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 MULTIPLICATION AND TRANSFORMATION OF DERIVATIVES

 We shall investigate finite real functions on the

 interval J = [0,1]. For each system S of functions

 on J let S+ [bS] be the system of all nonnegative
 [bounded] functions in S. Let D [L,C ] be the system

 ap

 of all derivatives [Lebesgue functions, approximately

 continuous functions] on J. Let H be the system of all

 increasing homeomorphisms of J onto J, =

 {h G H; 0 < h ' < <x on J}, Q = {h € H; f « h € C _ for
 ap

 each f € C } (where (f oh) (x) = f(h(x))) and

 W = if € D; f^ 6 D] . For each system S c D let

 M(S) = { cp £ D; cpf € D for each f € s} and

 T(S) = {h £ H; foh € D for each f ^ Sļ.

 The systems Q, M (D) and T (D) have been characterized

 in [1], [3] and [4], respectively; the system T(W) has

 been investigated in [2] . It is not difficult to show

 that

 (1) bCapc w c Le d n cap,
 (2) M (D) c bCap, M(L) = bD,
 (3) L = {fg; f ,g € W } ,

 (4) Q = T(bCap).
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 We shall need the following two assertions:

 (Aj) Let h € Q, a € J. Then there is a number
 6 > 0 such that ļ h (x) - h (a) ļ / ļ x - a ļ ° -* 0 (x a, x € J) .

 (A2) Let S c D, h ÍHj, g = h"1. Then h 6 T(S)
 if and only if g' € M(S).

 The proof of (A^) can be found in [1] ; the proof of

 (A2) is very simple.

 Let f, € bD+'c f,, € W+ 'bD and let f„ = w^,
 X cxD ¿ si

 + 3
 where w is a function in W such that w c4 D. By

 (1) - (3) we have fļ 6 M(l)'m(D) , f^ - M(W)'M (l) ,

 f^ € M(Cap)'M(W), and it follows easily from (A2) that
 the obvious inclusions

 (5) T (D) c T (L) c T(W) cr T(bC, )
 ap

 are proper. We also see from (2) and (A2) that there is

 an h £ Hļ'T(D) such that both functions h' and
 (h *) ' are bounded.

 To formulate the main result (A^) we need the following
 notation: If f is a function on J and if x € J, then

 Df (x) [Df (x) ] is the upper [lower] derivate of f at

 x; if x € {0,1}, we mean, of course, the corresponding

 unilateral derivates. If y is a mapping of J to

 [0,°°] and if a, b € J, a # b, then sup(y,a,b) means

 sup{y(x); x € I}, where I is the closed interval with

 endpoints a, b. If y (x) = « for some x € I, let
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 var(y,a,b) = œ; otherwise let var(y,a,b) be the

 variation of y on I.

 -1
 (A3) Let h £ H, g = h . Let y be a mapping of

 J to such that Dg < y < Dg. Then we have

 h €T(L) if and only if

 1 x
 (6) lim sup g(x).g(a) 1 / sup(y,t,x)dt < ~

 (x + a, x € J) for each a £ J;

 we have h Ç T(D) if and only if

 1 x
 (7) lim sup ť - 7 - r

 ť g (x) 7 r -g ; (a) 5- Ja

 (x ■* a, x € J) for each a 6 J.

 The characterization of T(D) by (7) is different

 from the characterization given in [4] .

 It follows easily from (6) that the set

 {x <E J; Dh(x) = 0} is finite for each h € T(L). We

 see that there are infinitely dif ferentiable functions in

 H'T(L). According to (A^) , there are convex functions
 in H'Q; by (4) and (5), in h'T(D) . It can be proved,

 however, that h £ T(D) for each convex function

 h € Q OH.

 It follows from (6) that h € T(L), if both h and

 -1
 h are Lipschitz functions.
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 It is easy to prove that h € T(D) for each h €

 such that h' is of bounded variation. It is, however,

 not difficult to construct a function h € H such that

 h" is continuous and h' > 0 on (0,1].

