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LEBESGUE AREA AND DEGIORGI PERIMETER OF
THE BOUNDARY OF A TOPOLOGICAL BALL IN R

We discuss two measurements of the image of the boundary.of the
standard unit ball of R" under homeomorphisms of the ball into Rn .
One is the (n-1)-dimensional Lebesgue area of C and the other is the
deGiorgi perimeter of A , where A 1is the image of the ball and C 1is
the image of the boundary of the ball. The results mentioned here are
consequences of a paper by Casper Goffman and the author [14]. The above
paper was dedicated to Lamberto Cesari in honor of this 70th birthday.

As will be evident, several of the results and concepts required in the
paper are due to Lamberto Cesari. The main theorem of the present paper

is the last theorem of Section 3.

Remark. After the lecture was delivered at the Real Analysis Symposium,
Professor Jan Ma¥£k directed the author to the paper [15] of J. Kr4l from
which a further reference to the paper [12] of W. H. Fleming was found.

Many of the results of [14] and the present paper were first proved by
Fleming in [12] (and subsequently by Kral in [15]) under a more general
setting, We point out that the proofs given in [14] are different from those
of Fleming [12] because we are able to take advantage of the added conditionms
not assumed by Fleming and Krdl. These notes follow the lecture given at

the Real Analysis Symposium with appropriate additional remarks relating

to the works of Fleming and Krdl.
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1. Notations and definitions.

With U = (x € Rn| Hx” <1} and 3U = (x € Rn| ”x“ =1}, let
f:U-»A=fU]c R" be a homeomorphism, C = f{3U] and B =A\C . It
is well known that B is an open set of R" .

n
For each i and x=(x1,...,xi,...,xn)€R , let

A _ :th

xi (xl"’"xi-l’xi-i-l""’xn) » where the i'!! coordinate of x 1is deleted,
n n-1 A .

and let Ty R R be defined by n-i(x) =% . We use the notation

X = (xi,:lc\i) .

Since QJU is finitely triangulable, the Lebesgue area of a continuous
map g: 93U - Rfl is defined. (See [3] and [8]). We denote it by An_l(g) .
For each i , we have associated with g the Lebesgue area An-l("i° g) .
We abbreviate An_l(flaU) as An_l(C) and An_l(frio £]au) as An-l(ci) .
Clearly, when n=2 , Al(g) is the Jordan length of g and Al(nio g) 1is

the total variation uFh g .

The Lebesgue measure on R will be denoted by By e
let F: Rn -+ R be Lebesgue measurable. F 1is said to be of bounded

variation in the sense of Cesari, BVC, if

n
-1, A
51 R£-1 ess V(Flmy "(x))dw__ (k) <=,

where ess V(F‘nzl(ﬁ\i)) is the total variation of Fln;]'(z/:\i) using partition
A -1

points consisting only of points of approximate continuity of F‘ni (:{:\i) .

For later use, we abbreviate the characteristic function of a measurable

-1, A
set W restricted to ™y (xi) by W£\i .
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According to deGiorgi [4,5], a measurable subset W of Rn is said
to have finite perimeter if its characteristic function has partial de-
rivatives in the distribution sense which are measures. The total variation
of the resulting vector-valued measure is called the perimeter of W and is

denoted by Pn-l(w) . We quote a fundamental theorem of deGiorgi.

Theorem [4]. For a bounded measurable set W of R" s Pn_l(W) < o when
and only when there is a sequence of polyhedral regions Wk(k =1,2,...)
such that p ,(@W,) s M<® for all k and u.n((W\wk) u (Wk\W)) + 0

as ko o,
We also quote a second characterizationm.

Theorem. For a measurable set W of Rn R Pn_l(W) < » when and only

when the characteristic function of W is BVC .

