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 ON NECESSARY AND SUFFICIENT

 CONDITIONS FOR NON-ABSOLUTE

 INTEGRABILITY

 Abstract

 We give necessary and sufficient conditions for a function to be gen-
 eral Denjoy or Kubota integrable. The conditions we obtain are in terms
 of a sequence of Lebesgue integrable functions converging to the given
 function.

 In [1], Liu proved that if / is Henstock integrable on [a, 6], then there exists
 an increasing sequence {-X"n} of closed sets whose union is [a, 6] such that /
 satisfies condition ( L ) on {Xn}. We recall that a function / defined on [a, 6]
 is said to fulfill the condition ( L ) on {Xn} if / is Lebesgue integrable on each

 Xn and ( L ) /xnn[flr|/W^ converge uniformly on [a, 6]. For details, see [1].
 In [2], the Controlled Convergence Theorem for the Kubota integral is given.

 In this paper we shall also give a Riesz-type definition for the general
 Denjoy integral and the Kubota integral. The main result is:

 Theorem 1 In order for f to be Kubota integrable on [a, 6], it is necessary and
 sufficient that there exists an increasing sequence {Xn} of closed sets whose
 union is [a, 6] such that

 (i) f is Lebesgue integrable on each Xn ;

 (ii) the sequence of primitives {-Fn} of {fxXn} Z5 [UACG)([a,b]) ;

 (Hi) Fn -¥ F pointwise on [a,6]; where F is approximately continuous on
 [a,b'.
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 Furthermore, we shall show that if / is General Denjoy integrable on [a, 6],
 then conditions (i) and (iii) in the above theorem can be improved to
 (iii)7 / satisfies condition (L) on {Xn}.
 First, we give some definitions.
 Let X Ç [a, 6]. A function F defined on [a, 6] is said to be AC(X) if for

 every e > 0 there exists an tj > 0 such that for every finite or infinite sequence
 of non-overlapping intervals {[a¡, c, &&]} with and 6* belonging to X for all k
 satisfying

 'bk - a/- 1 < 77 we have ¿2'F(bk)-F(ak)'<e.
 k k

 A function F is said to be ( AC G ) on [a, 6] if [a, 6] is the union of closed
 subsets {-V*} such that, the function F is AC(Xk) for each k.
 A family of functions {jFn} is said to be UAC(X) if and only if every Fn
 is AC{X) and the 77 > 0 in the definition of AC{X) are independent of n. A

 00

 family of functions { Fn .} is said to be ( U ACG ) on [a, b] if U Xk = [a, b] with

 {Fn} being U AC {Xk) for each k.
 A function / defined on a compact interval [a, 6] is said to be Kubota

 integrable (respectively general Denjoy integrable) on [a, 6] if there is a function
 F such that :

 (i) F is approximately continuous (respectively continuous) on [a, 6] ;

 (ii) F is (ACG)([a} 6]);

 (iii) the approximate derivative F'ap{x ) = f{x) for almost all x in [a, 6].

 The function F is called the primitive of / on [a, 6]. The integral of / on
 [a, 6] is F(b) - F (a), and we say that / is integrable to F(b) - F (a) on [a, 6].
 We write F(b) - F(a) = {AD) f* f (respectively F{b) - F{a) = {D) /.) For
 more details, see [2], [3], [4], [5].

 Definition 1 If f is Kubota integrable on [a, 6], we shall say that f has prop-
 erty (P) if the following conditions are satisfied :

 Given a positive integer n, there is a sequence {Xn} of closed sets in [a, 6]
 such that :

 00

 (1) a,b € Xi, Xn Ç Xn+ 1 for all n and U Xn = [a, 6].
 n = l

 (2) f is Lebesgué integrable on Xn for each n;
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 (3) for each n, if a finite sequence of non-overlapping intervals con-
 tained in [a, 6] satisfies the condition that both endpoints of each Ii belong
 to Xn , then we have

 I I ±{(AD)J fri I J Ii f-(L) J JlinXn /} J <1. n I fri I J Ii JlinXn J n

 We shall prove that if / is Kubota integrable on [a, 6], then / satisfies
 property (P) on [a, 6]. We shall apply the category proof. We need three
 Lemmas.

