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INTEGRALS OF LUSIN AND PERRON TYPE

In the first part of the present paper we study the relations between
Lee’s LDG- and LPG-integrals ([7]) and conditions [M], [ﬁ] and [M]. Also we
give similar results for other integrals introduced here. These results are

then used to obtain chahge of variable formulas.

In the second part we introduce an integral of Perron type which is

equivalent to the Foran integral.

In what follows we refer to the following classes of functions: ¢, (N), N%,
N-®, N*®, [M], [M], [M], (Mx], [Mx], (Mx], A(N), B(N), # B, £ AC, AC, AC, VB,
ACG, ACG, ACG, VBG, D, DB,, B¥, DB¥, uCM, 1CM, CM. For all of these see [4].
Let a e a, denote the semilinear space generated by the classes of

functions d, and AQ,.

Some properties of the LPG- and LDG-integrals. Change
of variables.

Definition 1. [8]. A function f : [0,1] @ R is said to be KE; on a set
E < [(0,1] if for every t > 0 there is a § > O such that
L(f(bk) - flck)) < ¢ and L(f(ck) - f(ak)) < = for each sequence of
nonoverlapping intervals {(ak,bk)} with endpoints in E, ak € cx € by and
L (by - ag) < 6. Let ACx = {f : -f ¢ KE*} and ACx = KE* n ACx. The
clasre=s ;{66,., ACGxy and ACGx are defined analogously to ACG.

Defnition 2. [9]. A function f : [0,1] — R is said to be (N}’) if [0,1]
is the union of a countable sequence of perfect sets Pj (except perhaps a

countable set of points) such that:
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1° The set f({x e P;j : f|4 (x) = +»}) has measure 0 for each j;
J lpJ

2° On each perfect subset T; of PJ"; f(x) satisfies an analogous
condition. Let (Ng®) = {f : —-f ¢ (N§®)} and let (Ng) = (Nf®) n (Ng®).

Remark 1. Definition 2 can be simplified as follows:

Definition 2'. A function f: [0,1] — R is said to be (N}®) if
|f({x ¢ P : f|15(x) = +»})|] = 0 for each perfect subset P of [0,l].

Proof. Clearly Definition 2’ implies Definition 2. Conversely, let P be a
perfect subset of [0,1] and let Pj be the perfect sets of Definition 2. Let
A = {xeP: fll',(x) = 4o}, Aj = AnPjcPnPj = Tj. Let Bj =
{xeTj: fl,i..(x) = +o}, Clearly Aj € Bj. Since by 2°, If(Bj)| =0, it
follows that |f(A)] = O. ‘ '

Proposition 1. Let F : [0,1] @ R, F ¢ (Ng“’). Then F ¢ [ﬁ] on [0,1].

If F e B¥, then conditions (Ng-“’) and [ﬁ] are equivalent.

Proof. Let F ¢ (Nf") and let P be a perfect subset of [0,1] such
that F|p € VB n ¢. We define F,(x) = F(x), x ¢ P, and linearly on the
closure of each interval contiguous to P. Clearly F, ¢ ¢ n VB n N*® on
[0,1]. By Corollary 2 of [4], F, € AC on [0,1]. Hence F e AC on P.

For the second part it suffices to show that [ﬁ] n BX c (N&”). Let P
be a perfect subset of [0,1]. Since F € B¥, P = (u Pj) v {ak} such that P;
are perfect subsets of P and Fle e C. We define Fj(x) = F(x), X € P;j
and linearly on the closure of each interval contiguous to Pj < [0,1]. Then
FjeCn [M] on [0,1] and by Theorem 6 of [4], Fj e N**  on [0,1]. Let
Ej“ = {x e Pj : Flé(x) = +0}., If x € Ej“ is a bilateral accumulation point
for Pj, then Fj(x) = +m, Hence |F(E3°)| = 0. Let E*™® =
{x e P : Fjp(x) = +=}. Since E*® n Pj ¢ E}®, |F(E*®)] = 0. Hence F e (N§®).

Proposition 2. Let @Q be a perfect subset of [0,1], a = inf(Q),
b =sup(Q) and let F : [a,b] & R be a bounded function. Then the

following statements are equivalent: 1° F € AC n VBx on Q; 2  There exist
Fl! Fz . [8,b] = R SUCh that F = Fl + Fz, Fl € AC* on Q, Fz ig

increasing and Fj(x) = 0 a..on [ab]; 3° F is ACx on Q.
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Proof. We first show that 1° implies 2°. We define f(x) = F(x), x € Q,
and linearly on the closure of each interval contiguous to Q. Then F e AC
on [a,b]l. By note 13, page 169, of [9], f =f, + f,, where f, ¢ AC, f, is
increasing on [a,b] and f3(x) = 0 a.e. on [a,b]l. Let F,(x) = f,(x) on
[a,b] and F,(x) = F(x) - f,(x) on [a,b]. Then F, ¢ VBx on Q and
F,(x) = f;,(x) on Q. Hence F,; is also AC on Q. By Theorem 8.8, page
233 of [11], F, is ACx on Q.

We now show that 2° implies 3°. Let F=F, + F, such that 2° is
satisfied. Let £ > 0. Then there isa & > 0 such that for each sequence
of nonoverlapping intervals {Ikx} = {(ak,bk)} with I(bk — ak) < 6, we have
L O(F,; [ak,bx]) < &. For ay € ck €« by we have I (F,(ck) — F,(ak)) » -=.
]S(ince ]2(: (Fo(ck) - Fa(ag)) > 0, L (F(ck) - F,(ak})‘) a2 -, Similarly

k
I (F(bg) — F(ck)) » -e. Hence F e ACx on Q.
k

We finally show that 3° implies 1°. Since F e¢ ACx on Q, F e AC on Q.

Hence F ¢ VB on Q. Since F e ACx on Q, for £, > 0 there is a natural

number k, such that for Iy [ak,bk], the intervals contiguous to Q, we

have: Y (F(ag) - F(ck)) < &, and I (F(ck) - F(bk)) < &, when
k=k, w k=k, w
ck € [ak,bk]. Hence I |mk - F(ak)] = I (F(ak) —mk) € &, and
=k, k=ko
¥ |F(bk) — Mg)| = X (M - F(by)) & g, where mk = inf{F(x) : x € Iy},
k=ko k=k0 o ©
Mk = sup{F(x) : x e Iy}. We have I O(F;Iy) € I jme — F(ag)| +
k=k, k=k,

I |F(ag) - F(by)| + I |F(bk) — Mg| € 2:2, + V(F;Q), where V(F;Q) is
k=k, k=ko -
the variation of F on Q. Since F is bounded on [a,b], r O(F;In) is
k=1

is VB*.

convergent. By Theorem 8.5, page 232 of [11], F| Q

Corollary 1. a) A function F belongs to [Mx] on a bounded closed set

E if and only if F is ACx on each closed subset of E on which it is
continuous and VBx: b) B¥ n VBGx n [Mx] ¢ ACGx o

a closed set E:
c) Dn VBGx n [Mgx] = ACGx n DB¥ (since D n VBGx < B¥, according to
Lemma A of [4]).
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Theorem 1. Let h : [0,1] = R be such that h ¢ ([M] n ¢) + AC and
h'’(x) » 0 a.e. where h is derivable. Then h is increasing on [O,l1].

Proof. Let f e [M]nC and g € AC such that h = f + g. By note 13,
page 169 of [9], & = &, + &2, with g, € AC, g, increasing on [0,1] and
g2(x) = 0 ae. on [0,1], Then h = f + g, + g = h, + g,. Clearly
h, e [M]nC on [0,1] and h;(x) » 0 a.e. where h, is derivable. By
Theorem 10 of [4], h, is increasing on [0,1]. Hence h is increasing on
[0,1].

