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 NEW RESULTS ON FUNCTION CLASSES INVARIANT
 UNDER CHANGE OF VARIABLE

 Let X be a class of real functions with domain D , either an

 interval or the circle group. We say that X is invariant under

 change of variable if f € X implies f 0 g € X for every g : D -» D

 homeomorphically. There are two principal ways in which such

 classes arise:

 (i) A class of functions may be defined by an intrinsic

 property of the functions, such as a condition on the corresponding

 interval functions (if 1 = (a,b), f (I) = f (b)-f (a) ) which is inde-

 pendent of the length of intervals, or by invariant properties of

 the functions' level sets, such as a condition on the Banach

 indicatrix.

 (ii) Given a property P , we may consider the class of func-

 tions f such that fog has property P for all admissible g .

 Examples of the first type come readily to mind. The functions

 of bounded variation and most classes of functions of generalized

 bounded variation are of this type as is the class of functions f

 such that tp(n(y;f)) € iP t where cp is an increasing non-negative

 function on R+ and n(y;f) is the Banach indicatrix of f.. Examples

 of the second type are easily produced. Consider those f such that
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 the Fourier series of fog converges everywhere for each g , or

 those f such that f°g € L* for each g .

 A question which arises naturally here is: Given a class of

 functions with one of these types of characterizations, can we find

 a characterization of the other type?

 Goff man and Waterman [7] characterized the class of continuous

 functions whose Fourier series converge everywhere for every change

 of variable. Baernstein and Waterman [2] characterized the analogous

 class for uniform convergence. It was believed [6] that the condi-

 tion of Goffman and Waterman would suffice for functions that were

 regulated (have only simple discontinuities), but the suggested

 argument was inadequate. We have recently shown, however# that the

 condition is correct in this case [13] . We have also given new forms

 of the conditions for everywhere and uniform convergence [13] which

 make their relationship clear.

 The condition of Goffman and Waterman (GW) is stated in terms

 of systems of intervals at a point. For each n, let Ini, i=l,...,kn
 be disjoint closed intervals indexed from left to right, i.e., In,
 I . , is to the left of I . . Let there be a real x such that for
 Xl/l- 1 111

 every 6>0 there is an N such that I , c (x,x+6) whenever n>N .

 Then the collection n = l,2,.ģ., i = l,...,kn is called a right
 system of intervals at x . A left system is defined similarly,

 I . c (x-6,x) and indexed from right to left.

 If I denotes an interval [a,b] , we write f (I) « f (b)-f (a) .
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 The condition GW ¿s
 k

 n

 lim I i_1£(Ini) = 0
 »""l-l

 for every right and left system.

 In [7] it was observed that for continuous functions the

 requirement in GW that the I ^ be disjoint can be relaxed to that
 they be nonover lapping. We have shown that this is true for regulated

 functions as well.

 The condition UGW of Baernstein and Waterman which is neces-

 sary and sufficient for preservation of uniform convergence is that

 f be continuous , satisfy GW, and

 k
 n

 lim Y (k +1-Í)"1 g (I . ) = 0
 i=i

 for every system.

 We have recently obtained the following simplification of the

 GW condition.

 A regulated f satisfies condition GW jif and only if for

 every « > 0 and x there is a 6 > 0 such that for every finite

 sequence { 1^} of nonoverlapping intervals indexed from left to right

 (right to left) in (x,x+ô) ((x-6,x)) with U c (x,x+6) (U I^c (x-6,x) )
 we have

 (Libivi •= « •

 We have also shown that UGW is equivalent to "GW uniformly in

 x" in the following sense.
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 f satisfies the UGW condition if and only if for every e > 0

 there is ją 6 > 0 such that for every x and every finite sequence

 { nonover lapping intervals indexed from left to right (right

 to left) with UI^c (x,x+6 ) (UI^c (x-6 ,x) ) we have

 iXi-A £<I±) I < 5 •

 In the same paper [13] we made careful uniform estimates of

 the difference between a continuous function and the n-th partial

 sum of its Fourier series. Using these estimates in [14] , we gave

 a new demonstration of the result of Baernstein and Waterman on pre-

 servation of uniform convergence.