 Lemma 1 (Cauchy extension) If f is Kubota integrable on [a, 6], and f has
 property (P) on [a, x] for each a < x < b, then f has property (P) on [a, 6].

 PROOF. Let a = a' < 02 < • • • < b with an - ► b as n - > 00 and

 (AD) ļ*nf-(AD) j'f <¿ (1)
 Since / has property (P) on each of the interval [a¡Ci a/c+i] for each positive

 integer k, there exists an increasing sequence {X^,n}n>i of closed subsets
 00

 of [at, ajfc+i] with ak,ak+i € Xu,i and = [afe,ofe+i] such that / is
 n=l

 Lebesgue integrable on each Xk ,n and if a finite sequence of non-
 overlapping intervals contained in [a^a/j+i] satisfies the condition that both
 endpoints of each /,• belong to then we have

 (2)

 Put Xn = U Xk ' n U {b}. Then Xn Ç Xn+i for all n with U Xn = [a, 6]. fc= 1 ' n=l

 / is Lebesgue integrable on each Xn. Now take a finite sequence of non-
 overlapping intervals {/i}¿=1 in [a, 6] with both end points of each /,• belonging

 to Xn. Note that {a^} Ç Xn , so we may suppose that Ij Ç [a/,a/+ 1] for

 some 1 < / < n if Ij D (a/,a/+i) is non-empty. Furthermore we may assume
 that Is = [an+i,6]. Note that b £ Xi and Xn fl Is = {an+i,b}. Thus we have
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 I U{ADiif-{L)L.f}'

 = 't{íAD)¡ I f-{L)¡ f'+(AD)[h J f |7T1 I Jlx JliClXn J Jan+1

 < 1+âpVïj

 < -A 2_/ i + 1 < - 2_/ n2*+i + 2 n
 fc = 1

 Since both endpoints of /t- belong to Xk,n if U Q [a/c^+i] for some k ,
 1 < k < n. Thus / satisfies property (P) on [a, 6]. □

 Lemma 2 If f is Kubota integrable on [a, 6] with its primitive F being AC(X),
 oo

 where X is a closed subset of [a, b] with a,b £ X and (a, 6) - X = U (a/c, 6*),
 fc=i

 then fXx 25 Lebesgue integrable on [a, 6] with

 rb fb 00 pbk

 (AD) / f=(L) fXx + / /■
 */<2 Ja £ = ļ «/afe

 oo

 Proof. We may suppose that a,b E X with (a, 6) - X = U (a/c , fc^) , for
 k = 1

 otherwise we may replace [a, 6] by the smallest closed interval containing X.

 Since F is AC(X ) and so F is VB(X), the series ]T ļ(^^) /a* fļ converges,
 and the function H given by

 00 rbk

 H(z) = ^2(AD) / fX[a,x)
 k=l Ja *

 where x G [a, 6], is well defined.

 Claim. H is approximately continuous on [a, 6].

 Proof of claim. We shall first prove that if x £ [a, 6), then H is right ap-
 proximately continuous at x, that is, given e > 0, there exists an approximate
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 neighborhood D'x of x such that whenever y € D'x with x < y, we have

 'H{x)-H{y)'<t. (3)
 OO

 If x G U [afc,6fc), then (3) follows from the approximate continuity of F on
 lř= 1