Theorem 2. Let h : [0,1] & R be such that h ¢ ((B¥ n [M]) ® [ACG])
nuCM and h’'(x) » 0 a.e. where h is derivable. Then h is increasing
on [0,1].

Proof. Let f ¢ [M] n B¥ and g ¢ [ACG] such that h = f + g on
[0,1]. Then there exists a sequence of intervals {I,} whose union is dense
in [0,1] such that f ¢ [MI n ¢ on I, and g € AC on In. Let
[apnsbpn] € In. By Theorem 1, h is increasing on [ap,bn]le Hence h is
increasing on Ip. The intervals I, can be chosen to be maximal open
intervals of monotonicity of h. Suppose to the contrary that v I, # (0,1)
and let Q = [0,1] - v I,. Snce h € uCM, Q is a perfect subset of [0,1]
(if necessary without 0 and 1). Let a,b e @ such that Q@ n (a,b) # &
and f|Q n [a,b] € [M] n ¢ and £]Q n [a,b] € AC. Let fi(x) = f(x);
£:(x) = g(x); h,(x) = h(x), x ¢ Q n [a,b]. Extend f,, g,, h, linearly on the
closure of each interval contiguous to Q. We have f, ¢ ¢ n [M] by the proof
of [4], Theorem 11, g, € AC, h, = f, + g, on [a,b]. If f; in Theorem 11
of [4] is replaced by h,, since condition (i) of Lemma 7 of [4] can be
omitted, h;(x) » 0 a.e. where h;(x) exists on [a,b]. Now by Theorem 1,
h, is increasing on [a,b]. Hence h is increasing on [a,b], a

contradiction.

Remark 2. If uCM is replaced by the Darboux property D, then
Theorem 2 remains true (since D ¢ uCM) and in addition h is also

continuous.

Let uL denote an upper semilinear space contained in uCM. Let
¢L = (F: -F e uL} and L = uL n $L.
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Definition 3. A function M is said to be a LPB (respectively
LoPG; LxPG) - major function for a function f : [0,1] —= R if: (i) M(0) = O;
(ii) M € ul; (iii) lMép(x) » f(x) (resp. 8M'(x) » f(x); ¢M'(x) = f(x)) a.e. on
[0,1]; (iv) M e [ACG] (resp. M € [ACG]; M € [ACGx]). m is a LPG
(resp. LoPG; LxPG) - minor function for f if -m is a LPG (resp.
LoPG; LxPG) major function of F. A function f is LPG (resp.
LoPG; LxPG) integrable on [0,1] if:

1 f has LPG (resp. LoPG; LxPG) major and minor functions on
[0,1];
2° for each & > 0 there exists a LPG (resp. LoPG; LxPG) major

function M and a LPG (resp. Lo,PG; LxPG) minor function m
such that M(x) - m(x) ¢ ¢, x € [0,1]. Then

1
LPG(resp. LoPG; LxPG) | f(x)dx = inf (M(1)} = sup {m(1)} .
0 M m

Remark 3. By [8] Theorem XVIII, page 252 and Theorem XI, page 245, a
function which satisfies [ACGx] (resp. [ACG]) on [0,1] is derivable (resp.
approximately derivable) a.e. on [0,1]. Hence in the definition of LPG (resp.
LxPG) condition (iii) can be replaced by (iii'): Mgp(x) a f(x) (resp.
M'(x) » f(x)) a.e. on [0,1].

Definition 4. A function f : [0,1] @ R is said to be LDG (resp.
LoDG; LxDG) - integrable on [0,1] if there is a function F ¢ L n [ACG]
(resp. F € L n [ACG] n Agee.; F € L n ACGx) such that Fép(x) = f(x) (resp.
F'(x) = £f(x); F'(x) = f(x)) a.e. on [0,1]. In all these cases the integral of f
over [0,1] is defined to be F(l) - F(0). (agq.e, = (F : [0,1] & R: F s
derivable a.e. on [0,1]}.)

Remark 4. a) The LDG and LPG integrals were introduced by Lee in
[7] and he proved that these two integrals are equivalent if uL is closed
under uniform convergence. Using Theorem 1 of [7], we can prove that the
LoPG (resp. LxPG) - integral is equivalent with the L,DG (resp. LxDG) -
integral.

b) If in Definition 4 L is the class of all approximately continuous
functions on [0,1], then the LDG (resp. LoDG; LxDG) - integral is in fact
the B (resp. Bo; «) - integral of Ridder. (See [10].)
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For a function f on [0,1] we define f¥(x) = f'(x) (resp. fgp(x) =

fép(x)) where f'(x) (resp. fép(x)) exists and is finite and 0 elsewhere.

Theorem 3. Let a be a class of functions such that
B¥nda e uL cuCM on [0,1]. Let F : [0,1] = R satisfy the following

properties: 1° F e (-a) n B¥ on [0,1]; 2° F ¢ [M] on [0,1];
° Fip (resp. F*; Fx) has a LPG (resp. LoPG; LxPG) - major function G
on [0,1]. Then we have that:
a) F is [ACG] (resp. [KGE]; [KEE*]) and G - F is increasing
on [0,1];
b) If in addition F ¢ [M] ¢ [M], then F e [ACG] (resp. [ACG],
[ACGx]) and G - F is increasing on [0,l].

Proof. Let H = G - F. In the first and third case clearly H'(x) » 0
a.e. where H is derivable. In the second case G is derivable a.e. on
[0,1] - E, where E = {x : F'(x) exists and is finite} by [11], Theorem 7.2,
page 230 and Theorem 10.1, page 234. It follows that H'(x) » 0 a.e. where
H is derivable. Clearly -F € @ n B¥ n [M]. Since @ @ uL < uCM, by
Theorem 2, H is increasing on [0,1]. Hence F ¢ B¥ n [VBG] (resp.
B¥ n [VBG]; B} n VBGy).

a) Since F e [M], F e [ACG] (resp. [ACG]; [ACG] n VBGx = [ACGx]

by Corollary 1).
b) Since F € [M], F € [ACG] (resp. [ACG]; [ACGx]).

Remark 5. Theorem 3, a), b), the first and the third case remain true if
3° is replaced by "there exists a function f : [0,1] = R such that f(x) =
F,’,p(x) a.e. where F is approximately derivable (resp. f(x) = F'(x) a.e.
where F is derivable) and f has a LPG (resp. LxPG) - major function on
fo,11".

Remark 6. a) In Theorem 3, a), b), @ can be taken to be ulL, where:
1) uL = ¢ 2) uL = {F : F is approximately continuous}; 3) uL = {(F : F is
an exact nth Peano derivative}; 4) uL = {F : F is an exact nth approximate
Peano derivative}. b) In Theorem 3, a), b), d can be taken to be D and
uL = ¢ (since D ¢ uCM and DB¥ @ ¢ = DB¥, by [2], Theorem VI, page 474).
By Remark 2, G - F ¢ ¢. Hence F ¢ C.
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Corollary 2. A function F e L (resp. F ¢ D) on [0,1] is an indefinite
LDG (resp. CDG) - integral if and only if F ¢ B¥ n [M] and there is a
function f : [0,1] & R which has a LPG (resp. CPG) - major function and

f(x) = Fép(x) a.e. where F is approximately derivable.

Proof. The necessity is evident and the sufficiency follows by Remark 5

and Remark 6.

