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 PATH DIFFERENTIATION

 IN BOREL THE SETTING

 I Introduction. A unifying approach to the study of a

 number of generalized derivatives was introduced by Bruckner,

 O'MaJLley and Thomson in 121. Namely, a set ECx)<=R Cthe real

 line with the usual topology) is a path at xeR if x is a limit

 point of ECx). A system of paths E, is a collection < ECx) :

 xeR > Cor it can be considered as a multifunction E:x-*E<x>>,

 where each E(x> is a path at x. If f:R-*R is a function, then

 the extreme E- derivatives of f at a point x are defined as

 f ollows

 - 1 . -w lim 14 fCx)-fCy) and i lim f(x)-fCy> f„Cx> . -w ■ lim 14 sup

 E y-> x x-y -E y-» x x-y J y€E(x> y€E<x> J

 If fģ(x> ■ fģ<x>, their common value is called the E-deriv-
 ative of f at x <fģ<x>>.

 Many results concerning various properties of path deriv-

 atives are based on a system of paths satisfying some of the

 intersection conditions 121, C3] as well as on the descriptive

 theory of system of paths considered as multifunction Cl], C5L

 A. Alikhani-Koopaei in CI] uses the system of paths as a con-

 tinuous compact - valued multifunction and he quotes the

 following example due to Laczkovich.

 EXAMPLE_1. There is a Baire 2 function f and a perfect

 set P with Ö€P so that the congruent extreme derivative of

 f with respect to P i.e., f ' is not a Borei function where
 Ci

 E<x> = x+P.Hence the multifunction E^. of all E-derived numbers

 of f is not Borei measurable (because of fģ"1CCa,oo>> "
 E^C<a, oo>) :« <x:E^Cx>n<a, oo > ý 0 ». But there is a Baire 4
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 selection for E^. Namely, if <y > is a sequence in P'<0>
 I n n=l

 . i- n then erCx) ^ ^ lim i- Cx))-f Cx) . so that . lim i- v * 0. n then erCx) ^ ^ = lim i- sud n is . in
 n n-»oo 7~T

 g Cx)-x
 n

 Baire class 4, where g 38 y + x for all xeR.
 n n

 The purpose of this paper is to investigate the similar

 behavior of for a lower Borei ot system of paths E and

 a Baire ß function f.

 I K_B^ic_def ini tions_and_notation

 Throughout this paper denotes the family of all

 subsets of R of the Borei additive (multiplicative) class a.

 By a multifunction F:R->R* we mean a function defined on R
 and whose values are subsets of R* Cthe extended real line

 with the topology of the two-point compactification of R).

 We also admit empty values for F. Given m ulti functions F

 and G, FcG means that FCx)<zGCx) for all x^R and the multi-

 functions FnG and F are defined by FnGCx) ■ FCx)nGCx) and

 FCx) * FCx) where FCx) denotes the closure of FCx).

 For A<zR* we let

 F~CA) - <x : FCx)nA + 0>,
 F+CA) ■ <x : FCx)<zA>,
 GrCF) = <Cx,y) : yeFCx» Cgraph of F>.

 P?FINITION_2 Cthe semi Borei classification of mult if unc-
 tions). A multifunction F:R-*R* is said to be lower Borei a

 CFelB^) Cupper Borei a CFeuB^)) if for any open set V<zR*
 F CV)€A CF+CV)eA ). F is said to be lower Cupper) semicon-

 ot a

 tinuous Cbriefly 1 lsc Cusc)) if FelB CFeuB ). F is continuous 1 o o

 if it is lsc and use. Note that within single-valued multi-

 functions the semi Borei classification coincides with the

 Baire classification of functions.
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 If E is a system of paths and f is a function, then we

 denote by Ef the following non-empty and compact- valued multi-
 function from R to R* defined as follows:

 * Ort
 E^Cx) » <yeR : there is a sequence <x > Ort in ECx>'<x>
 f n n=l

 ..... . .. f<X >-f<x> . . „
 so that ..... lim X » x and . lim .. n * y . > i.e. . E^ „ is the

 n-*oo n n-*oo f
 X -X

 n

 multifunction of all E-derived numbers of f.

 1 1 Results.

 LEMMA_3. Let H:R-*R be an open graph multifunction. If

 F:R+R is lower Borei a, then FnH is lower Borei a.

 PROOF. Define F^ ^ -R-RxR by F_ ^-^Cx) » C<x>xF<x»nGr<H>. Gr<H> ^ GrCF)

 oo

 Let Gr<H> * U H xK , where H ,K are open. If G ,G c:R are
 n=lnn nn 12

 open, r then F^, ,„XCG xG > = u <<F CK nG >>nH nG >eA . The r GrGO 12 n = 1 r»2 n 1 a

 equality <FnH> CG> * F^^^CRxG} finishes the proof where G<zR

 is an arbitrary open set.