2. A theorem of Federer.

At the end of his paper [10], H. Federer gives two theorems which we
will formulate into one. To state the theorem we need the following
terminology. We denote by C a finitely triangulable, connected,
(n-1)-dimensional manifold contained in R" and by ic :C o Rn the in-
clusion map. Let E be the bounded component of Rn\C . Then EUC
is the closure of E in Rn which will be denoted by <¢lE . The two

theorems from [10] are the following.

Theorem [10]. If u.n(C) =0 and An-l(c) < @ then Pn-l(E) <o,

Theorem [ 10]. For n=2 , £(C) < » when and only when Pl(E) <o .
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When u.n(C) = 0 , we have Pn_l(E) = Pn_l(clE). It is also true that,
for n=2, 4(C) < = implies lJ-Z(C) = 0 . Consequently, the above two

theorems take the following form.

Theorem. If u.n(C) =0 and An-l(c) < o then Pn-l (E) + Pn_l(clE) <@ .

Moreover, when n = 2 , the converse implication is true,

The first statement of the above theorem is an immediate consequence of
deGiorgi's characterization of finite perimeter stated earlier. The second
statement is a consequence of the BVC characterization of finite perimeter

together with the following three classical theorems of real functions.

Jordan Theorem. Let g = (gl,...,gn) :Sl - Rn be continuous. Then

2(2) < 1§1V(gi) , Where V(gi) is the total variation of gy -

Banach Indicatrix Theorem. Let g: Sl + R be continuous. Then

V(g) =IR Mc(y,g)dv-l(y) , where Mc(y,g) is the cardinal of the set g-l(y) .
1 2 . . 1
Theorem. Let g = (gl,gz) :S"9 R° . Then, £(g8) < » implies D-Z(g(S ) =0.

The proof follows the scheme given below.

1. Pl(E) + Pl(clE) < e = Pl(clE) <o .

2. Pi(clE)<= = j’RMc(xz,nz o 1), (x,) < = .

4. (1) <= > w,C) =0.

The general converse for n > 3 was not resolved in [10].
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3. Status of the converse.

Due to the Jordan-Schoenflies Curve Theorem, when n=2 , clE is a
topological closed ball in Rz . This need not be the case when n >3 ,
as is well known. We shall discuss the converse in the setting of the sets
A, B and C of Section 2 whe?e A 1is a topological closed ball in Rn .

Consider the case n=3. There are the corresponding analogies of

the Jordan Theorem and the Banach Indicatrix Theorem. Namely,

Cesari-Jordan Theorem [3]. Let s2 be a two-sphere and g :S2 - R3 be a

continuous map. Then Az(g) < Azﬁwlo g) +.A2G720 g) +'A2(n3o g) .

(The above theorem has been generalized from S2 to any finitely triangulable,

connected, oriented, two-dimensional manifold in [6], [17].)

Modified Banach Indicatrix Theorem [3] and [7,8]. Let k=22, C bea

finitely triangulable, connected, oriented k-manifold and g:C - Rk be a

continuous map. Then

A (e) = fk M(y,8)dK (7) »
R
where M(y,g) 1is a topological multiplicity function defined by means of

Eech cohomology.

Unfortunately, the well known example of Besicovitch [ 1] shows that

AZ(C) < » does not imply u3(C) = 0 for some topological two-sphere C

in R3 . The example of Besicovitch has the property that C is the

boundary of a closed topological ball A in R3 , AZ(C) <o, u3(C) >0

and PZ(B) <o (B =A\C) , the last fact being a consequence of deGiorgi's
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characterization of finite perimeter. So, the scheme of section 2 cannot
be used. But, actually, for n=2, Pl(E) + Pl(clE) < « directly implies

u.z(C) = 0 . Fortunately, for n=3 , this implication can be generalized.

Theorem [14]. If PZ(E) + Pz(clE) < « then u.3(C) =0 , where C is a
compact, connected, two-dimensional manifold in R3 and E 1is the
bounded component of R3\C .