Remark 7. The first part of Remark 5 extends Lemma B of [9] page 176
and the first part of Corollary 2 is an extension of Theorem VII of [9] page
178, since we give up the condition T; and in Ridder’s results L is the

class of all approximately continuous functions. (Also see Proposition 1.)

Theorem 4. Let F : [0,1]] D R F e DB, n T, n [Mgx]l. If F*¥ has a
CxPG - major function, then F ¢ ACGx n ¢ on [O0,1].

Proof. Since N® = [Mx] for Darboux functions (See [4], Theorem 6.) and
¢ n VBGx n [Mgx] = ¢ n ACGx, the theorem follows by the second part of
Corollary 6 of [4].

Remark 8. Theorem 4 remains true if T, n [Mx] is replaced by Lusin’s

condition (N) according to Remark 1,k of [4].

A function F defined on an interval I is said to be strictly increasingx
(resp. decreasingx) on a set E < I if for any x,, x; € [inf(E), sup(E)],
x, < X3, we have F(x,) < F(x;) (resp. F(x,) > F(x,;)), provided that at
least one of the points x,, x, belongs to E [12]. If the function F is
either strictly increasingx or strictly decreasingx on a set E, then F is

said to be strictly monotonex.

Proposition 3. A function f : [0,1] = R satisfies condition [ﬁ*] (resp.

[M]) on a closed subset E of [0,1] if and only if f ¢ AC on any closed

subset of E on which it is continuous and strictly increasingx (resp.

continuous and strictly increasing).

Proof. let P=P cE be such that f e VBx n ¢ on P. Let a = inf(P),
b = sup(P) and F(x) = f(x), x € P. Extending F linearly on each interval
contiguous to P we have F defined, continuous and VB on [a,b]. Let
E*l’“’ ={xeP: F'(x) =+w}; E*™ = {x e P: f'(x) =+w}; Z = {x e P : f'(x)
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does not exist finite or infinite}. Then by Theorem 7.2 of [11], page 230 it
follows that |f(Z)] = 0. Clearly E':"' € E*Yu Z, Let Ep={xeP:
(f(x+h) - f(x))/h > 1, 0< |h] € 1/n} and let Ejp = [i/n, (i+l)/n] n Eg.

Since f is continuous on P, (f(y) - f))/(y—x) » 1, for
y € [inf(Eip), sup(Ejp)], x € -E-ina x # y. Hence f is strictly increasingx
on Ejp. By hypothesis, f ¢ AC on Ejp. Since |E*®] =0 (See [11],
Theorem 4.4, page 270.), |f(E*®)] = 0 and IF(E':"’)I = 0. Hence

FeCnVBnN®=23A on [a,b] by Corollary 2 of [4] and f e [Mx] on E.

The converse is evident.

We prove the second part. Suppose that f ¢ VB n ¢ on P. Let a, b, F
and E':"" be defined as above. Let E; = {x e P: (F(x+th) - F(x))/h > 1,

0 < |h|] ¢ 1/n} and let E;n = [i/n, (i+l)/n] n E:l. Since fe C on P,
(f(y)-f(x))/(y — x) a1, for x,y e E;.n’ X7y, Hence f is strictly in-
creasing on E;n By hypothesis f ¢ AC on E;n It follows that

[F(E**)] =0 and Fe VBn N n ¢ =4AC on [a,b]. Hence f ¢ [M] on E.
1

The converse is evident.

Corollary 3. A function f : [0,1] — R satisfies condition [Mx] (resp.

[M]) on a closed subset E of [0,1] if and only if f ¢ AC on any closed

subset of E on which it is continuous and strictly monotonex (resp.

continuous and strictly monotone).

Proposition 4. Let g : [0,1] @ R, f : g([0,1]) & R.
a) If f,& ¢ [Mx] n D, then f - g ¢ [Mx] n D;
b) If f,2 ¢ [M] n B¥, then f - g ¢ [M] n BY,

Proof. a) Let F=f + g. Then F e D. Let P = P ¢ [0,1] such that
F is strictly increasingg on P, for example. By Lemma A of [4], F is
continuous on P. Hence @ = F(P) is a compact set. Clearly F|p, g|p
and f|q@ are injective. We prove that g is strictly monotonex on P.
Suppose on the contrary that there exist x, < x; < x5, Xx,, X3 € P, such
that g(x;) does not belong to the interval with endpoints g(x,) and g(xj).
Suppose, for example, that g(x,) < g(x3). Then g(x;) does not belong to
(g(x,),2(x5)). Hence we have two possibilities: (i) g(x;) § £(x,) < g(x3) or
(ii) g(x,) < g(x3) € g(x2). We treat only the case (i), Since g ¢ D, there
exists c € [x2,x3) such that g(c) = g(x,). Then F(c) - F(x), a
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contradiction. By Corollary 3 g € AC on P, Clearly f is strictly
monotone on Q. Suppose that f is strictly increasing on Q. We prove that
f is strictly increasinggy on Q. Let ¥y, < y2 < ¥3, ¥Y1,¥3 € Q. Let
X,,X3 € P such that g(x,) = y., &£(x3) = y5. Then x, < x5, Since g ¢ D,
there exists x; € (x,,Xx;) such that g(x;) = y;. Since F is strictly
increasingx on P, F(x,) < F(x;) < F(x;). Hence f(y,) < f(y;) < f(ys;). By
Corollary 3, f ¢ AC on Q. It follows that F ¢ (N) on P. By Theorem 6.7
of [11] page 227, F is AC on Q.

b) Clearly F ¢ B¥ on [0,1]. Let K = K« [0,1] be such that F is
continuous and strictly monotone on K. Since f,g € Bf, K = v K such that
g'Kn € C, f'g(l{n) € C. Let gnp(x) = g(x), x e Kp; €n is linear on the
closure of each interval contiguous to Kp; Fp(x) = F(x), x € Kp; Fn is
linear on the closure of each interval contiguous to Kp; fp(x) = f(x),
X € g(Kp); fn is linear on the closure of each interval contiguous to g(Kp).
Then gn, Fp and f, are continuous. Hence g, F, and fp are strictly

monotone. (See the proof of a).) Therefore g and f | are continuous
Kn g(Kp)

and strictly monotone. By Corollary 3 g| € AC and f | € AC. Hence
Kn g(Kp)

F'Kn € (N). By Theorem 6.7 of [11] page 227, F € AC on K. Hence F e ACG

on K. Likeﬁvise F ¢ AC on K.

Theorem 5. If F and g are DB, n T, n [Mx], g is defined on [0,1],
F is defined on the range of g, and if both F¥ and (F - g)*¥ have
CxPG - major functions, then

1 g(1)
CxDG I (F¥« g)(x) - g¥(x)dx = c*DGI F¥(x)dx .
0 g(0)
Proof. By Theorenm 4, F is differentiable a.e. on g([0,1]) and
g(1)
F(2(1)) - F(g(0)) = ¢x06 |  F*(x)dx. By Goodman’s theorem of [6] or [5].
£(0)
(If g is continuous a.e. on [a,b], F € (N) and is defined and
differentiable a.e. on the range of g, then (F - g)¥= (F¥ . g) - g¥ a.e.
on [a,b].), (Feg)¥ = (F¥. g) - g¥ a.e. on [0,1]. Since F € C,
FegeDB, n [My(] on [O0,1]. (See [l1], page 16, Theorem 3.5 and
Proposition 4.a).) F ¢ ¢ n (N) implies F € T, by [11],
Theorem 7.3, page 284. Hence F « g € T,. (Indeed, let A = {z:
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{y : F(y) = 2z} is nondenumerable}. Then |A] = 0. Let B = {y:
{x : g(x) =y} is nondenumerable}. Then |B] = 0. Since F ¢ (N),
|F(B)] = O. Llet C = {z: {x: F(g(x)) = z} is nondenumerable}. Then

Cc Av F(B). Hence |C| = 0.) By Theorem 4

1 1
exDG Io (F+ g)(x) - g(x)dx = CxDG jo (F » £)*(x)dx = F(g(1)) - F(g(0)) .