 [a, 6]. Suppose x is a limit point of X fļ[x, 6]. By the fact that F is AC(X ), F
 is continuous on X , there exists ¿(x) > 0 such that whenever x < t < x + i(x)
 with t G X, we have

 |F(*)-F(ť)|<|. (4)
 Now we choose a positive integer N so that

 00 rbk I e
 £ (AD) / rbk / < - e ° (5) k=N+ 1 Ja * I °

 and we modify ¿(x) > 0, if necessary, so that (x,x + ¿(x)) 0 [ a*, 6* ] = 0 for
 fc = 1,2, ...,7V. By the approximate continuity of F at x, there exists an
 approximate neighborhood D'¿ of x such that whenever y G D'ļ, we have

 |F0C)-F(Î,)|<|. (6)
 Put Dz = D'± n [x,x+ |¿(x)]. Then whenever y € Dx - X, y € (a/,, 6/,) for
 some /1 > .<V + 1, and we have

 < £ (^) /6fc/X[.,y]
 /c = l

 00 I /*J/ I

 < £ (AD) / / + (¿D) / /*J/ / I (7) fc=JV+l I I

 noting that [x, y] fl (a*, 6*) = 0 for each k = 1, . . . , AT. If y £ X, then the term
 ť(AD) /' disappears. By (7), for all y E Dx with x < y, we have

 «21 I f'» I I rv

 < E MD) / / + I (^) ^ / * fc=jV+l I I I ^

 < I + (AU) J' /1 + (A£>) jT /1 , by (5),

 < | + | + I' by (6) and (4)'
 = £.
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 Similarly, for a < x < b, we can prove that H is left approximately continuous
 at x. The proof of the claim is complete.
 Put G(a) = F (a), G(b) = F(b) and G{x) = ^(i), if x € X and

 rt*'-lFW' U if*€X, U («-«*) + ^K), if*€(afc,6*).
 Then G is absolutely continuous on [a, 6], and G'(x) = Fļp(x) = f(x) for

 almost all x G X. Hence / is Lebesgue integrable on X. It is obvious that H
 is AC(X) and that H is (ACG) on [a, 6].

 Put

 f°, if x e x
 if* €<«*,«.

 Then h0 is Lebesgue integrable on [a, b] with primitive Ho (say). Further-
 more, H(x) = Ho{x) for all x G X. Hence H'ap(x) = H'0(x) = ho(x) = 0 for
 almost all x G X. Furthermore, for each positive integer k, H'ap(x) = f(x) for
 almost all x G (a^ , 6fe). By the above claim, the function H is approximately
 continuous on [a, 6] and H is (ACG) on [a, 6], the function h defined on [a, b]
 by

 Mx) V ; = /0
 Mx) V ; = 'f(x), ifx<£X,

 is Kubota integrable on [a, b] with primitive H . Hence we have

 {AD) Ja i"f = (L) Ja fbfXx+(AD) Ja f h = (L) Ja /6/x* + f>0) f" /• Ja Ja Ja Ja /c = l

 The proof is complete. □

 Lemma 3 (Harnack extension). Let the hypothesis be as in Lemma 2 , and if
 f has property (P) on each of the interval [a/c ,&/:], then f has property (P) on
 [a,b].

 Proof. Since / has property (P) on each of the interval [ai^bk] for each
 positive integer k, there exists an increasing sequence {^/c,n}n>i of closed

 oo

 subsets of [afcjbk] with a*, 6* G Xk,i and U Xk,n ' = [a*, M such that /
 n = 1 '

 is Lebesgue integrable on each Xk,n and if a finite sequence of non-
 overlapping intervals contained in [ a k , 6^] satisfies the condition that both
 endpoints of each /,■ belong to then we have
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 (8)

 Since F is AC(X)) by Lemma 2, / is Lebesgue integrable on X.

 Since the series '{AD) J ^ /1 converges. For each positive integer n, we
 choose a positive integer fc(n) such that

 ńk i

 £ {AD) / / < - (9)
 and we may suppose that k(n + 1) > k(n) for all positive integer n.