We outline the proof given in [147. Let 1< i< 3. Then essV (C}/‘\) <o
i

for p.z-almost every é\i because

A ' A
vV(C = 1E d 3
Rl; ess V( :’:\i)d“z(xi) sz ess V((c )}4\i \ E,/(\i) W, (x,)

< ‘[2 ess V((clE) }é\i)duz(:/:\i) +¢{2 ess V(E}/‘\i)du.zéi) <o,

If essV(CA) <o and u (CA) > 0 then
xi 1 xi

C}/{\ can be decomposed in a union of a nonempty, finite,
i
(* disjointed collection of nondegenerate closed intervals

and a set of W “measure zero.

Suppose L!-3(C) > 0 . Then almost every point x of C 1is a point of linear

density in the X%, 5%Xg directions. The condition (* implies th»at,

i)
contained in C , there are line segments in these directions passing

through almost every x of C . Thus one can find an uncountable number
of disjoint triods in C . But Moore's Triod Theorem [ 16] says there are

no more than a countable number in a disjointed collection in the two-

dimensional manifold C . This contradiction yields v-3(C) =0 .
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For Besicovitch's example, the above theorem gives PZ(A) = .,

Remark. Thanks to Professor Mgé{k, the author learned that the above
theorem was known to Kral [15] and Fleming [12]. The proof given above
is different from that of [15]. A proof is not given in [12]. The following

problem still remains open.

Problem. Let n24 and A,B and C be as in Section 1. Does

Pn_l(A) + Pn-l(B) < o imply uh(C) = 0?7 More generally, suppose C is

a compact, connected, (n-1l)-dimensional manifold in Rn and E 1is the
bounded component of Rn\\C . Does Pn-l(E) + Pn_l(clE) < o imply uh(C) = 0?

The general form was asked in [12].

The indicatrix theorems deal with two multiplicity functions Mc and M ,
the first being the crude counting function used by Banach and the second
being the topological one defined in terms of gech cohomology. There is a
third one defined in terms of the stability of the map g:C -+ Rk [(7,8,9] ,
where the conditions assumed are those of the Modified Banach Indicatrix

Theorem above. This multiplicity function is denoted by Ms(y,g) and the

stable area of g 1is given by Sk(g) = ;ﬁc Ms(y,g)duk(y) . In general,

Ms(y,g) < M(y,g) . It can happen that Sk(g) < Ak(g) (7]. Suppose

g:C- Rk+1 is continuous, Ty :Rk+1 - Rk is the projection onto the first

k coordinates and ¢ :Rk+1 - Rk.*-1 is orthogonal. Then the integral geometric
averages of Ak@nko ¢({g) and Sk("k° $og) are called, respectively, the

integral geometric area (g) and the integral geometric stable ares S, (g).
k

In general, Sk(g) < Mk(g) s A (g) .

We now quote a famous theorem of Cesari.
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Theorem [2]. Let g :82 - R2 be continuous. Then M(y,g) = Ms(y,g) except

for a countable set of y in R2 .

With the aid of the above theorem and the Cesari-Jordan Theorem, Federer
proves

2 3 .
Theorem [9]. Let g:S” + R° be continuous. Then Az(g) = Sz(g) .

We state a theorem from [14].

Theorem [14]. Let n=2 and A,B and C be as in Section 1. If either

Pn-l(A) < o or Pn-l(B) < o then Sn_l(C) <o,
Consequently, we have

Theorem. Let 2< n< 3 and A,B and C be as in Section 1. Then

uh(C) =0 and An_l(C) < o when and only when Pn_l(A) + Pn_l(B) <o,
The validity of the above statement for n > 4 1s still unresolved.

Remarks. The paper [12] by Fleming includes much of what appears in [14] in

a more general setting, and, indeed, the results in [12] are stronger.

The additional hypotheses assumed in [14] allow proofs which are different

from those of Fleming. We quote the theorem of Fleming.

