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1. Introduction.

It is well known that the derivative of a differentiable function is in

Bl’ the first class of Baire, and that the extreme derivatives of an

arbitrary function are in B2, the second class of Baire. The Dini

derivatives of a function in Ba are in Ba+2 [7]. In recent years similar

results have been obtained for appfoximate derivatives [8], [9], and
approximate symmetric derivatives [6], etc..

Bruckner, O’Malley and Thomson [3] introduced the concept of path
derivative as a unifying approach to the study of a number of generalized
derivatives. Any generalized derivative for which the derivative at a point
is a derive number of the function at that point falls into the framework of
path derivatives. They noticed that much of the information concerning the
behavior of a generalized derivative is contained in the geometry of the

collection E = {Ex: x € R}. One would like to have nice extreme path

derivatives or path derivative for a nice function, i.e. a measurable (Borel



measurable) Fﬁ for a measurable (Borel measurable) function F.

The behavior of path derivatives and extreme path derivatives depends on

three factors: the thickness of the paths, the behavior of Ex and Ey

when x and y are very close, and the behavior of the original function.
In [2] we studied the Borel measurability of extreme path derivatives when
the system of paths is continuous. In this paper we investigate the Borel
measurability of extreme path derivatives when the paths are thick in some
sense. Some familiar notions of measuring "thickness" of a set are outer
density, density and porosity. Bruckner, O’Malley and Thomson in [3] showed

that for a monotonic function F, and a nonporous system of paths E, the

extreme path derivaties Fﬁ and Eé are identical to the extreme

derivatives F’, and F’ respectively. Thus Hajek’s theorem [5] implies

that Fﬁ and Eé are functions in Baire class two. Similar results hold for

a Lipschitz function with the Lipschitz constant M, since the function
F(x) - Mx is monotonic.

We begin with a preliminary section giving the basic definitions. In §3
we construct a Darboux Baire one function and a continuous function tailored
to a nonporous system of paths with path derivative not being measurable and
Borel measurable respectively. This shows that we can not drop the
requirement that F 1is a Lipschitz function. We then continue by showing
certain connections between the paths and the moduli of continuity of the
function which still allows us to conclude that the extreme path derivatives
are in Baire class two. Moduli of continuity are convenient tools to control

the growth of functions. Here they are used to control the size of the gaps
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in paths.

2. Preliminaries.

2.1 Definition. Let x € [0,1]. A path leading to x is a set
Ex C [0,1] such that x € EX and x is a point of accumulation of Ex’ A
system of paths is a collection E = {Ex: x € [0,1]} such that each Ex is a

path leading to x.

2.2 Definition. Let F: [0,1] — R and let E = {Ex: x € [0,1]} be a

system of paths. If lim F( ;:g(X) = f(x) is finite, then we say that F
yox
yeEx

is E-differentiable at x and write Fé(x) = f(x). If F is

E-differentiable at every point x € [0,1], then we say that F is

E-differentiable.

The extreme E-derivatives of F are 1lim sup F( ):F(X) and

yox v
yeEx
lim inf F( ;:z(X) . When we are dealing with a specific system of paths
yox
yeEx

tailored to a continuous function, we may alter E = {Ex: x € [0,1]} to

E1 = {Eg: x € [0,1]}, where Eg denotes the closure of Ex'
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2.3 Definition. Let A be a subset of the real line, R, and let

A(A,x
h

h)

0 where A(A,xo,h) is the

X, € R. Define P+(A,x0) = lim s:p
h»0
length of the largest open interval in A n (xo,x0+h). (K denotes the

complement of A).

Similarly define P_(A,x,) and let P(A,xo) be the larger of P+(A,x0)

0
and P_(A,xo). Note that the numbers P(A,xo), P+(A,x0), P_(A,xo) all lie
in the closed interval [0,1] and that the larger P(A,xo) is, the larger are

the gaps of A near x The numbers P+(A,x0), P_(A,xo) and P(A,xO) are

0
called porosity of A from the right, porosity of A from the left, and

porosity of A at X, respectively.

0

2.4 Definition. Let E = {Ex: x € [0,1]} be a system of paths. (If

E has any of these properties at each point, then we say that E has that

property.)
(2.4.1) E 1is said to be unilateral at x if Xx 1is a unilateral point of
accumulation of Ex'

(2.4.2) E 1is said to be nonporous from the left (right) at x if E, has

left (right) porosity 0 at x.

(2.4.3) E is said to be nonporous at x if Ex has porosity 0 at x.

