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 CONSTRUCTION OP A WRINKLED FUNCTION

 Wrinkled functions were introduced by Nina Bary in [1] and she called

 them "fonctions ridées". In our paper we construct another wrinkled function

 using an idea different from that of Nina Báry.

 Let a¿ = 1/2Í+1 + 3/4^+l and let P be the perfect, nowhere dense
 subset of [0,1], P - {x : x = J) cļaļ with c± taking the values 0 and 1

 0»

 only}. Bach point x € P is uniquely represented by J) ci(x)aļ. Let
 . n n ® , i=1 es

 Vn = ci ë c cn L 1 Ciai' 2, ci«i + . ï «i 1 ' 111611 P = n-1 11-1 Vn 8110 ci c cn 1 i=l i=l i=n+l . 1 n-1 11-1

 |V|)| = 2n J) ai -■ ► 1/2. Hence |P| = 1/2. For each x € P let
 i=n+l
 ® O

 Fi(x) = J c9.(x)2i ¿1 and Fa(x) = £ c„._, ¿i i (x)/2*. Extending and Fa i=l ¿1 i=l ¿i i

 linearly on each interval contiguous to P we have Ft and Fa defined and

 continuous on [0,1]. Define F : [0,1] - * [0,1] * [0,1] by F(x) =

 (Fļ(x),Fa(x)). Clearly F(P) = [0,1] * [0,1]. For each irrational number
 O

 z € (0,1) represented in base 2 by Î di(z)/2Ł let Az =
 i=l

 {x € P : Fj(x) = z} = {x € P : Cg^ix) = dļ(z)} = a2 + A, where az =
 O

 dļizjagi and À = {x € P : Cg^(x) = 0, i = 1,2,...} and let Bz =

 {x € P : Fa(x) = z} = {x e P : c2i-l^ = di^z^ = bz + B» where bz =
 O

 d^(z)a2j_ļ and B = {x < P : c2i_i^x^ = * = 1«2, ...}. Then Az and
 Bz are perfect sets of measure zero.
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 Lemma 1« a) F2(AZ) = [0,1] and F^Bg) = [0,1].

 b) F2 is increasing on Az and Fļ is increasing on Bz.

 Proof. We prove the lemma only for Fa since for Fx the proof is

 analogous. Part a) is evident. b) Let x,y c Az, x < y. Then x =
 00 00

 az + °2i-l^x^a2i-l y = az + c2i-l^^a2i-l* n a natural

 number such that c2n-l^x^ = °2n-l^^ = ^ anc* c2i-l^x^ = c2i-l^^ ^or
 n-1 i ™ i

 each i * n-1. We have F (x) * Z c0. ,(x)/2 + I 1/2 =
 n_! . 2 i=l 21-1 i=n+l
 Ï c2iļ(x)/21 + l/2n * Fa(y).

 Lemma 2. For each measurable subset M of P the set F(M) is

 measurable and |F(M)| = 2|M|.

 r 2p 2p ™ 1
 Proof. Let Ic....c2p 1 3P = I.Ï. ciai> I cļai + I ail 4 • Then 1 3P Li=l i=l i=2p+l 4

 r<r»ic,...c„> * ¡X c2í'2Í ■ h °2í'2Í + l'2P] ' [jj c2i-i/2Í-

 Jļ °2i-l/zl + 1/zP] = sc, . . .Cj, and int(SCļ . . ,ca() " int(S¿¡ . . .c^) = *
 for (c •••c ) f (c' v •••c' ). We have i 2 p v x ap'

 (D |SCl...c2pl = 2|P n Ici...cap| = 1/4P .

 Let e > 0 and let M be a measurable subset of P. Let G and H be open

 sets such that M c G and F(M) «= H, |F(M)| > |H| - c, |M| > |G| - e.