Remark 9. If in Theorem 5, DB; n T, n [Mx] 1is replaced by ¢ n [N],
we have Goodman’s change of variables formula. (See [6] or [5].)

Theorem 6. a) Let g : [0,1] & R, g([0,1]) = I, F:1 — R, where 1
is an interval. Let F, g € [M] n B¥ and let F, F - g e L. If ng (resp.

F¥; F¥) has a LPG (resp. LoPG n Ag.e.; LxPG) - major function on I and

(F - g)5p (resp. (F - g)% (F - &)%) has a LPG (resp. LoPG n Age;
LxPG) - major function on [0,1], then

1 g(1)
10G jo (Fkp + @)(x) - ghp(x)dx = 106 | (g, Flp(08 (rese.
g

1 g(1)

L,DG f (F¥ « g)(x) - g¥(x)dx = LJDG I F¥(x)dx ;
0 g(0)
1 g(1)

LG [ (F¥ « g)(x) - g¥(x)dx = LG |  FX(x)dx) .
0 g(0)

b) a) remains true if condition "F, F « g ¢ L" is replaced by "F,g ¢ D"

and L is considered to be C.

Proof. a) By Proposition 4, F « g ¢ [M] n B¥, By the first part of
Theorem 3, b) and Remark 6, a), F € ACG, F is approximately differentiable
a.e. on I and

1)

g(
F(g(1)) - F(g(0)) = 106 | Fhp(x)dx .
£(0)

By Foran’s Theorem 0 of [5] (If g : [a,b] & R, F € (N) and F is defined
on an interval containing the range of g and is apprximately differentiable

a.e. on the range of g, then (F - g)gp(x) = (ng o g)(x) ggp(x) a.e. on
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[a,b]), we have (F » g)ip(x) = (Fip + g)(x) * gip(x) ae. on [0,1]. By the
first part of Theorem 3, b) and Remark 6, a),

1 1
10G Io (Fp + £)(x) - ghp(x)dx = LDG Io (F « ©)%p(x)dx = F(g(1) - F(g(0)) .

The proof of the second and the third part is analogous to the proof of
Theorem 5.
b) If FeC and g ¢ DB¥, then F . g ¢ DB¥. Now the proof follows

using Theorem 3, b) and Remark 6, b) as in a).

Remark 10. In the first part of Theorem 6, a), b), "ng has a LPG
major function" can be replaced by "F*¥ has a L,PG major function" and
"(F - S)gp has a LPG major function" can be replaced by "(F « g)¥ has a

LoPG major function".

Remark 11. The first part of Theorem 6, b) and Remark 10 extend Foran’s

change of variables formula for the Denjoy integral.

An integral of Perron type for the Foran integral

Definition 5. Let O04+(f;E) = sup{f(y) - f(x) : x,¥y ¢ E, x § y}; O_(f;E) =
inf{(f(y) - f(x) : x,y ¢ E, x 6§ y}; O(f;E) = max{04(f;E), |0_(f;E)|}. Clearly
O_(f;E) 6 0 & 04(f;E).

Definition 6. Given a natural number N and a set E, a function f
will be said to be A(N) on E if for every ¢ > 0 thereisa 6 > 0 such
that if {Ix} is a sequence of nonoverlapping intervals with E n I # ¢ and
L |Ik| < 6, then there exist sets Ekp, n = 1,2,..,N, such that

N N

ngl Ekn =En Ik and ]):,; nzl |0_(f;Ekn)| e .
Let K(N) ={f:-f e AIN)}. If O_(fiExn) is replaced by O(f;Exn) we obtain
a condition which can be seen to be equivalent to Foran’s condition A(N) on
E. Clearly A(1) = AC.

Definition 7. A function F 1is said to be A‘’(N) on a set E, if F =
F, + F, F, ¢ A(N) and F; ¢ AC on E.

125



Definition 8. Given a natural number N and a set Q, a function f
will be said to be E(N) on Q if for every S ¢ Q, |S| = 0, and for every
£ > 0 there exist a sequence of nonoverlapping intervals {Ik} and a

sequence of sets {Syxp}, n = 1,2,..,N such that

N
SCUIk, SﬂIk=9Skn and
k n=1
© ® N
N I JL|+ £ I O (f58 )] <e&.
k=1 ¥ k=1 n=1 kn

Let E(N) = {f:-f e E(N)}, If O0_(f;Skpn) is replaced by O0(f;Skn), we obtain

a condition which can be seen to be equivalent to condition E(N) on Q.

Definition 9. Let 3 (resp. 3‘; E) be the class of all functions f
defined on a closed interval I for which there exist a sequence of sets {Qp}
and natural numbers ({Np} such that I = v Q, and f is X(Nn) (resp.
A'(Np); E(Np)) on Qn. Let # = (f: -f e 7 3 =(f:-f e 7
E={f:-fe€)

Definition 10. A function M is said to be a LFP (resp. LF'P) - major
function for a function f on [0,1] if: 1° M(O) =0; 2° M e uL on [0,1];
3" #Map(x) » f(x) a.e. on [0,1]; 4° M e F n BY (resp. Me #' n BY). m is
a LFP (resp. LF'P) - minor function for f if -m 1is a LFP (resp.

LF'P) - major function for -f on [0,1].

A function f is LFP (resp. LF'P) integrable on [0,1] if: (i) f has
LFP (resp. LF'P) major and minor functions on [0,1]; (ii) for each ¢ > 0
there exist a LFP (resp. LF'P) major function M and a LFP (resp. LF'P)

minor function m such that M(x) - m(x) ¢ &, x e [0,1]. Then LFP
1

(resp. LF'P) | f(x)dx = inf {M(1)} = sup {m(1)}.
0 M m

Definition 11. A function .f is said to be LF integrable on [0,1] if
there exists a function F € L n B¥ n # such that Fap(x) = f(x) a.e. on
[0,1]. In this case the LF integral of f over [0,1] is defined to be
F(1) - F(0).

Let C ©be the Cantor ternary set. Each point x € C is uniquely
represented by } ci(x)/3i. Let ¢%(x) be the Cantor ternary function.

126



Example 1. let F : [0,1] @ R be a continuous function such that F(x) =

® Jr+1—1 .
(172) - % T ci(x)/21'k, x ¢ C and F(x) is linear on each interval
k=0 i=j,+1
contiguous to C, where {j.} 1is an increasing sequence of natural numbers,

k

do = 0, (1/2) - (1/39%) a 1/29%*1"™® for each k. Then: a) F is A(2) on

C; b)) FgT, on C; c) FgB on C.