 REFERENCES

 [1] A.M. Bruckner, Density-preserving homeomorphisms
 and a theorem of Maximoff, Quart. J. Math.
 Oxford (2), (21) (1970), 337-347.

 [2]

 [3] R.J. Fleissner, Distant bounded variation and
 products of derivatives, Fund. Math. XCIV (1977) ,
 1-11.

 [4] M. Laczkovich and G. Petruska, On the transformers
 of derivatives, Fund. Math. 1978, 179-199.

 316


	Contents
	p. 313
	p. 314
	p. 315
	p. 316

	Issue Table of Contents
	Real Analysis Exchange, Vol. 9, No. 2 (1983-84) pp. 298-583
	Front Matter
	PROCEEDINGS OF THE SEVENTH SYMPOSIUM
	SEVENTH SYMPOSIUM ON REAL ANALYSIS [pp. 302-305]
	Maximal operators and strong differentiability of the integral [pp. 306-312]
	MULTIPLICATION AND TRANSFORMATION OF DERIVATIVES [pp. 313-316]
	A GENERAL NONSEPARABLE THEORY OF FUNCTIONS AND MULTIFUNCTIONS [pp. 317-335]
	On Porosity and Exceptional Sets [pp. 336-340]
	Baire Classification of Generalized Extreme Derivatives [pp. 341-344]
	ON THE GENERAL THEORY OF POINT SETS [pp. 345-353]
	The Peano derivative: What's known and what isn't [pp. 354-365]
	A SIMPLE PROOF OF THE INTEGRATION BY PARTS THEOREM FOR PERRON INTEGRALS [pp. 366-368]
	On generalizations of exact Peano derivatives and integrals - via the coefficient problems of convergent trigonometric series - [pp. 369-378]
	A FUNCTION IS PERRON INTEGRABLE IF IT HAS LOCALLY SMALL RIEMANN SUMS [pp. 379-379]
	A RIEMANN INTEGRAL AND THE DIVERGENCE THEOREM [pp. 380-380]
	SYMMETRIC AND SMOOTH FUNCTIONS: A FEW QUESTIONS AND FEWER ANSWERS [pp. 381-385]
	Porosity Characteristics of Intersection Sets with the Typical Continuous Function [pp. 386-389]
	Density topology and the Luzin (N) condition [pp. 390-393]
	On Residual Subsets of Darboux Baire Class 1 Functions [pp. 394-396]
	Darboux-like Properties of Generalized Derivatives [pp. 397-399]
	REMARKS ON AGRONSKY'S THEOREM ON STRONG CONTAINMENT AND CONTINUITY ROADS [pp. 400-414]
	ISOTONIC APPROXIMATION OF APPROXIMATELY CONTINUOUS FUNCTIONS [pp. 415-416]
	ON FUNCTIONAL COMPLEXITY AND SUPERPOSITIONS OF FUNCTIONS [pp. 417-431]
	A Note on Blumberg Pairs [pp. 432-433]
	MARCZEWSKI SETS, MEASURE AND THE BAIRE PROPERTY [pp. 434-435]

	TOPICAL SURVEY
	A survey of Borel selection theory [pp. 436-462]

	RESEARCH ARTICLES
	Selective differentiation of typical continuous functions [pp. 463-472]
	Constructions of Some Non-σ-porous Sets on the Real Line [pp. 473-482]
	On Typical Bounded Functions in the Zahorski Classes [pp. 483-494]
	On Foran's Conditions A(N), B(N) and (M) [pp. 495-501]
	CEDER'S CONJECTURE ON BAIRE 1 SELECTIONS IS NOT TRUE [pp. 502-507]
	POROSITY ESTIMATES FOR THE DINI DERIVATIVES [pp. 508-538]

	INROADS
	SOME APPLICATIONS OF PARTITIONING COVERS [pp. 539-557]
	On Foran's Property (M) and its relation to Lusin's Property (N) [pp. 558-562]
	Transformations of Functions [pp. 563-577]
	The Powers and their Bernstein Polynomials [pp. 578-583]




