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CONDITIONS FOR NON-ABSOLUTE
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Abstract
We give necessary and sufficient conditions for a function to be gen-
eral Denjoy or Kubota integrable. The conditions we obtain are in terms
of a sequence of Lebesgue integrable functions converging to the given
function.

In 1], Liu proved that if f is Henstock integrable on [a, b], then there exists
an increasing sequence {X,} of closed sets whose union is [a,b] such that f
satisfies condition (L) on {X,}. We recall that a function f defined on [a, b]
is said to fulfill the condition (L) on {X,} if f is Lebesgue integrable on each
Xn and (L) [, X.nla,z) f(t)dt converge uniformly on [a,b]. For details, see [1].
In [2], the Controlled Convergence Theorem for the Kubota integral is given.

In this paper we shall also give a Riesz-type definition for the general
Denjoy integral and the Kubota integral. The main result is:

Theorem 1 In order for f to be Kubota integrable on [a,b], it is necessary and
sufficient that there ezists an increasing sequence {X,} of closed sets whose
union is [a, b] such that

(i) f is Lebesgue integrable on each X, ;
(i1) the sequence of primitives {Fp} of {fx,} is (UACG)([a,b]) ;

(iti) F, — F pointwise on [a,b], where F is approzimately continuous on
[a,B].
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Furthermore, we shall show that if f is General Denjoy integrable on [a, b],
then conditions (i) and (iii) in the above theorem can be improved to

(i1i)’ f satisfies condition (L) on {X,}.

First, we give some definitions.

Let X C [a,}]. A function F defined on [a,}] is said to be AC(X) if for
every € > 0 there exists an 7 > 0 such that for every finite or infinite sequence
of non-overlapping intervals {[ax, bx]} with ax and bi belonging to X for all k
satisfying

Zlb" —ai| < n we have E|F(bk) - F(ak)| <e.
A &

A function F is said to be (ACG) on [a, b] if [a, b] is the union of closed
subsets {Xj} such that the function F is AC(Xx) for each k.

A family of functions {F,} is said to be UAC(X) if and only if every F,
is AC(X) and the n > 0 in the definition of AC(X) are independent of n. A

family of functions {Fy,} is said to be (UACG) on [a, b] if ’EIX;, = [a, b] with
{Fn} being UAC(X}) for each k. -
A function f defined on a compact interval [a,b] is said to be Kubota

integrable (respectively general Denjoy integrable) on [a, b] if there is a function
F such that :

(1) F is approximately continuous (respectively continuous) on [a,b] ;
(it) F is (ACG)([a,b));
(iii) the approximate derivative F,,(z) = f(z) for almost all z in [a, b].

The function F is called the primitive of f on [a,b]. The integral of f on
[a,b] is F(b) — F(a), and we say that f is integrable to F(b) — F(a) on [a, b].
We write F(b) — F(a) = (AD) f: f (respectively F(b)— F(a) = (D) f: f.) For
more details, see [2], [3], [4], [5].

Definition 1 If f is Kubota integrable on [a,b], we shall say that f has prop-
erty (P) if the following conditions are satisfied :
Given a positive integer n, there is a sequence {X,} of closed sets in [a, b]
such that :
(1) ,b€ X1, Xn © Xns1 forall n and U X, =[a,b).

(2) f is Lebesgue integrable on X, for each n;
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(3) for each n, if a finite sequence {I; °1 of non-overlapping intervals con-

tained in [a, b] satisfies the condition that both endpoints of each I; belong
to X, then we have

<L
.

{(AD)ff @[ t}<

We shall prove that if f is Kubota integrable on [a,b], then f satisfies
property (P) on [a,b]. We shall apply the category proof. We need three
Lemmas.

x-l

Lemma 1 (Cauchy extension) If f is Kubota integrable on [a,}], and f has
property (P) on [a,z] for each a < = < b, then f has property (P) on [a,b].