Proof. a) Let I < [0,1] be a closed interval with endpoints in C, and
let n be the natural number such that 173"t & |I| < 1/3", Let k be the
natural number such that j, € n < j 4. Since |I] < 1/37, there exist

C13Cas..4.35Cn € {0,2} such that for each x € I n C, ci(x) = ci,

Jk . R
i=1,2,..,n. Let a= } cij/31 and b=a+ 1/3/%.  Then I ¢ [a,b]. Let

i=1

E, = {x € [a,b] nC : cdk+l(x) =0}; E; = {x e [a,b] nC : cdk+1(x) = 2}. Let
x,y € B, x <y. Then we have three situations: 1° y-x> 1/3J*+’-1;
2° y-x=1/30x27l 30 oy qygderel

1° Let jo. + 1 6 ig 6 juta -1 such that ci(y) = ci(x) = cj, 16 i, - 1;

io-l .
cio(x) = 0; Cio(Y) = 2. Clearly io # Jjx+1- Let a, = a + by ci/3%.
© i o i=j, +1

Then x =a, + ci(x) and y =1a, + 2/3°°+ ci(y). We have two

i=ig+l izig+l
cases.
(i) je + 1 6igp & jess — 1. Then F(y) - F(x) » F(a, + 2/3%°) -
® . .
Fa, + I  2/31) = F(a,) + 1/2%7% _ F(a,) - 1/2%97K = o,
i=ig+l

(ii) Je+1 + 1 % i % je42 — 1. Then F(y) - F(x) » F(a, + 2/3'°) -

F(a, + [  2/3i) = F(a,) + 17210781 _ pea,y - 172807k 1 _ g
i=i°+1
Hence F(y) - F(x) » 0.
2° We have two possibilities.
Je+2—2 . ® . jk+§‘2 . 3 -1
(1) x= I ci/3i+ ¢ 2/31 and y= I /31 + 2736270
i=1 1= t2 i=1

Then F(y) - F(x) = 0.

127



-jk+2-2 . J'.,+3—2 . [ .
(ii) x= % ci/31 and y= I ci/3% + r 2/31r .
i=1 i=1 i=je+2

Then F(y) - F(x) » 172J*+’~k—1. Hence F(y) - F(x) 2 0.
- Jr+2—1 . . ® .

3 Let a; =a+ ci/31. Then X = ap + I ci(x)/3%, y =
® i=ji+l ® iZjke2 )

a; + I ci(y)/3L; F(as) 4 F(x) & F(a; + I 2/31) = F(a,) + 1/20%+a7%71

i=ju+2 i=je+2
and F(a;) & F(y) & F(ag) + 1/29%+27K 1  porce |F(y) - F(x)| & 1/29%+27k"1
. . [
and F(y,) - F(x,) = ~1/29%+2 k_l, where x, = a, + b 2/31 and y, =

; . i=j4atl .
a, + 2/30%*3. By 1°, 2" and 37, JO_(F;E))| = 120477 4 (172)- (/39 4

(1/2) - (1/3"*1) & |I|/2. Analogously |O—(F;E;)| & |I|/2. Hence F € A(2)

on C.
w

b) Let y e [0,1]. Then y is uniquely represented by I yi/2i
i=1
where we always take the infinite representation. Let c¢j = 2yj-k, for
jk‘i‘\jk+2—2° Clearly jk—k‘i-k‘jk-’-l_k—z.Let CY={x€C:
ci(x) = Ci, ju 1 % je4r — 2}. Clearly Cy is a perfect set and Fi(y) =
Cy. Hence F ¢ T, on C.

c) Since F ¢ T,, F ¢ 8B by [4], Theorem 1,f).

Theorem 7. a) A(N) n ¢ € AC on [0,1]; b) # n ? = 3% on [0,1];
c)FnEcE on [01); d) 707 on [0,l]; e If F, ¢ # F, e ? and
0&Fij(x) 4§ A, i =12 then F,F, ¢ # f) ¥
ACG ¢ #' ¢ 7 ¢ € € [M] < [Mx] strictly on [0,1].

(Y]
®
™l
T
ml
|0
=]
~—
L
[
bry
B

Proof. a) Let F ¢ K(N) nC on [0,1] and let I <€ [0,1] be a closed

N
interval such that I = U E,. It suffices to show
n=1
N
(1) 0+(F;I) € I O04+(F;E ) .
n=1

Since F € €, O04+(F;E;) = 04(F;Ep). Let £ >0 and let a,b e I such that

a<b and F(b) - F(a) = O04(F;I). We may suppose F(b) > F(a). Let
Zo = b e Enl for some n, € {1,2,...,N}. Let m;, = inf{F(x) :
x € [a,20] N Ehl} and x, = inf{x € [a,b] n Ehl : F(x) = m,}. If
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F(a) <m; - ¢/N, let 2z, € [a,x,] such that F(z,) € (m;y - ¢/N, m;). Clearly
Z, € En2 - Enl for some n, € {1,2,...,N}\{n,}. Let m, = inf{F(x) :
x € [a,2z;,] 0 Enz} and x, = inf{x ¢ [a,z;] n Ep, : F(x) = mp}. If F(a) <
m, - &¢/N, we continue as above. (We have at most N steps.) Hence there

exists a natural number k € N - 1 such that b = 24 2 x; > z; > %X, > 2z, > ---

> Xk > 2zZk > Xk+1 * a; F(zo) » F(x,) > F(z,) » F(x;) > F(z3) 2 -+ 2 F(xy) >

F(zyx) > F(XKk+1) and F(a) » F(xk+:) - &/N. Then F(b) - F(a) & F(b) -
k N

F(xp+1) + ¢/N & (k + 1)/N + L (F(zi) - F(xj+,)) € ¢ + I 04+(F;Ep,). Letting

i=0 i=1l
£ » 0, we have (1).

b) It suffices to show that if F satisfies K(N) and A(N') on a set
E ¢ [0,1], then F e A(N‘+- N') on E. Let & > 0, &, = £¢/2N', &, = &/2N.
For ¢, and &, let s, and &6, be the & given by the facts that
FeA(N) and F e A(N') on E. Let &, = min{é,,82}. If Ty, k =1,2,...
are nonoverlapping intervals with Iy n E # ¢ and I |Ik| < &, then there

kN
exist sets Ekn» n=1,2,...,N, E n Iy= U Exgn and sets Ein’
n=1
N' N
n' =1,2,...,N'y, EnIy= U Ekn', such that I I O04(F;Ekn) < &, and
N’ n'=1 N N k n=1 N N
! LI |O-(F;Efn)| < £3. Then Y I I O(F;Bgkpn "Egp') ¢ I I I
k n'=1 k n=1 n'=1 k n=1 n'=1

(04+(F;Expn) + |0—(F;Ekpn)|) € . Hence F ¢ A(N - N') on E.

c) It suffices to show that if F e Z(N) n E(N') onaset Q¢ [0,1],
then FeE(N-N) on Q Let £ >0, £, =¢/(N+N'). Let ScBE, |[S| =0
and let &, be the &6 determined by £, and the fact that F e K(N) on Q.
Lgt €, = min{&,,6,}. Then there exist a sequence of non-overlapping intervals

Ik, Iy n S # 8, S cu Ik, and a sequence of sets {Sin'}, n' = 1,...,N’, such

NI
that N' - L |Ixl +I I |0-(F;Skn')| < £2. Since F e A(N), there exists
k k n'=1 N
a sequence of set {Skpn}, n=1, 2,...,N, such that I I O04+(F;Skn) < =.
. k n=1
N N
Then we have N - N’ « L |Ix| +L £ I O(F;Skn " Skp') ¢ N - N' - T |Ik| +
k k n=1 n'=1 k

N N
£ I I (04(F;Skn) + |O—(F;Sfkn‘)|) 6 £. Hence F ¢ E(N - N') on Q.
k n=1 n'?l

129



d) It suffices to show that if F, e K(N) and F, € K(N') on a set
Ec [0,1], then F, + F, e A(N - N') on E. Let &£ >0, &, = &/2N', &, =
t¢/2N. Let 6, and 6, be the & determined by &; -respectively £, and
the facts that F, € A(N) and F, € A(N'). Let &, = min(é,,8;). If I,
k =1,2,.., are nonoverlapping intervals, Ik nE #£ 2, )y II}él < 8o, then