(2.4.4) E 1is said to be bilateral at x if x 1is a bilateral point of
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accumulation of Ex'

2.5 Definition. A function w will be called a modulus of continuity

if w is defined for positive reals, is increasing, and lim+w(x) =0. A
x-0

function F € C([0,1]) will be said to have w as its modulus of continuity

and belongs to C(w), if x,y € [0,1] implies |F(x)-F(y)| < w(|x-y|). A

modulus of continuity is called regular if w(Ax) < (M+l)w(x) where X € R'.
(the positive reals). It readily follows from the definition of continuity

that every F € C([0,1]) is in C(w’) where w’ 1is defined as follows:

w'(§) = sup {|F(x)-F(y)|}.
|x-y|<6

It is clear that w’ 1is a regular modulus of continuity, and w’(6) < w(d),

for all w such that F € C(w). The modulus of continuity w’ is called

the regular modulus of continuity corresponding to F. Note that the

relations F € Lip; and w’(8) < M6® are equivalent.

2.6 Definition. Let F: R— R be a function, the oscillation of F

at a 1is defined as follows:

0SC(F:a) = lim[sup F(z) - inf F(z) }.
620 |a-6<z<a+d a-6<z<a+d

Throughout this paper X denotes the complement of A and N is the set of
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positive integers.

3. Modulus of Continuity and Porosity.

Example 3.1 shows the existence of a Darboux Baire one function, and a

nonporous system of paths E such that Fé is not Lebesgue measurable.

In example 3.2 we construct a continuous function and a nonporous system of

paths so that Fé is not Borel measurable. Remark 3.8 of [4] implies that

Fé may also be nonmeasurable.

Moduli of continuity are convenient tools to control the growth of
functions. Here they are used to control the size of the gaps in paths. In
Theorem 3.4 relations between moduli of continuity of a function and the
sizes of the gaps are given. These relations guarantee that the extreme path

derivatives are functions in Baire class two.

Example 3.1: There exist a Darboux Baire 1 function and a nonporous system of

paths E such that F! exists everywhere, but it is not Lebesgue

E
measurable.
- ©
Let P be a cantor like set with positive measure and P = |J (Cn’dn)'
n=1
For each n € N choose sequences {a }® , and {b }® with the
n,m m=1 n,m m=1
following properties:
(i) lim a . =¢C. lim bn o= dn’
m0 ! m>0 ’

82



(ii) ¢ < a < a b <b <d

n n,m+1 n,m n,m n,m+1 n’
(iii) a__ -a <L -c) b b <id-c)
n,m n,m+1 n n n n,m+1 n,m n n n’’
dn +C
and an’1 = bn,l = )

On each subinterval (a ) define the function

a
n,m+l’ n,m

hn m(X) = (x-a : Y(a_ _-x) sin (x-a 1)(a -X)
’ n,m+l n,m n,m+l n,m
hn,m(an,m) = hn,m(an,m+1) =0.
Similarly define h on each subinterval [b_ b 1. The function
n,m n,m’ n,m+l
0 if xe€P
F(x) =
hn,m(X) if x € [an,m+1’an,m] U [bn,m’bn,m+1]

is Darboux Baire one. Let A be a nonmeasurable subset of P. Define the

system of paths E = {Ex: x € [0,1]} as follows: Ex = (x-6,x+6) C P for

~

some positive é for x € P,

=
n

{t: F(t) t - x} for x € P\A,

=
I

{t: F(t) -t + x} for x € A.
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The system of paths E is nonporous and Fé exists everywhere but Fé is

not measurable, since Fé =1 on P\A, and Fé = -1 on A.

Example 3.2: There exists a continuous function F and a nonporous system of

paths E = {Ex: x € [0,1]} such that Fé exists everywhere but it is not

Borel measurable.

Let {pn}:_1 be an increasing sequence of positive real numbers tending

to 1, so that

lim n(1 - pn) = ®.
>

We construct a Cantor like set as follows:

Remove an open interval J1 1 of length 1 from the middle part of the

closed interval [0,1]. Call the remaining two closed intervals of equal

length Il,l and 11’2. Remove the open intervals- J2’1 and J2’2 of

length Py- [I1 1| from the middle part of the closed intervals I1 1 and

I1 9 respectively. Call the remaining four closed intervals of equal length

12,1, 12,2, 12’3 and 12,4. In general at the nth stage we remove open

. n-1

intervals Jn,l’ Jn,2’ Jn,3’ cee Jn,2 each of length p_. lIn—l,ll

from the middle part of the 271 closed intervals I | , e,
n-1,1 n-1,2

I n-1

n-1,2 remaining from the (n-1)th stage. Let P be the set which remains
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when this process has been carried out indefinitely.
The set P is perfect, nowhere dense, and has measure zero. Let Il’

12, 13, ... be the sequence of intervals contiguous to P in [0,1].

