by the twice
integrated series (3). How to avoid this is what we would like to show in this
note.

In section 2, a symmetric approximate Perron integral, or simply a
SAP- integral, is defined. Essentially, the SAP-integral is a process which
recaptures from a symmetric approximate derivative its primitive almost
everywhere up to a constant. This is possible according to a recent
monotonicity theorem due to Freiling and Rinne. Their result will be stated
and slightly improved in section 1. The application of the SAP-integral to the
coefficient problem is discussed in section 3. Certain questions will be
raised in section 4.

Throughout the note, the Lebesgue measure of a set S is denoted by |S|;

the lower symmetric approximate derivate of F at x is denoted by £D_, F(x) and

sap

its upper one by uDsapF(x)‘ Then, of course, D___F(x) means the symmetric

sap
approximate derivative.

1. A Fundamental Lemma.
For the development of the SAP-integral in the next section, the following

monotonicity result is essential.

Fundamental Lemma. Let f be a measurable function which is finite almost

everyvhere on an interval I, and let A(f) denote the set of all the points in I
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at which the function f is approximatly continuous. Then |I\A(f)| = 0.

Furthermore, if the lower symmetric approximate derivate, zDsa f, is

non-negative almost everywhere in I and is greater than -o eve:ywhere in I,
then f is non-decreasing on A(f).

It is well-known that |I\A(f)| = 0. (For example, see page 132 in Saks
[S].) The monotonicity part in the lemma is just a slight improvement of the

following result, which was established very recently by Freiling and Rinne in

[FR].

THeoREM A. If a finite measurable function g has a non-negative lower
symmetric approximate derivate on an interval, then g is non-decreasing on
A(g), the set of all the points at which g is approximately continuous.

Vith theorem A, the monotonicity part of the fundamental lemma is easily
proved as follows.

First, note that as f is finite almost everywhere, we may assume without
loss of generality that f is finite everywhere. Next, let us denote E = {x:
x€I and ZDsap(x)<0}. Then since |E| = 0, there exists a Gy-set S such that
|S| = 0 and S D E. Then by a result of Zahorski in [Za], there exists an
absolutely continuous function h such that h’(x) exists everywhere, h’(x) = +o
for x € S and 0 < h’(x) < +o for x ¢ S. Now, for each ¢ > 0, let 8 =
f + eh. Ve see that 8, satisfies all the conditions in theorem A, and hence 8,
is non-decreasing on the set A(g,). As A(f) = A(g,) for each ¢ > 0, we

conclude that f is non-decreasing on A(f).

2. The SAP-integral.

Let £ be a function which is finite almost everywhere on the bounded closed

interval [a,b], and let B be a measurable subset of [a,b] with
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a,b € Band |B| =b - a. A function M is called & symmetric approzimate
Perron, or simply SAP-, major function of f on [a,b] with basis B if
(i) M is measurable on [a,b] and approximately continuous on B;
(i1) KDsapM(x) > f(x) for almost all x in [a,b];
(iii) leapH(x) > -o for all x in [a,b];
(iv) M(a) = 0.
A function m is called an SAP-minor function of f on [a,b] with basis B if
-m is an SAP-major function of -f on [a,b] with basis B.
From the definition and the fundamental lemma in the previous section we

get the following basic result.

Lemma 1. If M is an SAP-major function and m an SAP-minor function of f on
[a,b] with basis B, then M-m is nondecreasing on B, and in particular
M(b) - m(b) > M(a) - m(a) = 0.

0f course, ¥-m here may not be defined on the set [a,b]\B. This is
immaterial since [a,b]\B is of measure zero.

A function f is said to be symmetric approzimate Perron, or simply SAP-,
integrable on [a,b] with basis B if

inf M(b) = sup m(b) # 2w

where M runs over all SAP-major and m over all SAP-minor functions of f on
[a,b] with basis B. The number in the above equality is called the
SAP- integral of f on [a,b] with basis B, and will be denoted as

b
(SAP,B) j £(x)dx.
a

Based on lemma 1, many properties of the SAP-integral can be established.
However, we will not do it here. Ve only mention the following one, which is

needed in the next section.
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THeoReM 1. Let F be a measurable function finite almost everywhere, and

suppose that -o < €D__ F(x) < u DsapF(x) < +o for all x, and D___F(x) = £(x)

sap = sap
exists for almost all x. Then, denoting by A(F) the set of all the points at
which F is approximately continuous, the function f is SAP-integrable on [a,b]

with basis A(F)n[a,b] for all a,b € A(F) with a < b, and

(SAP, A(F)n[a,b]) jb f(x)dx = F(b) - F(a).
a

PrRoOF. By the first part of the fundamental lemma, the complement of A(F) is
of measure zero. Then the function F - F(a) serves both as an SAP-major and an
SAP-minor function of f on [a,b] with basis A(F) n [a,b], and hence the theorem

is proved.