Theorem [12]. Let C be a finitely triangulable, connected, (n-1)-dimensional
manifold in Rn and E be the bounded component of Rn\\C . Then, if
Pn-l(E) < o or Pn_l(clE)<:a, the integral geometric area of C does not

exceed either of Pn-l(E) or Pn_l(clE) .

In his proof, he proves the following which is not explicitly stated in [ 12].

49



Theorem [12]. Let C be a finitely triangulable, connected, (n-1)-dimensional
manifold in Rn and 17 :Rn -+ Rn-1 be the natural projection. Then

M(y,m(C)) = Ms(y,n(C)) for every y € Rn-l . Consequently, the integral
geometric area and the integral geometric stable area of C coincide,

Moreover, if unﬁC) =0 then Sn-l(c) = An_l(C) .
An analysis of the proof yields the more general theorem below.

Theorem. Let C be a finitely triangulable, connected, ofiented,
(n-1)-dimensional manifold and g:C = Rn be an immersion (i.e., locally a
homeomorphism). Then M(y,mo 8) = Ms(y;no g) for every y € RP-l .
Consequently, the integral geometric area and the integral geometric stable

area of g coincide. Moreover, if uh(g(c)) = 0 , then Sn-l(g) = An-l(g) .

Notice that in the last theorem C need not be embeddable in Rn . The
example of [7] shows the immersion hypothesis is necessary. The proof
can be made using the cohomology calculations in Fleming's proof, the fact

that C 1is a locally connected continuum and the following two lemmas.

Lemma., Let X and Y be metric spaces with X compact and g:X =+ Y
be an immersion. If Z is a closed subset of X such that g|Z2 is a
homeomorphism into Y then there is a neighborhood W of Z such that

g|W 1is an embedding of W into Y .

Proof. Since X 1is compact and g is an immersion, there is 1T > 0 such
that for X15%, € X with 0< dx(xl,xz) < T it is true that g(xl) # g(xz).
Also, since ng is a homeomorphism and Z is compact there is y > 0

such that for 2152, € Z with dy(g(xl),g(xz)) <Y it is true that
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dx(zl,zz) < MN/4 . The uniform continuity of g gives § > 0 such that

dx(xl,xz) < 8§ implies dy(g(xl),g(xz)) <y/2 . We may assume § < T/& .

Let W

{we X|dx(w,Z) < 8} . We show g is one-to-onme on the compact
set W . Let Wy Wy €W with g(wl) = g(wz) . There are z2y52, € Z such
that dx(wl,zl) < § and dx(wz,zz) £ 6 . From dy(g(zl),g(zz)) <

Y Y
dy(g(zl),g(wl)) + 4 (8(w), 8(wy)) + d (8(v)),8(z)) <7+ 0+5 =y, we

get dx(zl,zz) <n/4 . So, dx(wl,wz) < dx(wl’zl) + dx(zl,zz) + dx(zz,wz)

<8 +M/4+8< 3M/4<7n . Since g(wl) = g(wz) we have w, = w

1 2 °
Lemma. Let X be a compact metric space and g:X -+ R be an immersion.

Then g‘c is a homeomorphism for each component C of X .

Proof. Suppose C 1is a nondegenerate component of X . Let x€ C and W
be a compact neighborhood of x such that g is a homeomorphism on W .,
Since g(W) is a compact subset of R , the components of W are points

or arcs. So, x 1is contained in a unique component y of WN C and this
component is an arc. Moreover, there is § > 0 so that d(x,y') 2§ for
all components Y' of WN C with Y' #Y . That is, C 1is locally
arcwise connected. Hence C 1is arcwise connected. Suppose g 1is not
one-to-one on C . That is, there are X)5%, € C such that Xy # X, and
g(xl) = g(xz) . There is an arc I < C such that X)1%, €1 . Since g

is real-valued, g‘I is not an immersion of I into R . This contradicts

the fact that g 1is an immersion. Consequently glC is a homeomorphism.
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