 THEOREM_4. Let E be a lower Borei a Ca>0> system of paths
 with closed values C i.e. E is considered as a closed- valued

 multifunction in IB If f is a Baire ft function then

 there is an upper Borei cx+ft+t non-empty and compact- valued

 multifunction S:R-*R* such that ScE^. Consequently if f has
 E-derivative Cfinite or infinite), then it is in Baire class

 PROOF. Define H :R-»R by H (x) ■ (x • - - - , x - - > KJ
 n n n n n + 1

 Cx , x-»- - + - >n* 1,2,3,... where e is a positive
 n-t- 1 n n

 313



 constant. By 7 Lemma 3, EnH elB . Since CEnH > CG> » 7 n CA . n

 CEnH > CG> Tor any G open, EnH^elB^. Let X^«<x : EnH^Cx>^0>"

 <x : CEnH > CR»eA and A CX ) ■ <AcX : A is a set of the
 n a a n n

 Borei additive ciass a with respect to X >. Since A CX > =*
 n an

 < AcX : A ■ X nB for some BeA > and X €A , there is a
 n n a a a

 selection e :X ->R for the restriction EnH to X so that
 n n n n

 ç^1CG>eA^ for every open 0<zR Csee C41X

 Define f :X -»R by f <x> ■ f cgn(x>)~f It is c1ear
 n n n . N

 S <x>-x . N
 n

 that f~1CG> € A for every 7 open r G. Since u H ■ n <X+ft 7 r n = 1 n

 Cx-l-^,x+l+^>'<x> and x is a limit point of ECx>, x is also

 oo

 a limit point of X^ for all x € R. Consequently the

 following multifunction S:R-»R* defined by S(x)"<y€R<: there

 is a subsequence <n >°° with r Cx)eX and y*lim É.OO f Cx» kk=l r ^ ^ y*lim É.OO nk

 is non-empty and compact- valued. The equality S CK) *

 OO OO

 , n U, f <V, > e M . (where K is an arbitrary 7 closed , k = 1 n = k n k (X+ß+i . 7

 set. in R* and V are open in R* with V cV , n V ■ K> k k+i k , k =1 k

 finishes the proof since S+CR'K> » R'S CIO.
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 REMARK_5. If f is continuous, then the assumption of

 Theorem 4 concerning closed values of E can be omitted

 because E^. * E^..

 ÇÇBQL'L'ARY.Ô. Under the same conditions on E and f as in

 Theorem 4, there is a Baire a+f?+2 selection for E^..

 PROOF. Multifunction S from Theorem 4 is in IB _ and
 a+ft+ _ 2

 by C41 there is a Baire a+ft+2 selection for S.

 Note that the selection theorem of Kuratowski and Ryll-

 Nardzewski C41 being used in the proof of Theorem 4 holds

 for a>0. We state as corollary the following weaker version

 of it for a* 0.

 ÇQÇQttòBY.?- improvement of tl, Theorem 181. If E is
 a closed-valued lower (upper> semicontinuous system of paths

 and f is in Baire class ft C/?>0>> then there is a non-empty

 compact- valued upper Borei ft+2 multifunction ScE^.. If f has
 E-derivative Cfinite or infinite), then fģ is a Baire ft+2
 function.

 The assertion follows directly from Theorem 4 because of

 EelB .
 i

 As we saw in Example 1 E^ need not be Borei measurable.
 We now briefly discuss some special cases for which E^ be-
 haves very nicely. The following theorems give the conditions

 on E and f for which E_ is in uB or uB .
 f 12

 The proof of the next assertion is trivial and hence

 omitted.

 LEMMARIO. Let E be an arbitrary system of paths and f let
 be a function. If K is a closed set in R*, then

 E~<K> ■ n pr<f~4<V >nGr<E » where
 I n=l On n
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 _ rCx)-fCy) ^ i
 f _ «x,y» 7 - o 7 x-y

 E Cx> ■ ECx>nCx - - , X + - > X€R, n ■ 1,2,3...,
 n n n

 * CO -
 V are open ^ in R such that n V » K, V cV , n»l,2,... , n open ^ n = i n n+i n' ,

 and pr<A> » <x : there is y such thai <x,y>eA> where AczRxR.

 THEOREM^ 11. Let E be a lower semicontinuous system of

 paths and let f be a continuous function. Then E^. is an
 upper Borei one multifunction.

 PROOF. We shall show that. A ■ pr<f_i<V >nGr<E » is open.
 n On n

 Let X <eA . Then there is yeR 7 such that <x ,y)ef 7 1<V > and ye 7 on . 7 o 7 On 7

 E Cx ). Since f is continuous, there is IxJ^Cx ,y> 7 where I, J n o o o 7

 are open intervals such that IxJ c f 1<V >. Since E is lsc,
 O n n

 there is an open set Gel with x eG such that E <x>n J ^ 0
 O n

 for any xeG. Thus for any x€G there is y e E Cx>Oj. Since
 X n

 <x,y > € GrCE >n f 1CV >, we know that xeA for any 77 x^G. By 7X non n 77

 Lemma 10, E^CÏOeM . Hence E^euB . f i . fi

 The following theorem follows directly from Lemma 10.

 Ca) If GrŒ) is open and f is continuous, then E^ e uB^.
 Cb> If GrCE> is a F set and f is Baire 1, then E^ e uB .

 Ct 12
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 GOROĻĻARY_13

 Ca> ir E is use and f is continuous, then e uB

 (b) If E is use with closed values and f is Baire 1, then

 Ef e uB2.

 PROOF. Ca) Since Ē is use, Gr(Ē) is closed. By Theorem 12(b),
 € uB because EL = EL .
 f 2 f r

 (b) It follows from Theorem 12(b) since QrCE> is closed.

 The remaining cases are formulated as the following open

 problems.

 PROBLEM_14. What is the semi Borei classification of E^. if
 (a) EelB (a<l) and f is Baire 1,

 ot

 (b) EeuB^ and f is Baire ft (/?<1),
 (c) EelB (a>l) and f is continuous?

 a

 PROBLEM^ 15. Is there a Baire a+/?+l selection for E^. (ot,/?>0).
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