PROOF. Let a = a; <az <---< b witha, - basn — oo and

an b
(D) [ f- D) [ 1< 5 1)

Since f has property (P) on each of the interval [ak, ax+1] for each positive
integer k, there exists an increasing sequence {Xk',,},.zl of closed subsets

of [ak, ak+1] with ak,ax41 € Xk, and Ule',, = [ak,ar+1) such that f is
n=

Lebesgue integrable on each X . and if a finite sequence {I,-}‘;;l of non-
overlapping intervals contained in [ax, ax4+1) satisfies the condition that both
endpoints of each I; belong to Xi », then we have

Suo [ 1w, -

Put X, = U Xk,, U {b}. Then X, C X 41 for all n with U Xn = [a,b].

f is Lebesgue mtegrable on each X,. Now take a finite sequence of non-
overlapping intervals {I;}i_, in [a, b] with both end points of each I; belonging

1
e Q@

1—1

+1
to X,. Note that :L_Jl{ak} C Xn, so we may suppose that I; C [ai, ai41] for

some 1 <! < nif I; N (a;,ai41) is non-empty. Furthermore we may assume
that I, = [an41,0]. Note that b € X; and X, NI, = {ap41,b}. Thus we have
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{un |,

- e [r-w [ sprun [ s
{
{

i=1
s—=1 )
. ; (4D) Ief—(L)/I.nx,, } +2(n+1)
s—1 n )
AD - L —
) i=1 ( )/,f kzzl( )/Inx,‘,,f} +2n
n 1 1
- kgl n2k+1 + 2n

Since both endpoints of I; belong to Xk, if I; C [ak,ax4+1] for some k,
1 < k < n. Thus f satisfies property (P) on [a, b]. O

Lemma 2 If f is Kubota integrable on [a, b] with its primitive F being AC(X),
where X is a closed subset of [a,b] witha,b € X and (a,b) — X = :L_jl(ak, be),
then fx, is Lebesgue integrable on [a,b] with

(AD)/abf=(L)/abfxx+§(AD)/:f

ProoF. We may suppose that a,b € X with (a,0) - X = kogl(ak,bk), for
otherwise we may replace [a, )] by the smallest closed interval containing X.
Since F is AC(X) and so F is VB(X),

converges,

and the function H given by

where z € [a, b], is well defined.

Claim. H is approximately continuous on [a, b].

ProoF OF cLaIM. We shall first prove that if z € [a,b), then H is right ap-
proximately continuous at z, that is, given € > 0, there exists an approximate
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neighborhood D/, of z such that whenever y € D, with z < y, we have
|H(z) - H(y)| <e. )

Ifz e U [ak, be), then (3) follows from the approximate continuity of F' on

[a b]. Suppose z is a limit point of X [)[z, b]. By the fact that F is AC(X), F
is continuous on X, there exists §(z) > 0 such that whenever z < t < z +6(z)
with t € X, we have

IF(z) - F(8)| < 5. ()

Now we choose a positive integer N so that

(4D) /bk

and we modify &(z) > 0, if necessary, so that (z,z + d(z)) N [ax, bx] = 0 for
k = 1,2,..,N. By the approximate continuity of F at z, there exists an
approximate neighborhood D! of z such that whenever y € D/, we have

IF(z) - F)l < 5. (6)

Put D; = DY N [z,z + 16(z)]. Then whenever y € D; — X, y € (ax,bs) for
some h > N + 1, and we have

|H(z) — H(y)|
> |(4D)

k=

oo

< = (5)

-N+1

k
fXiz,9)

IA

Gk
0

bk
(AD) | fi+
k=N+1 '/c“‘

noting that [z,y] N (ak,bx) =@ for each k =1,...,N. If y € X, then the term
‘(AD) ffh f’ disappears. By (7), for all y € D, with z < y, we have

(7)

IA

)/yf

Gh

ap

|H(z) — H(y)]
< kil (AD) +|(AD) / jf
< §+ (AD)/zyfl+ (AD)/:hf , by (5),
< S+z+%, by (6)and (4)

= E&.
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Similarly, for a < £ < b, we can prove that H is left approximately continuous
at . The proof of the claim is complete.
Put G(a) = F(a),G(b) = F(b) and G(z) = F(z),if ¢ € X and

G(z) = F(z), freX,
T\ EezF @) (p _gy) 4 F(ar), iz € (ak, be).

Then G is absolutely continuous on [a,b], and G'(z) = F,,(z) = f(z) for
almost all £ € X. Hence f is Lebesgue integrable on X. It is obvious that A
is AC(X) and that H is (ACG) on [a, b].

Put

ho(z) = 0, ifreX
° Flu-Fla) - if 7 € (ax, by).