Clearly 1lim II | =0. Let I_ = (c_,d ). For each n € N choose sequences
e D n n’'n

® ® . . .
{an,k}k=1f {bn,k}k=1 with the following properties:

dn +Cc
an,1 = bn,l =
€h <2 ,k+1 < an,k bn,k < bn,k+1 < dn
1 1
an,k an,k+1 <n 'Inl bn,k+1 ~ “n,k < IInI
lim a =C lim b =d
k-0 'k n k-0 'k n
a

1 n,k+l =1 lim n,k+l =1
ko 2n,k kow P,k

We now define our function F on the interval [0,1] so that each of the

following is true:

(i) F is continuous on [0,1],

.. . ® N
(ii) F vanishes on P |J {{an,k}k=1 U {bq,k}k=1}n=1’

(iii) F 1is differentiable on each I

i’

a - a
(iv) Fla + n,k n,k+1

n, k+1 4 = -Van k~ ‘n
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(
Fla + 3(an,k an,k+1) a _—
\ n,k+1 4 - "n,k n’
( b b
n,k+1 n k| _ _ -
Fkbn,k 4 ] - dn bn,k ’
( 3(b b_ )
n,k+1 nkK'|\ _ -
F bn,k 1 J = Vdn bn,k , n=1,273,...
\

Choose a non-Borel measurable subset A of P. We construct a system of

paths E = {Ex: x € [0,1]} 1in the following manner. For any x € A,

define:

Ex = {t: F(t) =t - x}.

For x € P\A, define

Ex = {t: F(t) = -t + x},

and for x not in P, choose a positive number & small enough so that

[x-6,x+6] | P = ¢. In this case we define E = (x-6,x+6]. F is a
continuous function defined on [0,1], and the derivative function Fé exists
everywhere, and Fé =1 on A, and -1 on P\A.

We verify the fact that each path Ex is nonporous on both sides at x.

Let us compute the porosity P+(Ex,x) for each x; similar arguments may be

applied to obtain the left porosity.
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For points x in [0,1]\P it is trivially true that P+(Ex,x) = 0.

Let x be a point of A. If x 1is a bilateral point of accumulation of P,

let us estimate the size of A(Ex,x,h) where h is a positive real number.

If (a,b) 1is the largest subinterval of (x,x+h) that is disjoint from

the set Ex’ then because F is continuous either

F(t) > t - x everywhere on (a,b)

or

F(t) <t - x everywhere on (a,b).

Consider the former situation. For this to be the case (a,b) must be a

subinterval of some interval (a.

1,k+1’ai,k) C Ii or (b

i k'Piker) C i

Then

AE,,x,h) . (8 1 = 35 k1)
P h
1
2k T % kel ALY 1

< e L <
(ai,k+1 x) (1 pi)llil i(1 pi)

and since i tends to infinity as h tends to zero, this is arbitrarily
small for h sufficiently close to zero. Alternatively, let us consider the

latter situation. Ex misses the subinterval (cn,an k) for which

Van,k ~ < (an,k - x). 8o (an,k -c ) <(a 4 - 2. Also E, misses

’

the subinterval (bn',k"dn) of I, for which Vdn, - bn',k' <(d, -x).

87



2
Thus (dn' - bn,k') < (dn' - x)°.

2 2
A(Ex,x,h) (an’k -x)° + (dn' -x)"+ (1 -p)h
h h

IA

IA

(dn, - X) + (an k- x) + (1 - pn).

’

For small h, this expression is small too, and we have verified that

P+(Ex,x) = 0. Similarly P+(Ex,x) =0 when X = dn for some n. When

X =c, Ex has at least one point in every subinterval (an,k+1’an,k)’ )
A(Ex’x’h) < (an,k - an,k+1)
A(Ex,x,h) 8k~ %n kel

<
h an,k+1
which could be as small as we please, as h tends to zero. So P+(Ex,x) =0
for every x € A.

Similarly P+(Ex,x) = 0 for every x € P\A. The derivative function

FI

& is not Borel measurable since ({x: Fé(x) >1/2} ] P = A which is not a

Borel measurable set.
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Lemma 3.3: Let F be a function defined on [0,1], € a positive real

number, and OSC(F;a) < € for each a € [0,1]. Then there exists’a

continuous function g so that |F(x) - g(x)| < 2.