N
there exist sets {Ekxpn}, n=1,...,N, U Egn =En Iy and sets {Ekn},
n=1
N’ N
n' =1,...,N, U Ein =E n Ik such that Y Y O04+(F,;Ekn) < &, and
n'=1 k n=1

Nl
I )3 04+(F2;Efkn) < £2. Since O04+(F, + F3;X) € 04+(F,;X) + 0+(F;;X), X € E,
k n'=1

N N' N Nl
it follows that I I I 04(F, + F2; Eyn " Efn*) € I I T
k n=1 n’'=l k n=1 n'=1
’ N N’ '
04(Fy; Eyn " Egp') + X 1L ) 0+(F2; Ekn " Ep') 6 &8, + N' + 2, - N = &,
k n=1 n'=1

e) It suffices to show that if F, € K(N) and F, € K(N') on
Ec[01], then F, * F, ¢ A(N - N'). Since O04F, °* F; X)
sup{F,(y) * Fa(y) - Fy(x) * Fo(x) : xy € X, x €& y} = sup{F.(y)
(Fi(y) - Fi(x)) + Fy(x) * (Fa(y) - Fa(x)) ¢ 5y € X, x € y} 6 A+ 04(F;;X)
A * 04(F2;;X), X ¢ E, the proof is similar to that of d).

+

f) It suffices to show that if F, € K(N) and F, € E(N') on Q < [0,1],
then F, + F, e E(N- N') on Q. Let ScQ, |S|]=0. Let £>0, & =
/(N + N'). Let &, be the &6 determined by &, and the fact that
F, € K(N) on Q. Let &, = min{#,,56,}. Then there exist a sequence of non-

overlapping intervals {Iy}, Ix n S #¢, S culg, and a sequence of sets
Nl

{Skn}, n' =1,...,N', such that N - L |Ixl + X O04+(Fa; Skn') < £,.
k k n'=1

Since F,; € K(N), there exists a sequence of sets {Sykpn}, n=1,...,N, such
N N N’
that I I O04(Fy;Skn) < 2. Hence NN - L |Ix] + I I I
k n=1 k k n=1 n'=1

0+(F1 +F2; SknnSi[n') {N - L2 + N' - &g, = &,

g) We show that € < [M]. Let F ¢ € on [0,1]. Let P = P c [0,1]
be such that F|p is continuous and increasing. Since F e € and
04(F;X) = O(F;X) on a set X, if F is increasing on X, F € € on P.
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Hence F ¢ (N) on P. By [11] (Theorem 6.7, page 227), F ¢ AC on P. By
Theorem 3 of [4], F e [M].

We show that 7 ¢ €. It suffices to show that if F € K(N), then
F e E(N) onaset Q. Let £ >0 and let 6 be determined by & and the

fact that F satisfies A(N) on Q. Let S c< [0,1], |S]|] = 0. Select a

sequence of nonoverlapping intervals {Ig} such that S ¢ v Iy and % |Ik| <
N

min{&,8}. Let Skn’' n=1,...,N, be sets such that S n Iy = U Sk, and

[ N @ © N

I I O04(F;Skn) < =. Then N - I Iyl + I I O4(F;Skn) < & - (N + 1).

k=1 n=1 k=1 k=1 n=1

Hence F ¢ E(N) on Q. The other inclusions are evident. It remains to show
that they are also strict. We show that ACG is strictly contained in 3.
let F, G: [0,b1] 2 R, Fe ? Ge (N) such that F + G = 9. (See [3], the
the proof of Theorem 4, page 205.) Then —-G=F-9¢ 7. Suppose on the
contrary that -G € ACG © VBG. Since -G e (N), G e ACG ([11], Theorem 8.8,
page 233). Hence ¥ = F + G ¢ #', a contradiction. Thus F' - ACG PR We
show that 7' is strictly contained in 7. Clearly F cBc T,. (See [4],
Theorem 1,c).) let F be the function constructed in Example 1. Then
-Fe?d- T,. Hence -~F ¢ 7.

We show that 7 is strictly contained in €. Let F,, F; : [0,1] = R be
the functions defined in [3] (Theorem 5,a)), F, + F, = ¢, F,, F, € €.

Suppose on the contrary that PF; € 3. By f) 9 = F, + F; ¢ €. But € c

[M]. Hence we have a contradiction.

We show that € is strictly contained in [ﬁ]. Let F,G : [0,1] — R,
Fe? Ge (N)c [ﬁ], F+G=%9% ([3]) Suppose on the contrary that G e €.
By f) 9 =F +G e € c [1\7],' a contradiction.

We show that [ﬁ] is strictly contained in [ﬁ*]. We consider the
function g constructed in the Example of [4]. Then g e [Mx] = [ﬁ*] n [Mx].
By Theorem 3 of [4], g ¢ [MI.

Remark 12. Let f : [0,1] W R, f(x) =0, x € C, f(x) =1, x ¢ C. Then f
is lower semicontinuous, f € A(2) and f ¢ AC on [0,1]. Hence we cannot

give up the continuity condition in Theorem 7, a).
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Lemma 1. Let F,, F, : [0,1] & R, and let P be a closed subset of

(0,11. If F, ¢ A'(N) on P, for some natural number N, F, ¢ € (re p. €)
on P andif H=F, - F; ¢ VB on P, then F;|p € A'(N) (resp. A(N)).

Proof. F, =F, ~-H=f, - h; - H where f, ¢ A(N) and h, € AC on
P. Then F, - f, =h, -H is VB n € (resp. VB n £) on P, by Theorem
7 (resp. [3], Theorem 5,c), page 208). Henée F, - f, is AC (resp. AC) on
P by Theorem 7 (resp. [3], Theorem 5,c), page 208) and F, ¢ K'(N) (resp.
A(N)) on P.

Theorem 8. Let F,, F, : [0,1] @ R, F, ¢ 3' n B¥, F, ¢ € n B¥ (re p.
F, ¢ £EnB¥), F, - F, ¢ VBG on [0,1]. Then F, ¢ # n B¥ (resp.
F, ¢ # n B¥) on [0,1].

Proof. Let {Py} be a sequence of closed subsets of [0,1] such that
v Pk = [0,1], Fyp € Cn A" (Ng), Fajp ¢ Cn € and F, - F, ¢ VB. By
Lemma 1, F’lpk € X'(Nk) (resp. A(Nk)). Hence F, € #' n B¥ (resp.
F, ¢ #nB¥) on [0,1].

Lemma 2. Let Mpj : [0,1] @ R and let P be a closed subset of [O,1].
Let F : [0,1] & R such that Hp(x) = Mp(x) - F(x) is increasing on P and

Hhp — 0 [unif] on P. If there exists a natural number N such that
Mp € A(N) on P, then F € A(N) on P.