Then hg is Lebesgue integrable on [a, b] with primitive Hy (say). Further-
more, H(z) = Ho(z) for all z € X. Hence H,,(z) = Hy(z) = ho(z) = 0 for
almost all £ € X. Furthermore, for each positive integer k, Hg,(z) = f(z) for
almost all z € (ag, bx). By the above claim, the function H is approximately
continuous on [a,b] and H is (ACG) on [a, b], the function h defined on [a, b]
by

f(z), ifz¢ X,

is Kubota integrable on [a, b] with primitive H. Hence we have

h(z):{o’ ifz e X,

b b b b 00 b
(a0) [ =@ [ fxx+ap) [ h=w [ fxx+kz=;(AD)/ak 3

The proof is complete. 0

Lemma 3 (Harnack extension). Let the hypothesis be as in Lemma 2, and if
f has property (P) on each of the interval [ak, bk], then f has property (P) on
[a, b].

ProoF. Since f has property (P) on each of the interval [a,bk] for each
positive integer k, there exists an increasing sequence {Xi n}n>1 of closed

subsets of [a,bx] with ax,br € Xk, and oL_CJ’IX,;,,1 = [ak, bk] such that f
is Lebesgue integrable on each Xj , and if a finite sequence {I;}f;l of non-

overlapping intervals contained in [aj,bk] satisfies the condition that both
endpoints of each I; belong to Xi ., then we have
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1
< e (®)

S {uo [ r-w . 1)

Since F is AC(X ), by Lemma 2, f is Lebesgue integrable on X.
00

Since the series ) I(AD) /. :: f
k=1

choose a positive integer k(n) such that

(4D) /

and we may suppose that k(n + 1) > k(n) for all positive integer n.

Put X, = EJ)X;‘ nUX. Then X, C Xp41 for all n with U X,, = [a, b].

f is Lebesgue mtegrable on each X,,. Now take a finite sequence of non-
overlapping mterva.ls {Ii}{=; in [a, b] with both end points of each I; belonging

converges. For each positive integer n, we

(9)

-k(n)+1

to X,,. Since U ({ak}U{bk}) cXn EJ)Xk n, we may assume that I; C [ax, bk

if I; N (ak, bk) is non-empty for some 1 < k < k(n). Note that if I; N (ax, bk) is
empty for all k = 1,2,...,k(n), then both end points of I; belong to X. Split

thesum y_;_, {(AD) fI. F=(L) [1.ax f} into two partialsums Y_ and 5. In
13 13 n 1 2
the sum ), each interval I; involved belongs to [ak, bx] for some 1 < k < k(n),
1
and 5 =3 —>". Then we have
) 1

s{un [r-w],, A

i=1

< [g{un -0, 1)

+ l{en ) s-w ], o)
k) by

< Z R T Z (AD)/ by (8) and Lemma 2
k=1 k=k(n)+1

< gotae Y9

and so f satisfies property (P) on [a, b]. The proof is complete. 0
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Theorem 2 If f is Kubota integrable on [a,b] with primitive F, then f sat-
isfies property (P) on [a, ).

ProOF. We say that an interval I C [a, ] is regular if the function f satisfies
property (P) on I. Furthermore, we say that a point z € [a,}] is regular if
each sufficiently small interval I C [a,}] containing z as an interior point is
regular. Let P; be the set of all non-regular points in [a,b]. Then the set P;
is closed and every subinterval of [a, b] which contains no points of this set is
regular. In view of F being (ACG) on [a, b] and the Baire’s category Theorem,
f is Lebesgue integrable on some interval in [a,b]. By dominated convergence
theorem, we see that the set of regular points is non-empty.

Suppose, if possible, P; # (. By Lemma 1, we see easily that every interval
contagious to P is regular and that the set P; therefore has no isolated points.
Again, by the Baire’s category Theorem, there is a portion P, of P; such that
F is AC(P,). Let J, be the smallest closed interval containing P,. Since the
set P; contains no isolated points, the same is true of any portion of P;, and
therefore P; N J, has non-empty interior. It follows that in order to obtain a
contradiction, we need only to prove that the interval J, is regular.

To show this, let Q be the set consisting of the points of the set P, N J,
and of the end-points of J,. We denote by {I,} the sequence of the intervals
contiguous to Q. Now F is AC(Q) and f satisfies property (P) on each of the
intervals I,. By Lemma 3, f satisfies property (P) on J,, the interval J, is
regular and this completes the proof. O

Proof of the main theorem. The sufficiency follows from the Controlled
Convergence Theorem in [2]. Now, we shall prove the necessity.