3. Application to Trigonometric Series.

THEOREM 2. Suppose that the series
1]
% 3y + :E: (ajcosnx + b sinnx) (1)
n=1

converges to a finite f(x) for every x. Then there exists a 2r-periodic set B
whose complement is of measure zero such that for each u € B the functions
f(x), f(x)cosnx and f(x)sinnx are SAP-integrable on [u, u+27] with basis

B, = Bn[u,u+27], and furthermore we have the following Euler-Fourier formulas:

u+271
Ta = (SAP, Bu) Ju f(x)cosnx dx forn=0,1, 2,3, ...,
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u+27
b = (SAP, B ) Ju f(x)sinnx dx forn=1,2,3, .-

Proor. It follows exactly the same line as that given in [BH] for the

(SCP)- integral except that we don’t have to use the series (3) obtained by
integrating (1) twice. Instead, we use a theorem due to Rajchman and Zygmund
in 1926 (cf. [Z], page 324), which says that if a , b -+ 0 as n -+ o, and if the

series (1) converges at x, to a finite f(xo), then the series
@®
% apx + :E: % (a, sinnx — b cosnx) (2)
n=1

converges almost everywhere to a function F(x) such that D . F(x,) = f(x,). Ve

sa
proceed as follows. Since the series (1) converges in a setpof positive
measure, a, bn -0 as n - o. Then, by the theorem of Riesz and Fischer (cf.
[Z], p. 127), the periodic part of the series (2) is the Fourier series of a
locally L2 function G(x). Then by the theorem of Lebesgue (cf. [Z], p. 90),
the Fourier series of G(x) is (C,1)- summable to G(x) for almost all x. Then
the theorem of Hardy (cf. [Z], p. 78) implies that the Fourier series of G(x)
does converge to G(x) for almost all x. Thus the series (2) does converge to
F(x) = G(x) + % agx for almost all x. (As G is locally L2, so is F.) Now, by

the theorem of Rajchman and Zygmund mentioned above, we have D_, F(x) = f(x)

sa
for all x. Then an application of theorem 1 in the last sectionpshows that,
taking B = A(F), f is SAP-integrable on [u, u + 27] with basis B, and also the
Euler-Fourier formula for a, is obtained. The conclusion for f(x)cosnx and
f(x)sinnx and the other Euler-Fourier formulas can be proved in a similar

manner as that in [BH] by using the theory of formal multiplication of
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trigonometric series, and is omitted here.

Ve remark that in the above proof the almost everywhere convergence to G
of the Fourier series of G can be shortened if one uses the deep theorem of
Carleson, which claims that the Fourier series of a (locally) L2 function

converges almost everywhere.

4. Remarks and Questions.
(A) As mentioned in the proof of theorem 2, the theory of formal

multiplication of trigonometric series is needed. However, if one can obtain a

reasonable integration by parts formula for the SAP-integral of the form

b b b
| £809ax = PN - [ FB(x)ex

a a

(where F is a "SAP-primitive" of f, and G is an ordinary primitive of g, and g
can be as nice as is needed but including functions like sinnx and cosnx), then
theorem 2 can be proved without using the formal multiplication of
trigonometric series. The main difficulty to obtain such an integration by
parts formula seems to lie on the fact that we don’t know how to find the
symmetric approximate derivative of the product of two symmetric approximate

differentiable functions. Anybody is welcome to solve the following:

Problem 1. Find sufficient conditions on F and G so that the formula
(GF)“(x) = G’ (x)F(x) + G(x)F’(x) holds. Here the derivative means the
symmetric approximate derivative. [0f course, if both F and G are

approximately continuous at x, then the equation holds trivially. Hence the
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desired condition should exclude this case.] I think the problem is nontrivial

even for the ordinary symmetric derivatives.

(B) A set E is called a set of uniqueness, or U-set, if every trigonometric
series like (1) converging to zero outside E vanishes identically. It is
well-known that a U-set must be of measure zero but not every set of measure
zero is a U-set. The quest of representing the coefficients of series (1) in
terms of its sum function makes sense even if the series (1) is convergent only
outside a U-set. This leads us to the following conjecture, which is stronger

than the theorem by Freiling and Rinne quoted in section 1.

ComyrcTuRrE. If a measurable finite function has a non-negative lower symmetric
approximate derivate everywhere except on a U-set, then the function is
non-decreasing on the set of points at which the function is approximately
continuous.