Proof. Let ¢ > 0 and let n be a natural number such that
Hn(x) ¢ ¢/2N, x € P. Let 6(n,c) be the 6 determined by /2 and the
fact that Mp € A(N) on P. Let {Iy} be a sequence of nonoverlapping
intervals, Iy n P # ¢, I |Ik| < &(n,s). Let Ekj» J = 1,..,N be sets such
that

(2) E,.=I1, nP and § [ IO-(Mn;Ekj)l < £/2 .

k j=1

Let akj, bkj € Ekj» akj % bkj- Then ]).Z (F(bxj) - F(akj)) = ]{ (Mp(bkj) -

Mp(akj)) - E (Hp(bkj) - Hp(akj)) » E (Mp(bkj) — Mp(akj)) - e/2N. By (2) we

N
have § % (F(bkj) - F(akj)) » —¢/2 - £¢/2 = -¢. Hence F ¢ A(N) on P.
k j=1
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Theorem 9. Let uL be an upper semilinear space contained in uCM

which is closed under uniform convergence. Then the LF integral is

equivalent with the LF'P integral on [0,l1].

Proof. If f is LF integrable on [0,1] and F is an indefinite LF
integral of f on [0,1], then F(x) - F(0) serves as both, a LF'P - major
and minor function for f on [0,1]. Hence f is LF'P integrable with F
an indefinite LF'P integral. Conversely, let f be an LF'P integrable
function with F an indefinite LF'P integral. Let Mj and mj denote
respectively LF'P - major and minor functions for f on [0,1] with the

following properties:

(3) M.(a) =m (a) = 0; M(x)-m(x)<1l/i, xe [0,1];

(4) (Mi);p(x) a f(x) a (mj);p(x) a.e. on [0,1] .

Clearly F(x) = sqp{mj(x)} = inf{M;j(x)}. By Theorem 11 of [4], Mj - mj is
J i

increasing, and by (3), Mj — F [unif], mj — F [unif]. Hence Mj - F and
F - mj are increasing on [0,1]. Let {Pyx} be a sequence of closed subsets
of [0,1] such that Milpk e C n A'"(Njx) and mj|p} € Cn K'(Njk). Let
Nk = Nyk. Then M1|Pk € A'(Ng). Since mj € #' ¢ € on Pj, for each j, by
Lemma 1, mj e A'(Ny) and Mj e A(Ng) on Py, for each i and j. By
Lemma 2, F ¢ A(Nk) n A(Ng) = A(Nkx * Nx) on P. Hence F ¢ #' n B on [0,1].
Since Mj — F [unif], mj — F [unif] and wul is closed under uniform
convergence, it follows that F e L. Since Mj - F, F-mj and Mj - mj are

increasing on [0,1], (Mj)ap(x) » Fép(x) a (mi)ép(x). By (3) and (4)
1
Io IFap(x) - f(x)|dx < Io | (Mi)ap(x) - (mj)ap(x)|dx £ M;(1l) - mj(1) & 1/i.
1 .
Hence I |Fap(x) — f(x)|dx = 0. Therefore Fap(x) = f(x) a.e. on [0,1].
0

Example 2. Let {j.} be an increasing sequence of natural numbers and

J -P J -
let p be a natural number such that: Jo = 0 and g 2kt Ty gkt
J -1
+
3 272 » k»p. Let F, Gp: [0,1] = R be two continuous functions defined
© Jzi+1 ct+1
as follows: F(x) = I T c.(x)/2 , XxeC and F is linear on each
i=0 k=,jzi+1 ‘ )

interval contiguous to C; Gp(x) = F(x) + (1/(2P - 1)) - 9(x). Then we have
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a) Gl_f, = F' a.w. on [0,1] and Gp — F [unif], p — «;
b) Gp € A(2P) on C, hence Gp e # on [0,1];

c) F and Gp belong to the class B;

d) Fe€ -% on [0,1]. Moreover, F ¢ ? and F ¢ %

Proof. a) is evident.
‘j2P+1
b) Let ¢ >0, ¢ép = min{s, 1/3 } Let I € [0,1] ©be an interval
with endpoinfs in C such that |I| < 1/3J". Let n be a natural number
such that 1/3"** & |I| < 1/3", and let k Dbe a natural number such that
Jax # 0 < Jak+as. Clearly k ap. Since |II] < 1/37, there exist

Cys Ca2y...5¢p € {0,2} such that cj(x) =c¢j, i =1,2,...,n, x e I nC. Let
J

2k . J

a= § ci/31 and b=a+1/3 *". Let dj € {0,2}, i=1,2,...,p, and let
i=1 '

Ed,.‘.d, = {x € [a,b] nC: c‘jzkﬂ(x) = d,; C‘j“_,,,—l(x) = da; ...

Cj,p4aPFl = dp}. Let x,y € Ed,“-d,’ x < y. Then we have three situations:

2k+3‘ 3k+3'

. J J J
1) y-x>1/3 i 2) y-x=1/3 ; 3)y-x<1/3

2k+3

1) Let j, +1 € iy, € ja,4s such that cj(x) = ci(y) = cj, 1 € i - 1;

Cio(x) = 0; Cio(Y) = 2. Clearly i, € {Jjzu+2s Jaw+2-1ls ..., Jaw+2—P + 1}.

® . ®
Then x =a, + I cij(x)/3%, y=a, +2/3° + I ci(y)/3i, a, =
i=ig+l izigo+l
10"1 .
I cyi/3%. We have three possibilities: (1) Jae + 1 €& iy £ jausls
i=1
(ii) Jaw+r + 1 € io € jaus2 — P (iii) Jak+2a + 1 6 io 6 jau+s-

(1) Gp(y) - Gp(x) = F(y) - F(x) + (*(y) - ®(x))/(2P - 1) » F(y) - F(x) 2

F(a, + 2/31°) — F(a, + I  2/3i) > o.

i=10+1 .
i J2k+2 .
(ii) Gp(y) - Gp(x) » Gp(a, + 2/37° + X l(di - Ja2e+z + P)/31) -
. . i=) -p+ .
Jak+27P i Jau+2 2kt32 ) © i
Gp(a, + X 2/37 + X (di - Jaw+2-P)/3* + . ; 2/3%) =
i=io+l i=jzk+z—p+1 1=J2k+3
. jzk+z-p i @® i i jzk+z—p i
Gp(2/3°) -6p( I 23+ §  2/3Y) =F(2/3) -F I  2/3) -
i=ig +l i=j +1 - i=igy+1

2k+2
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® . . jzk+2_p .
F( I 2/3%y + (1/(2P - 1)) - [(v(2/3'°) - »( ¢ 2/31) -
—J2k+2 +1 i:i°+1
® i bt i J.zlz-fz_P
(T E) = R D 23D ¢ (@-1) - (a2 -
J2k+2 +1 1=J2k+2
J J
172 2***y) 5 -1/2 Tacs +(1/(2P - 1)). (2P - 1)72 *** = 0.

(iii) Gp(y) - Gp(x) > 0 (the proof is analogous to that of (i)).

jzk+3_1 .
2) Let a; = } ci/31. We have two possibilities:
i=1
j J
(1) x=a, +1/3 **"°, y=a, +2/3 ***.  Then Gp(y) - Gp(x) = F(y) -
F(x) > 0.
J
(ii) x =82, y =8, +1/3 " and Gp(y) - Gp(x) > 0.

3) Let iy  jae+3+l such that ci, (x) =0, Cio(Y) = 2, ci(x) = ci(y)
10-1

ci, 1 =1,2,...,ip - 1. Let a; = } ci/31. Then Gp(y) — Gp(x) 2 Gp(a,
. . . i=1

2/3'°) - Gp(a; + 1/3*°) = F(2/3'°) - F(1/3%°). let m be a natural number

such that Jjay,.me2*t]l € 1o € J2kemsa- We have two possibilities:
]

(i) m is even.  Then F(2/31%) - F(1/3%°) = -§( 5 2/3%) >

s +
1 Jzk+m+; 1

+

2k+m+4 2k+m+4

-9(1/3 ) = -1/2 .