 Classes which seem closely related to those we have discussed

 are certain ABV spaces. If is an increasing sequence of

 positive reals with El/Xn=s®, we say that f € ABV if sums of the
 form

 Elf(In"An

 are uniformly bounded, {1^} being collections of nonover lapping
 intervals in D . If - n , we say that f is of harmonic bounded

 variation (HBV) . By Xc we will mean the continuous functions in
 class X . GW and UGW will denote the regulated functions satisfying

 GW and the continuous functions satisfying UGW respectively. It is

 known [10] that

 HBV c GW and HBVC c UGW .
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 We have asked if these inclusions are proper. Baernstein and Waterman

 showed that GW^UGW . Then GWC ^ UGW => HBVC , showing that

 HBV fí GW ,

 which settles the first part of this question. Let OHBV be the class

 whose definition differs from that of HBV only in that the { I^J are
 ordered either from right to left or left to right. Be In a showed

 [3 J that

 OHBVc p HBVC

 and we showed [12] that

 OHBVc ^ UGW z> HBVC and OHBVc - GW £ <¡& .

 We have recently [15] improved this to

 GWC p GWC n OHBVc UGW D HBVC ,

 but the second part of our question* whether this last inclusion is

 proper, has still to be answered.

 Another problem we have considered recently is the preserva-

 tion of the order of magnitude of the Fourier coefficients under a

 change of variable. For simplicity we assume here that f is

 regulated. Let h(x) be a nondecreasing function which is concave

 downward. We wish to characterize the functions f such that, for

 admissible g ,

 (*) f°g(n) = 0(h(n)/n) .
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 We had solved this problem for h(n) =0(1) . This class is the func-

 tions of bounded variation [11]. In general, if {l¿} is a collection
 of nonoverlapping intervals, let

 n

 - v<n'f> •

 1

 v

 This has been called the modulus of variation by Canturia [4] , and

 he denotes the class of f such that v(n;f) = 0(h(n)) by V[h]. Clearly

 this class is change-of-variable invariant. Canturia has shown [5]

 that f (n) =0 (v (n;f )/n) , so we see that f€V[h] is sufficient in

 order that (*) holds. We have shown that this condition is also

 necessary [16].
 n

 Avdispahic [1] has shown that V[h] o ABV if 2 l/'. =0 (n/h(n) ) .
 n » *

 If El/L ~n/h(n), then Canturia ' s estimate for f(n) if f€V[h]
 1 K

 is the saune as that of Wang [9] and Schramm and Waterman [8] for

 f € ABV. We conjecture that except for the case h(n) =0(1) in which

 ABV = V [h] = BV, we have

 ABV p V[h] .

 In the case A = H this may be verified, for

 HBV OHBV c V [n/log n] .

 Another topic of recent investigation has been Fourier effec-

 tive summäbility methods for ABV. A summability method is called

 Fourier effective for a class X if it sums the Fourier series of

 functions of that class to the value of the function a.e.. For
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 regulated functions we require that the sum be (f (x+)+f (x-))/2

 at every x . Convergence is Fourier effective for HBV but not for

 ABV if ABV-HBV^Ç# [10]. In general, we can define a Fourier effec-

 tive method for ABV which is not effective for any A'BV such that

 A'BV-ABV/0 .

 REFERENCES

 1. M. Avdispahic, On the classes ABV and V£v] , Proc. Amer.
 Hath . Soc . , to appear .

 2. A. Baernstein and D. Waterman , Functions whose Fourier series
 converge uniformly for every change of variable, Indiana
 University Math. J. 22 (1972), 569-576.

 3. C. L. Belna, On ordered harmonic bounded variation, Proc.
 Amer. Math. Soc. 80 (1980), 441-444.

 V •

 4. Z. A. Canturija, The modulus of variation of a function and
 its application in the theory of Fourier series, Soviet Math.
 Dokl. 15 (]974), 67-71.

 5. , Absolute convergence of Fourier series, Math. Notes
 18 (1975), 695-700.

 6. G. Goffman, Everywhere convergence of Fourier series, Indiana
 University Math. J. 20 (1970), 107-112.

 7.

 verge for every change of variable. Proc. Amer. Math. Soc. 19
 (1968), 80-86.