 Then G n F-1 (H) is an open neighborhood of M. Since P =
 00

 Q, [U • • • U (P n Ic c )] and | i Ic c1...c,api c I - » 0, » as p f - » +®, > it p=l ct C2p c i c1...c,api c » p f >
 follows that G n F-1(H) n P can be represented as a countable union of

 disjoint sets P n ICl.-.cap» P = 1,2,... . By (1) it follows that
 2-|G n F-1 (H) n P| = |F(G n F-1 (H) n p) ļ . Since M c G n F-1 (H) n p c g and

 F(M) c F(G n F_1(H) n p) c h and e is arbitrary, we obtain |F(M)| = 2|M|.
 It follows that F satisfies Lusin's condition (N) . By the continuity of F

 and the measurability of M, F(M) = F(Q) u F(Z), where Q and F(Q) are

 Fa sets and Z and F(Z) are null sets. Hence F(M) is measurable.
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 Definition [11. A continuous function F is a wrinkled function if for

 each set E of positive measure there exists a set Elt ļ Ex | = 0r E, c E

 such that F is monotone on Ej and |F(Et)| > 0.

 Lemma 3. Ft and Fa are wrinkled functions on P.

 Proof. It is known that if a set E c R > R is of positive measure, then

 by Fubini's Theorem there exist uncountably many lines parallel to a fixed
 straight line d such that the intersection of E with each of these parallel

 lines is of positive measure. By Lemma 2 F(M) is of positive measure.

 Recall that |AZ| =0 for all z. Let z € (0,1) such that |F2(EZ)| >0, z

 irrational, where Ez = {x c M : Ft(x) = z). Because Ez c Az, |EZ| =0, and

 by Lemma 1, Fa is increasing on Ajg and on Ez. For Ft the proof is

 analogous.

 Lemma 4. Let f : [a,b] - » IR be a continuous function and Q a positive

 measurable subset of [a,b]. Let g be a differentiable function on [a,b].

 If f is wrinkled on Q, then f + g is wrinkled on Q.

 Proof. Let E be a positive measurable subset of Q and let Eļ c E,

 I Ex I =0 such that | f (E¡! ) | > 0 and f is monotone on Ex. Suppose for

 example that f is increasing on Ex. Let F(x) = f(x), x e Ex and let F

 be linear on each interval contiguous to Ex. Then F is increasing on

 [a,b]. Let E+« = {x : F'(x) = +«}. By [3] page 270 we have |E|.<»| = 0,

 E+<o c Ei and |F(E+<d)| > 0. Let G(x) = F(x) + g(x). Then E+® =

 {x : G'(x) = +®} and g e ACG* on [a,b]. It follows that G € VBG* on

 [a,b]. Suppose that |G(E+<»)| = 0. By [3] (Theorem 7.2, page 230 and

 Theorem 4.6, page 271) it follows that G e (N) on [a,b]. Hence G e ACG*

 on [a,b]. Thus F is AC on [a,b], a contradiction. Since |G(E+«»)| > 0,

 there exists a subset A of E+œ such that G is increasing on A and

 |G(A)| > 0. (See [2], page 83.) Hence f + g is wrinkled on Q.

 We can glean the following from Lemma 3. For each interval I there is

 a nowhere dense perfect subset P of I and a continuous function g on

 I such that f P I = (1/2)' |I|, g is wrinkled on P, g vanishes at the

 endpoints of I, and g is linear on each component interval of I - P.

 Make g vanish outside of I. Let Ix = [0,1]. Let Pj and g1 be the set

 and function so associated with Iļ such that sup | g x | = 1. Let I2 be an
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 interval of Ix - P of maximal length. Associate Pa and g2 this way with

 I2. Let I3 be an interval of Ii - (Pi u pa) of maximal length. Associate

 P3 and g3 this way with I3. In general, let Ik+X be an interval of

 (Ii - (Pí u ••• u Pk)) of maximal length. Associate Pk+I and gk+x with
 CD OD

 Ik+t this way. Then ļ (U. Pn) ļ = 1, and H = D (l/2n)*g„ is wrinkled on
 A n=l

 [0,1]. Indeed, let E be a measurable subset of [0,1], |E| > 0. Since

 I U Pil = 1, it follows that there exists some Pn such that |E n pn| >0.

 Since H is the sum of a linear function and (l/2n) -gn on Pn, by Lemma 4
 it follows that H is a wrinkled function on [0,1].

 We are indebted to Professor Solomon Marcus for his help in preparing

 this article.
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