Proof: For each a € [0,1], since OSC(F,a) < €, there exists a 6a >0
such -that for all t, z € (a-6a,a+6a), |F(t) - F(z)]| < «. As the open
intervals (a—6a,a+6a) form an open covering of [0,1], there exists a finite
number of points a; € [0,1] such that the open intervals (ai—5ai, ai+5i)

form a covering of [0,1]. Without loss of generality we suppose

0= a; < ay < a3 < ... < a = 1. Define
F(a, ,) - F(a.)
H.(x) = 1+1 !l (x-a.) + F(a.)
i . - a. i i
i+l i

for i =1,2,...,n-1.

Let g(x) = Hi(x) where x € [ai’ai+1

] for i=1,2,...,n-1.
The function g 1is a continuous function and for each x € [0,1],

lg(x) - F(x)]| < 2¢.

Theorem 3.4: Let E = {Ex: x € [0,1]} be a bilateral system of paths and

{an}:-l be a decreasing positive sequence tending to zero so that

Ex i [x—an,x—a ] and Ex N [x+a x+an] are nonempty for each x € [0,1].

n+l n+l’

Also let F € C(w) C C([0,1]). Suppose the following:
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(i) w(an) . [1/an+1 - 1/an] tends to zero.

(ii) w(an - an+1)/an+1 tends to zero.

Then

a) if the function F 1is E-differentiable, Fé € Bl’

Proof: It is enough to prove the theorem for the right upper E-derivative.

Let Fn(x) = sup{(F(t)-F(x))/(t-x): t € E, N [x+a x+an]}. By continuity

n+l’
of F(x), for every positive €, a positive é could be found so that
|F(x) - F(y)| < € when |x-y| < 6. Without loss of generality assume that

each E  is a closed set, thus Fn(x) = (F(s)-F(x))/(s-x) for some

s €E N [x+a x+an]. For |y-x| <6, Fn(y) = (F(t)-F(y))/(t-y) for

n+l’

some t € Ey n [y+an+1,y+an], so

|F(s) - F(x) _ F(t) - F(L)’ -
s— =y

|Fn(x) - Fn(y)l - n

F(s) - F(x) F(t) - F(s) + F(s) - F(x) + F(x) - F(y)

s-X t-y
1 1 F(t) - F(s) F(x) - F(y)
< |F(s) - F(x)]| o % t-yl + I Ty + I o :
But a <s-x<a, and a <t-y<a_. Hence
n+l n n+l n
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1 1 1 1
s—x  t-y| < a T a_
n+l n
So
w(a_ - a + 26)
|F(x)—F(y)|5w(a)[1 _l_]+ n___n+l + =<
n n n’|a a a
n+l n n+l n+l
when |x-y| < 6, which implies
OSC(Fn;x) = lim [ max F(z) - min F(z) ]
60  x-6<z<x+6 x-6<z<x+6
w(a_ -a_ )
<w(a)[1 —1—]+ n__ml 1.,
n’ |a a a 2 'n
n+l n n+l

The assumptions (i) and (ii) imply that 7, tends to zero, and by lemma
3.3, for each n € N, a continuous function g, could be found so that-
|Fn(x) - gn(x)l <, for every x € [0,1].

When the function F is E-differentiable for each x € [0,1] we have

F/(x) = 1lim F (x) = lim g (x); so F/ € B,.
E o D oo D E 1

In general Fﬁ(x) = lim sup Fn(x) lim sup gn(x); so F.L e B

E Similarly
n->w n->0

2°

Eé is a function in Baire class two.
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Remark 3.5: For w, a regular modulus of continuity, we have

0 < w((an._ an+1)/an+1) < (1/an+1 + 1)w(an - an+1) = w(an - an+1)/a

Since {an} is a positive sequence tending to zero, if

w(an -a_.)/a

el tends to zero, w((an - a

n+l n+l

large, which implies lim a/a . =1
>

For a system of paths E = {Ex: x € [0,1]} such that

Ex N [x+a x+an] # ¢ for all natural numbers n, we have

n+l’

A(Ex,x,h) a
0 < P+(Ex,x) = lim sup ——— < lim |-1 + =0,

h-0 h o n+l

which implies Ex is nonporous from the right at x.

Remark 3.6: When w(6) > v8, and w(an-an )/a

+1 n+l

quantity Cl/an+1—1/an) tends to zero as n tends to infinity.