ProoF. By Theorem 1, f satisfies property (P) on [a,b]. Let {X,} be the
sequence of closed sets given as in Theorem 1. Then f is Lebesgue integrable
on each X,.

Claim. F is AC(X,) for each positive integer p.

Let € > 0 be given. Choose an integer N > p so that }ZV < %. By property
(P), whenever {[u;,v;]} is a finite sequence of non-overlapping intervals with
both u;,v; € X, for each 7, we have

={un [ - [ x|

since X, C Xy for N > p. Now the sequence {[u;,v;]} is arbitrary, so by
(10),

< % (10)

<}%f (11)

>|an [“r-w [ "
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Since f is Lebesgue integrable on each Xj, there exists 5}, > 0 such that
whenever {[uj,v;]} is a finite sequence of non-overlapping intervals in [a, ]
satisfying 5 (v; — u;) < 5, we have

>

Consequently, by (11), (12) and the fact that # < £, whenever {[ux,vi]}
is a finite sequence of non-overlapping intervals in [a, b] with ux, v € X, for

each k satisfying
Vi
E(vk —ux) < ny we have Z (AD)/ f
k Yk

k

(L)/-J fxx,| < % for each n (12)

€ 3
<§+§—€ (13)

and so F is AC(X,) for each p.

Put Fn(z) = (L) J7 fxx, for each z € [a,b]. We claim that {F,.} is
UAC(X,) for each p.

By property (P), whenever {[u;, v;]} is a finite sequence of non-overlapping
intervals with both u;,v; € X,, for each i, we have

S{un ["r-w [ fran | < 2 (14)
By (14), we have
Slan) [ [ | < (15)

Consequently, whenever {[uk,vk]} is a finite sequence of non-overlapping
intervals in [a, b] with u,, vk € X, for each k satisfying

S0 = ) < min {75, 75,.i ,

k
we have

i=.f-: for alln

<<
272

; 09) /u tk xx.

by (13) and (15). Hence {F,} is UAC(X,) for each p.

To prove that F, — F pointwise on [a,b], let z € (a,b] be given. Then
a,z € XN, for some positive integer Ng = Ng(z,€) such that NLO < e By
property (P), for all n > No,
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1

1
<-<—Xe.
n~ Ny

|(L)/:fxx,. ~p) [ 1

The proof is complete. O

Remark 1 By using the main Theorem, we can easily give a Riesz-type defi-
nition for the Kubota integral.

Corollary 1 In order for f to be general Denjoy integrable on [a, b] with prim-
ttive F, it is necessary and sufficient that there exists an increasing sequence
{Xn} of closed sets whose union is [a,b] such that

(i) f is Lebesgue integrable on each X, ;
(ii) the sequence of primitives {Fn} of {fx, } is (UACG)([a,]) ;
(iii) (ii1)’ F,, converge uniformly on [a,b] to F.

PROOF. Again the sufficiency follows from the Controlled Convergence The-
orem in [2]. Now we shall prove the necessity. Since f is general Denjoy
integrable on [a, ], f is also Kubota integrable on [a, b] with primitive F. By
Theorem 1, conditions (i) and (ii) are satisfied. It remains to prove (iii)’ holds.

Since F is uniformly continuous on [a, b], given € > 0, there exists § > 0
such that whenever z,y € [a,d] with |z — y| < §, we have

3

3 (16)

|F (=) - F(y)| <

Since ntJ_OlX,, = [a,b] with X, C Xp41 for all n, we may choose a positive
integer N* such that

l[a,8]— Xn| <6 foralln > N* and NL : (17)
For n > N*, by property (P), if ¢ € X,,, then by (17),
z z 1 1 €
@ [ fo -0 [ fl<i<qz<3 (18)

If z ¢ X,, then z € (y,2) for some y,z € X, with (y,2) C (a,d) — X,.
Thus |z — y| < |(a,b) — X,| < |(a,b) — XN+ | < . Hence we have, by (16) and
(18),
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I(L)/:fxx,, -0 [ 1

Y y z
< |@ [ 1o -0 [d]+|@ [ 1
a a y
E €
< 3 + 3
=
Thus
sup (L)/ fxx, —(D)/ fl<e foralln> N*,
a<z<b a a
that is, (iii)’ holds. The proof is complete. o

Remark 2 Conditions (i) and (iii)’ of the Corollary says that f satisfies con-
dition (L) on {X,}.
References

[1] G. Liu, On necessary conditions for Henstock integrability, Real Anal.
Exch., 18 (1992-93), 522-531.