It might be hard to attack this problem since no characterization of
U-sets is known. Mowever, it is known that every countable set is a U-set.
Thus, one may want to try the case when the U-set is countable.

Note that if the conjecture is true, then the SAP-integral can be modified
in such a way that it solves the coefficient problem in the best possible way

without using the series (3).

(C) In solving the coefficient problem, only Denjoy’s TZ,S-integral is defined
constructively. All the other integrals are of Perron type. To my knowledge,
there are no constructive definitions for any of the integrals. The (T)-, p2.
and SCP-integrals all somehow involve the second symmetric derivative, so that

a constructive definition for each of these may be as complicated as that of
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Denjoy T, S-integral. It might be easier to obtain a constructive definition
b

for the SAP-integral, since it involves only the first order symmetric

approximate derivative. As a first step we formulate the following

generalization of the problem of how to construct an ordinary primitive.

Problem 2. Knowing the symmetric approximate derivative of a continuous
function, design a constructive process to recapture the continuous function up

to a constant.

(D) Thanks be given to G. Cross, who has pointed out to the author that Preisso
and Thomson have done an extensive work on the approximate symmetric integral
in [PT]. The SAP-integral is just their 4-Perron integral. They have proved
the fundamental lemma independently of the work in [FR]. Their work is given
in a very general setting based essentially on the concept of the theory of
Henstock-Kurzweil integral. Ve hope that our simple presentation here does
serve some purposes for people who are interested mainly in integrals of Perron

type.

Added in proof. The conjecture as stated in remark (B) is false. [Let f

denote the characteristic function of the open interval (a,b). Then f is
measurable and has non-negative symmetric derivate everywhere except at b. But
f is not nondecreasing on the set of points at which the function is

approximately continuous.] However we think it might hold true if "measurable"

is replaced by "Darboux."

338



[BH]
[BJ]
[D]

[FK]
)
()
[P1]
5]
[2a]

2]

REFERENCES

H. Burkill, A note on trigonometric series, J. Nath. Anal. and Appl. 40
(1972), 39-44.

J. C. Burkill, Integrals and trigonometric series, Proc. London Nath.
Soc. (3), 1 (1951), 46-57.

A. Denjoy, Calcul des coefficients d’une série trigonométrique partout
convergente, C. R. Acad. Sci. Paris 172 (1921), 635- 655, 833-835,
903-906, 1218-1221; 173 (1921), 127-129.

C. Freiling and D. Rinne, A symmetric density property for measurable
sets, Real Anal. Ezch., 14 (1988-89), 203-209.

R. D. James, A generalized integral II, (Canad. J. Nath. 2 (1950),
297- 306.

J. Marcinkiewicz and A. Zygmund, On the differentiability of functions
and the summability of trigonometric series, Fund. Nath. 26 (1936), 1-43.

D. Preiss and B.S. Thomson, The approximate symmetric integral, Canad. J.
Math. XLI (1989), 508-555.

S. Saks, Theory of the Integral, (1937).

Z. Zahorski, Uber die Menge der Punkte in welchen die Ableitung unendlich
ist, Tohoku Nath. J. 48 (1941), 321-330.

A. Zygmund, Trigonometric Series, Cambridge (1959).

Received 26 March, 1990

339



	Contents
	p. 329
	p. 330
	p. 331
	p. 332
	p. 333
	p. 334
	p. 335
	p. 336
	p. 337
	p. 338
	p. 339