Proof: For each natural number n, (an -a )2 > 0. Therefore

n+l

2 22 - a

a n n+1
n ————————————————
a
a n+1
n+1

v

which implies
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Since the function F(x) = y¥x is increasing for x > 0,

an _ 1
2 -
an+1 n+l
Thus
w(an—an+1) A/ %n ” %n+1 1 1
a 2 a 2 a -2 20
n+1 n+l / n+l n
w(a -a_ )
If Z—M tends to zero, then lim [al - :1_] = 0.
n+l e n+l n

Remark 3.7: If w(6) > 6% for some @, 0 <a<1, and {an}:=1 is

decreasing positive sequence tending to zero, with [w(an)]a < aﬁ/(an+1

then

w(an—an+1)

a

tends to zero.

w(a_) 1 __ L tends to zero, if
a

n+1 n n+l

Proof: Since w(8) > 6% for some a,
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a aa
wia -a_ ) N (a-a_ ) Apdn [ 1 l_]a
an+1 - an‘+1 an+1 an+1 an
a
a a a
L S T S
-a |a a n a
(a_ .) n+l n n+l n
n+1
a
n’|a a
n+l n
w(a_-a_ )
which implies w(a )[ 1 _ l—J tends to zero as —n n+l tends to zero.
n’ |a a a
n+l n n+l

Lemma 3.8: If w is a regular modulus of continuity, then the function

w*(t)

w*(t) =t inf wix) is a modulus of continuity such that t is

0<x<t

nonincreasing, and %-w(t) < w*(t) < w(t).

*
Proof: It is clear that w*(t) 1is defined for t > 0 and &L%EL
is nonincreasing. If ti < t2, and
inf wix) < inf wix) ,

0<xst2 0<x<t1
then

inf wix) = inf 'ix)

0<x5t2 t15x5t2
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and hence w*(t,) = inf (t, /x)w(x) > w(t,) > w*(t ). If t, <t
2 2 1 1 1
t,<x<t
1 2
inf w(x)/x = inf w(x)/x, then
0<x5t2 O<x5t1

w*(tz) = t, inf

Thus w*(t) 1is increasing.

Since w*(t) < w(t)

lim w*(t) = 0.
t-0

For 0 <x<t, let A= t/x. Then

w(t) = w(% . x) = w(Ax) < (A+1)w(x) < 2dw(x).
Hence
w(t) < SwW(X)
t _ax .
Thus
wr(t) = t inf @) ¢, Lfw(t)) 1,
ot S -
Therefore

Tu(t) < wr (1) < wlt),
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and consequently the moduli of continuity w and w* have. the same order of

convergence to zero as t tends to infinity.

Remark 3.9: For a regular modulus of continuity w, since

1 1 1 %w(a ) ;
Os§w(a)[a -—]= n[n-l]

a a
n n+l

%k %k - -
w (an) an -1 w (an an+1) an an+1
a 1 a_-a

‘a
n n+l n+l

n n+l

a = a
n+l n+1

) w(a_-a_ )
<

we omit the condition (i) of Theorem 3.4.

Corollary 3.10: Let F be a function of class Lipschitz a for some

0 <a<1l and let E be a system of paths. Suppose for all n € N,

E, N [x - 1/n%x - 1/(n+1)%] # ¢ and E, Nix+ 1/(ne1)% x + 1/n%] # ¢ for

each x € [0,1]. Then

1) if F is E-differentiable, then Fé € Bl'

2) Fé
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Proof: In order to fulfill the conditions of Theorem 3.4, we should show

1

that w[—-l((n+l)a-na) and (n+1)aw[ -1 1

+ ——] tends to zero as n tends

a
n

(n+1)a n%

to infinity. Since lim((n+1)%* - n%)
n->w

=0 when 0 <ac<l,

w{laJ((n+1)a - n% tends to zero.
n

a
Thus (n+1)% 1 1 ] < M(n+1)a{l— - ——l———J
{na (n+1)% n®  (n+1)@

I
=
Vamryeny
=
JE
—
N—
R
I::!
>3
I

a
n
n (n+1)aJ

Since

lim[n—— n ]=1im9—1- 1

= lim lim
o n®1 o (Ot-l)nm_2
- 1ip -© [n(n+1)1_a - % lim n(n+1)1_a -0
e &1 (n+1)2 ) ol e (n+1)2
4
lim(n+1)% l—a — a] = 0.
n-m \n (n+1)
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