 8. M. Schramm and D. Waterman, On the magnitude of Fourier
 coefficients, Proc. Amer. Math. Soc. 85 (1982) , 407-410.

 9. S. L. Wang, Some properties of the functions of A-bounded
 variation, Sci. Sinica, Ser. A 25 (1982), 149-160.

 10. D. Waterman, On convergence of Fourier series of functions
 of generalized bounded variation. Studia Math. 44 (1972) ,
 107-117.

 11. , On functions of bounded deviation, Acta Scient.
 Math. Szeged 36 (1974), 259-263.

 152



 12. , On the note of C. L. Belna, Proc. Amer. Math. Soc.
 80 (1980) , 445-448.

 13.
 Proc . Amer . Math . Soc . , submitted .

 14.

 for every change of variable II, Indian J. Math. Silver
 Jubilee Vol., to appear.

 15,.
 of-vari able-invariant classes of functions, Classical Real
 Analysis, Contemporary Mathematics AMS, to appear.

 16*

 153


	Contents
	p. 146
	p. 147
	p. 148
	p. 149
	p. 150
	p. 151
	p. 152
	p. 153

	Issue Table of Contents
	Real Analysis Exchange, Vol. 9, No. 1 (1983-84) pp. 1-295
	Front Matter
	EDITORIAL MESSAGE [pp. 2-2]
	Richard Fleissner 1942 - 1983 [pp. 5-8]
	7th Real Analysis Exchange Conference Preliminary Announcement [pp. 9-11]
	PROCEEDINGS OF THE SIXTH SUMMER SYMPOSIUM
	[Introduction] [pp. 12-14]
	Baire 1 functions [pp. 15-28]
	A Report on Globs [pp. 29-31]
	THE MULTIPLE INTERSECTION PROPERTY FOR PATH DERIVATIVES [pp. 32-34]
	Fourier Integral Inequalities and Applications [pp. 35-46]
	PARAMETRIC DERIVATIVES ARE IN BAIRE CLASS ONE [pp. 47-49]
	THE SETS OF CONSTANCY OF FUNCTIONS WITH A VANISHING DERIVATIVE [pp. 50-51]
	Differentiability of Peano type functions - multidimensional case [pp. 52-53]
	QUALITATIVE ASPECTS OF DIFFERENTIATION [pp. 54-62]
	Some New Simple Proofs of Old Difficult Theorems [pp. 63-78]
	Topology for the Spaces of Denjoy Integrable Functions [pp. 79-85]
	On the classification of set-valued functions [pp. 86-93]
	THE APPROXIMATE CONTINUITY OF LP SMOOTH FUNCTIONS [pp. 94-95]
	THE LEBESGUE SYNDROME [pp. 96-110]
	On Locally Bounded Maps of Sequence Spaces [pp. 111-115]
	On a Decomposition of Co(IRn) Functions into Simple Component Pieces [pp. 116-122]
	VARIATIONS ON BLUMBERG'S THEOREM [pp. 123-137]
	The chain rule and change of variable for the Denjoy integral [pp. 138-140]
	MULTIPLIERS OF VARIOUS CLASSES OF DERIVATIVES (Lecture presented at Real Analysis Symposium in Waterloo) [pp. 141-145]
	NEW RESULTS ON FUNCTION CLASSES INVARIANT UNDER CHANGE OF VARIABLE [pp. 146-153]

	TOPICAL SURVEYS
	SYMMETRIC REAL ANALYSIS: A SURVEY [pp. 154-178]
	A SURVEY OF DARBOUX BAIRE 1 FUNCTIONS [pp. 179-194]

	RESEARCH ARTICLES
	ASSOCIATED SETS AND CONTINUITY ROADS [pp. 195-205]
	ON PROJECTIONS OF BIG PLANAR SETS [pp. 206-214]
	ON SEMICONTINUITY POINTS [pp. 215-232]
	ON THE FIRST AND THE FIFTH CLASS OF ZAHORSKI [pp. 233-250]
	SOME PROPERTIES OF MULTIPLIERS OF SUMMABLE DERIVATIVES [pp. 251-257]
	MULTIPLIERS OF NONNEGATIVE DERIVATIVES [pp. 258-272]

	INROADS
	On Generalized Cluster Sets [pp. 273-283]
	Hájek's Theorem Does Not Hold for n > 1 [pp. 284-288]
	A point about ℕ×N matrices and ℓ∞ [pp. 289-293]

	QUERIES [pp. 294-295]