(ii) m is odd. Then F(2/3i°) F(1/3%°) > 0. By 1), 2), 3) it follows

‘j -
that |0_(Gp;Eq .. .d )| & 1/2 anre, Since |I| > 1/3°7' a 173 ****
) pitd,...q .

J
2P/2 2k+‘, k a p (by hypothesis), § % --- |0-(Gp;Edl...dp)| < |I]. Now
d, d, dp
the proof follows by defintion.

c) See the lemma on page 198 of [3].

d) If 39 ¢29*1, then both F and f=9 - F belong to € - 7.
(See [3], page 208, the functions F,, F,.) Suppose on the contrary that
Fe 7 Then by Theorem 7, f), g), F+f=9ec€Ec [ﬁ], a contradiction
(since ¢ ¢ [ﬁ]). Hence F ¢ 7. We show that F £ 7. It is sufficient to

prove that F ¢ A(ZN - 1) for some natural number N, on no portion of C.
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Let P be a portion of C. Suppose on the contrary that F ¢ A(ZN - 1) on P.
Let [ao,bo,] be a closed interval retained in the Cantor ternary process from
the qth step such that [ag,be] n C € P. (We take the first q with this
property.) Then F e A(2N - 1) on [ap,bo] n C. We may suppose that
Jaker € Jake2~N and jau+2-N > q. Let n; = j;,y - j;. Then N - ng4, < 0.

Let I = [a,b] be a closed interval retained in the Cantor ternary process

J -N-q
from the step jax.2-N, I € [a¢,bo]. (We have 2 2xt+2 such intervals.)
Jzk+z—N . j2k+2—
Then a = ci/3i, b=a+ 1/3 . Let {Ep}, n=1,2,...,2N -1,
i=1
_ 2N-1
be sets such that Ep =E, < InC, U En=1InC. Then
n=1
2N-1 Jyerat2 2N-1
(5) I |O_(F;Ep)| > 2/2 Hence § I |0-(F;Epn)|
n=1 I n=1
J -N-q J +2
5 2 2x+2 . (2/2 2k+2 y = 1/2N+q+1 .
‘jz k+2—N_q
Since |I] - 2 — 0, k— o, it follows that F ¢ A(2N-1) on

[ap,bo] N C, a contradiction. Hence F ¢ A(2N-1) on P. It remains to show
(5). Let Ip = [ap,bp)l, n = 1,...,2N, a, = a, be the closed intervals

retained in the Cantor ternary process from the step j,;..,2 which are contained

J
in I (numbered from left to right). We observe that |In] = 1/3 2kta and
J
F(ap + x) = F(a + x), for each x Dbelonging to [0, 1/3 2k+2] nC, n-=
i
1,2,...,2N. Let R{ =E; - U I, i =1,2,...,2N - 1. Clearly there exists
t=1

ie {1,...,2N-1} such that bj ¢ Ef and R; # 8. Let i, be the first i
with this property. Let x4 =bj, 1i=1,2,...,1,. Let mj = inf{F(x) :
X € Rix}’ Then |0—(F3Eil)| > Mil -mj, where Mi1 = F(xil).

2N
a,) If mj = F(a), then [ |0-(F;Epn)| > |O-(F;E,)| 2 Mix -mj =
n=1
= F(b) - F(a);

b,) If mj > F(a), let p(l) = sup{x € Ij : F(x) € mi;}’ i=i, +1,

i
i, + 2,...,2N. Clearly F(pgill) = ... = F(péﬁ)). Let

i, € {i, +1,...,2N = 1} be the first index such that Riz £ o
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a,)

bz)

a,)

bs)

There exists some jo, € {1,...,2N - 1} such that Rij 9 and Ry =
. o

(1) (1)

and Pi,” € Ei,' Let x3 =p; ", i=1i, +1,...,i,. Let
mj, = inf{F(x) : x € Ri,}° Then |0—(F;Eiz)| 2 Mi2 -mj,,
where Miz = F(Xi,);

2N-1

If mj, = F(a), then } |0—(F;Ep)| 2 |0—(F3Ei,)| + |0-(F;Eiz)|
n=1

> F(b) - F(a) -~ (mi, - Mj,).
If mj, > F(a), let pgz) = sup{x € Ij : F(x) < mi,}’

i=i; +1,...,2N, Clearly F(pgil,) = eee = F(p(;)). Let

is € {i + 1,...,2N - 1}, be the first index sucﬁ that Ria 0
and . p§:) € BEj . Let xj = p$?) iz, +1,...,15. Let

mj_ = inf{F(x) : x € Ria}’ Then IO—(FiEia)l a Mi3 -mj,

where Mj = F(xia);

o o . . . . . . o o . . . . . . . . . . . . . . . .

. o o . . . e o . . . - . . . . . . . . . . . . . . . . .

2,

i ijo. Then a2N € Rijo' (Indeed, since azN ¢ Ef for Rj = 8, it follows
that aZN € Eio with Rio # #, for some 1i,. Hence i, = ijo.) aijo) It
follows that mj. = F(a ) = F(a). We have
Jo ZN

2N Jo
(6) I |0-(F;Ep)| » I [|0-(F;Ej,)| » F(b) - F(a) -

n=1 t=1

jo“l J.z|:+z+2

I (mj, - Mg, ) > (F(b) - F(a))/2 » 2/2 .

t=1
Hence we have (5). It rerains to show (6). Llet Q=F(InC)=F(I, nC) =
s+ = F(InpnC). If mj, # Mit+1’ t=1,...,d0 — 1, then (Mit+n’mit) are
intervals contiguous to Q ¢ [F(a),F(b)]. Let Im = [ap, bml,

n

m=1,...,2 zk+z, be the closed intervals contained in Ip,, retained from the

137



n2k+2

2

step Jja«+s 1in the Cantor ternary process. Then Q = U F(IpnC). We
© Jzt+3 T?l
have F(by) - F(ap) = B, where B = [} ) 2/2™", and F(apt) -
t=k+l m=jzt+z+1
j2k+3+1
F(byp) = A, where A = 2/2 - B. Clearly A > B and (F(bgp), F(am+1))
are intervals contiguous to Q < [F(a), F(b)] with length A, m =
n
1,2,...,2 2* _ 1. since N < nzu41, it follows that jo — 1 < 2N — 2 ¢
n2k+2 n3k+l+1 n2k+2
2 - 2. Hence 2 - (2N -2) ¢ 2 -4 <2 -1 (since nj is
n n
strictly increasing). We observe that: F(b) - F(a) = 2 akta B + (2 2"“—1)

cA>2 - (2N - 2) . A, Hence (2N -2) - A < (F(b) - F(a))/2. Also,

Jo-1 2N-1 .
sup I (mj, -Mj) 4 (2N-2) - A and I |O_(F;Ep)| > F(b) - F(a) -
t=1 n=1

(2N - 2) - A > (F(b) - F(a))/2 and we have (6).

Open Problem. Clearly if f i8 LF integrable, then f is LFP
integrable. Is Theorem 9 true if the LF'P integral is replaced by the LFP

integral?

Remark 13. a) Theorem 8 does not remain true if the function F, is
supposed to be ¥ n Bf. (Each function Gp constructed in Example 2 is a
counterexample, since Gp € (F nB) - 3'))

b) Let Gp be the functions constructed in Example 2. Suppose that
Np is the first natural number such that Gp e A(Np) on C. Clearly
Np 4 2P, By Lemma 2 it follows that the sequence {Np} is not bounded.

We are indebted Professor Solomon Marcus for his help in preparing this

article.
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