[2] B. Soedijono and L. Peng-Yee, The Kubota integral, Math Japonica, 36
(1991), 263-270.

[3] L. Peng Yee, Lanzhou lectures on Henstock integration, World Scientific,
(1989).

[4] S. Saks, Theory of the integral, 2nd.ed., Warsaw, (1937).

[5] Y. Kubota, An integral of the Denjoy type 1, 2 and 3, Proc. Acad., 40
(1964), 713-717; 42 (1966), 737-742; 43 (1967), 441-444.



	Contents
	p. 847
	p. 848
	p. 849
	p. 850
	p. 851
	p. 852
	p. 853
	p. 854
	p. 855
	p. 856
	p. 857

	Issue Table of Contents
	Real Analysis Exchange, Vol. 20, No. 2 (1994-95) pp. 372-863
	Front Matter
	EDITORIAL MESSAGES [pp. 372-372]
	CONFERENCE REPORTS
	REPORT ON THE CONFERENCE "PROBLEMS IN REAL ANALYSIS" ŁÓDŹ, POLAND, JULY 11–13, 1994 AND JOINT U.S.-POLISH WORKSHOP REAL ANALYSIS ŁÓDŹ, POLAND, JULY 14–19, 1994 [pp. 373-378]
	WHERE ANALYSIS, TOPOLOGY AND SET THEORY MEET: WHICH MATHEMATICAL OBJECTS CAN BE INTERESTING FOR TOPOLOGISTS? [pp. 379-382]
	DARBOUX HOMOTOPIES AND DARBOUX RETRACTS - RESULTS AND QUESTIONS [pp. 383-383]
	OLD AND NEW SANDWICH THEOREMS [pp. 384-386]
	MULTIPLYING DERIVATIVES [pp. 387-391]
	COMPACT SUBSETS OF THE BAIRE SPACE [pp. 392-393]
	SOME THIN SETS OF REAL ANALYSIS [pp. 394-395]
	ON STRONG QUASI-CONTINUITY [pp. 396-400]
	INTRODUCTION TO TRANSCENDENTAL SPACES [pp. 401-401]
	STABILITY ASPECTS OF DELTA CONVEXITY [pp. 402-404]
	FIXED POINTS AND ITERATIONS OF DARBOUX FUNCTIONS [pp. 405-405]
	FUNCTIONS OF SMALL BOREL CLASSES [pp. 406-406]
	CLASSIFICATIONS OF BOREL MEASURABLE FUNCTIONS [pp. 407-410]
	RESTRICTION THEOREMS IN REAL ANALYSIS [pp. 411-413]
	STRONG SEMICONTINUITY OF REAL FUNCTIONS [pp. 414-415]
	CORE DENSITY TOPOLOGIES [pp. 416-417]
	ON THE SUMS AND THE PRODUCTS OF QUASI-CONTINUOUS FUNCTIONS [pp. 418-421]
	STRAINING FOR THE HARMONY AMIDST A CACOPHONY OF DERIVATIVES [pp. 422-423]
	ON THE CAUCHY DIFFERENCE [pp. 424-426]
	ON DENSITY POINTS [pp. 427-428]
	SOME PROBLEMS CONCERNING ALMOST CONTINUOUS FUNCTIONS [pp. 429-432]
	THREE PROBLEMS IN EUCLIDEAN GEOMETRY [pp. 433-434]
	COMPOSITIONS WITH DERIVATIVES [pp. 435-435]
	SOME GENERAL METHODS FOR SHOWING DERIVATIVES ARE IN B₁ [pp. 436-437]
	UNIFORMLY ANTISYMMETRIC FUNCTIONS, UNIFORMLY ANTI-SCHWARZ FUNCTIONS [pp. 438-440]
	FIRST RETURN DIFFERENTIATION [pp. 441-442]
	ON FIRST RETURN CHARACTERIZATIONS OF BAIRE CLASSES α ≥ 1 [pp. 443-443]
	SOLUTION OF THE BAIRE ORDER PROBLEM OF MAULDIN [pp. 444-446]
	On some ideals of sets [pp. 447-449]
	ON GENERALIZED STOCHASTIC CONVERGENCE [pp. 450-451]
	ON NON-BAIRE SETS [pp. 452-453]