	Issue Table of Contents
	Real Analysis Exchange, Vol. 16, No. 1 (1990-91) pp. 1-376
	Front Matter
	EDITORIAL MESSAGE [pp. 4-4]
	LETTERS to the EDITOR [pp. 5-6]
	ERRATA: A CRITERION FOR MEASURABILITY OF COUNTABLE-TO-ONE FUNCTIONS [pp. 7-7]
	CONFERENCE ANNOUNCEMENTS [pp. 8-8]
	REPORT OF THE FOURTEENTH SUMMER SYMPOSIUM
	THE FOURTEENTH SUMMER SYMPOSIUM ON REAL ANALYSIS, California State University, San Bernardino, June 20-12, 1990 [pp. 9-14]
	DESCRIPTIVE SET THEORETIC PHENOMENA IN ANALYSIS AND TOPOLOGY [pp. 15-16]
	DENSITY TOPOLOGY AND COMPLETELY RAMSEY SETS [pp. 17-19]
	A short proof of a theorem of Jasinski and Weiss [pp. 20-20]
	THE FAMILY OF COMPACT POROUS SETS [pp. 21-22]
	A GLIMM-EFFROS DICHOTOMY FOR BOREL EQUIVALENCE RELATIONS [pp. 23-23]
	Non—Uniformization Results for the Projective Hierarchy [pp. 24-25]
	AN INTEGRAL IN GEOMETRIC MEASURE THEORY [pp. 26-28]
	Henstock and Lebesgue integration [pp. 29-29]
	Transfinite Induction and Integrals [pp. 30-31]
	CONVERGENCE THEOREMS FOR THE HENSTOCK INTEGRAL [pp. 32-33]
	Integration by Parts in the SCP Integral [pp. 34-34]
	First Return Selections and Block Selections [pp. 35-36]
	Three Methods of Constructing ω-limit Sets [pp. 37-38]
	Some results and problems about ω-limit sets [pp. 39-40]
	Countable Collections of ω-limit sets for Darboux Baire 1 Functions [pp. 41-41]
	Differentiable-, continuous-, and Derivative-Restrictions of Measurable Functions [pp. 42-43]
	[Extendable Functions with a Dense Graph] [pp. 44-44]
	APPROXIMATE HIGH ORDER SMOOTHNESS [pp. 45-46]
	Proofs of the Uher and Freiling Covering Theorems [pp. 47-49]
	SOME INTERPOLATION PROBLEMS IN REAL AND HARMONIC ANALYSIS [pp. 50-50]
	On category bases: Abstract [pp. 51-52]
	REFINEMENTS OF THE DENSITY AND I-DENSITY TOPOLOGIES [pp. 53-54]
	EXTREME POINT SELECTORS [pp. 55-56]
	Parametric I-approximate derivatives are in Baire class one [pp. 57-58]
	(ε,η)-Approximating Partitions [pp. 59-59]

	RESEARCH ARTICLES
	ON THE BOREL HIERARCHIES OF COUNTABLE PRODUCTS OF POLISH SPACES [pp. 60-66]
	Martin's Axiom implies a stronger version of Blumberg's Theorem [pp. 67-73]
	ON GENERALIZED DOMINATED CONVERGENCE [pp. 74-78]
	A Theory of Integration for Cardinal Algebras [pp. 79-118]
	On non-differentiable measure-preserving functions [pp. 119-129]
	On Riemann summable trigonometric series [pp. 130-153]
	THE INVERSION OF APPROXIMATE AND DYADIC DERIVATIVES USING AN EXTENSION OF THE HENSTOCK INTEGRAL [pp. 154-168]
	ALGEBRAIC STRUCTURES GENERATED BY Td-QUASI CONTINUOUS AND ALMOST CONTINUOUS FUNCTIONS ON Rm [pp. 169-176]
	Separation of points by families of intervals [pp. 177-186]
	Convexity and Symmetric Derivates of Measurable Functions [pp. 187-196]
	An Analytic Study of Functions defined on Self-Similar Fractals [pp. 197-214]
	Upper and Lower Generalized Riemann Integrals [pp. 215-237]
	Pseudo-Orbit Shadowing on the Unit Interval [pp. 238-244]
	CHARACTERISTIC FUNCTIONS AND PRODUCTS OF DERIVATIVES [pp. 245-254]
	Topologies generated by porosity and strong porosity [pp. 255-267]
	A Global Implicit Function Theorem [pp. 268-272]

	INROADS
	Asymmetry of all Countable orders of a real function [pp. 273-278]
	Solution of two problems concerning F-sigma sets of measure zero [pp. 279-283]
	A note on topologies related to (xα )-porosity [pp. 284-291]
	ON DECOMPOSITIONS OF QUASICONTINUITY [pp. 292-305]
	ANOTHER APPROACH TO THE CONTROLLED CONVERGENCE THEOREM [pp. 306-310]
	PATH DIFFERENTIATION IN BOREL THE SETTING [pp. 311-318]
	S-NULL FUNCTIONS [pp. 319-321]
	BAIRE MEASURES ON [O, Ω] AND [O, Ω]. II [pp. 322-328]
	A Symmetric Approximate Perron Integral for the Coefficient Problem of Convergent Trigonometric Series [pp. 329-339]
	ADDITIVITY OF POROUS SETS [pp. 340-343]
	THE CONSTRUCTION OF A LEBESGUE MEASURABLE SET WITH EVERY DENSITY [pp. 344-348]
	A MINIMAL FAMILY OF OPEN INTERVALS GENERATING THE BOREL SETS [pp. 349-352]
	Some interpolation problems in real and harmonic analysis [pp. 353-361]
	Three Methods of Constructing ω-Limit Sets [pp. 362-372]

	QUERIES [pp. 373-376]
	Back Matter