	TOPICAL SURVEY
	THIN SETS OF HARMONIC ANALYSIS AND INFINITE COMBINATORICS [pp. 454-509]
	RESTRICTION THEOREMS IN REAL ANALYSIS [pp. 510-526]

	RESEARCH ARTICLES
	CONVERSION FORMULAS FOR THE LEBESGUE-STIELTJES INTEGRAL [pp. 527-535]
	BOREL IMAGES OF SETS OF REALS [pp. 536-558]
	FINITE ADDITIVITY AND CLOSEST APPROXIMATIONS [pp. 559-579]
	SOME QUESTIONS CONCERNING INVARIANT EXTENSIONS OF LEBESGUE MEASURE [pp. 580-592]
	THE RIGHT ABSORPTION PROPERTY FOR DARBOUX FUNCTIONS [pp. 593-602]
	TRANSFORMING LEBESGUE-STIELTJES INTEGRALS INTO LEBESGUE INTEGRALS [pp. 603-616]
	HAUSDORFF MEASURE ON PERTURBED CANTOR SETS [pp. 617-621]
	THE HAKE'S PROPERTY FOR SOME INTEGRALS OVER MULTIDIMENSIONAL INTERVALS [pp. 622-630]
	ON THE MAXIMAL FAMILIES FOR THE CLASS OF STRONGLY QUASI–CONTINUOUS FUNCTIONS [pp. 631-638]
	A GENERALIZATION OF THE BANACH ZARECKI THEOREM [pp. 639-646]
	SMOOTHING Λ-SEQUENCES [pp. 647-650]
	DECOMPOSITION OF I-APPROXIMATE DERIVATIVES [pp. 651-656]
	CARDINAL INVARIANTS CONCERNING FUNCTIONS WHOSE SUM IS ALMOST CONTINUOUS [pp. 657-672]
	SUMS OF BOUNDED DARBOUX FUNCTIONS [pp. 673-680]
	EXTREME CONTRACTIONS IN $L\left( {\ell _2^p,\,\ell _2^q} \right)$ AND THE MAZUR INTERSECTION PROPERTY IN $\ell _2^p\,{ \otimes _\pi }\ell _2^q$ [pp. 681-698]
	SOME EQUIVALENTS OF THE AP CONTROLLED CONVERGENCE THEOREM, THEIR GENERALIZATIONS AND A RIESZ-TYPE DEFINITION OF THE AP-INTEGRAL [pp. 699-725]

	INROADS
	AN INTEGRABILITY THEOREM FOR DIRICHLET SERIES [pp. 726-735]
	THE PRESERVATION OF THE CONVEXITY OF FUNCTIONS [pp. 736-740]
	ON A THEOREM OF DUNFORD, PETTIS AND PHILLIPS [pp. 741-743]
	MEASURABILITY, QUASICONTINUITY AND CLIQUISHNESS OF FUNCTIONS OF TWO VARIABLES [pp. 744-752]
	POINTS OF UNIFORM CONVERGENCE AND OSCILLATION OF SEQUENCES OF FUNCTIONS [pp. 753-767]
	MEASURABILITY OF PEANO DERIVATES AND APPROXIMATE PEANO DERIVATES [pp. 768-775]
	LINEAR SPACES OF DARBOUX DERIVATIVES [pp. 776-785]
	REGULARITY OF LOCALLY LIPSCHITZ FUNCTIONS ON THE LINE [pp. 786-798]
	ON MEASURE SPACES WHERE EGOROFF'S THEOREM HOLDS [pp. 799-804]
	DARBOUX HOMOTOPIES AND DARBOUX RETRACTS - RESULTS AND QUESTIONS [pp. 805-814]
	A NOTE ON ADDITIVE FUNCTIONS OF INTERVALS [pp. 815-818]
	SOME TOPOLOGICAL PROPERTIES OF HAMEL BASES [pp. 819-822]
	ON LOCAL RELATIVE CONTINUITY [pp. 823-830]
	SOME COMMENTS ON AN APPROXIMATELY CONTINUOUS KHINTCHINE INTEGRAL [pp. 831-841]
	SUMS OF CONTINUOUS AND DARBOUX FUNCTIONS [pp. 842-846]
	ON NECESSARY AND SUFFICIENT CONDITIONS FOR NON-ABSOLUTE INTEGRABILITY [pp. 847-857]
	A THEOREM ON SEQUENCES OF DIFFERENTIABLE FUNCTIONS [pp. 858-863]

	Back Matter