 Ä(n) oo
 Put Xn = UlfcnUX, ' Then Xn Ç Xn+i for all n with U Xn = [a, 6]. fc=l ' n=l

 / is Lebesgue integrable on each Xn. Now take a finite sequence of non-
 overlapping intervals {/¿}¿=1 in [a, b] with both end points of each /, belonging

 &(n) k(n)
 toXn. Since U ({a/c}U{6fc}) Ç Xi) U Xk,nì we may assume that U Ç [a*, 6*]

 k=l k=l

 if li H (a*, bk) is non-empty for some 1 < k < k(n). Note that if Ij fl (a*, 6^) is
 empty for all k = 1, 2, ... , fc(n), then both end points of Ij belong to X . Split

 the sum J2i=i fi /~"(^) fi nx ^ ļ *nto two Par^a^ sums Ç and In
 the sum each interval /,• involved belongs to [a^, bk] for some 1 < k < fc(n),

 1

 and = Y1 - Then we have
 2 1

 |¿{(W |i=1 ^ f-(L)J JliC'Xn /}| J I |i=1 ^ JliC'Xn J I

 < feW) I / /-(i) f /}| J |l I Jh J I iC'Xn J I

 + ÇIM/-WJL'}!
 < ¿ ¿ í f' by (8) and Lemma 2

 fc = l fc=fc(n)+l •/at I
 <

 and so / satisfies property ( P ) on [a, b]. The proof is complete. □
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 Theorem 2 If f is Kubota integrable on [a, 6] with primitive F, then f sat-
 isfies property ( P ) on [a, 6].

 Proof. We say that an interval I Ç [a, 6] is regular if the function / satisfies
 property (P) on I. Furthermore, we say that a point x £ [a, 6] is regular if
 each sufficiently small interval I Ç [a, 6] containing x as an interior point is
 regular. Let Pi be the set of all non-regular points in [a, 6]. Then the set Pi
 is closed and every subinterval of [a, 6] which contains no points of this set is
 regular. In view of F being ( ACG ) on [a, 6] and the Baire's category Theorem,
 f is Lebesgue integrable on some interval in [a, 6]. By dominated convergence
 theorem, we see that the set of regular points is non-empty.
 Suppose, if possible, P' ^ 0. By Lemma 1, we see easily that every interval

 contagious to Pi is regular and that the set Pi therefore has no isolated points.
 Again, by the Baire's category Theorem, there is a portion P0 of P' such that
 F is AC(Po)- Let J0 be the smallest closed interval containing P0. Since the
 set Pi contains no isolated points, the same is true of any portion of Pi, and
 therefore Pi rï J0 has non-empty interior. It follows that in order to obtain a
 contradiction, we need only to prove that the interval J0 is regular.
 To show this, let Q be the set consisting of the points of the set Pi fl J 0

 and of the end-points of J0. We denote by {In} the sequence of the intervals
 contiguous to Q. Now F is AC(Q) and / satisfies property (P) on each of the
 intervals In. By Lemma 3, / satisfies property (P) on J0i the interval J0 is
 regular and this completes the proof. □

 Proof of the main theorem. The sufficiency follows from the Controlled
 Convergence Theorem in [2]. Now, we shall prove the necessity.
 Proof. By Theorem 1, f satisfies property (P) on [a, 6]. Let {X„} be the
 sequence of closed sets given as in Theorem 1. Then / is Lebesgue integrable
 on each Xn .

 Claim. F is AC(XP) for each positive integer p.
 Let e > 0 be given. Choose an integer N > p so that ^ < |. By property

 (P), whenever {[w«, v»]} is a finite sequence of non-overlapping intervals with
 both Ui , Vi 6 Xp for each we have

 £{ MO) jiV(i> £'/*,, }|4 (10)
 since Xp Ç X^ for N > p. Now the sequence {[ií¿, t>¿]} is arbitrary, so by

 (10),

 ^'{AD)£f'{L)C,x"''<ì' (u)
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 Since / is Lebesgue integrable on each Xn) there exists 77* > 0 such that
 whenever is a finite sequence of non-overlapping intervals in [a, b]
 satisfying Y2(vj ~ uj) < Vn > we have

 j

 Í fx*» < I ¿ for each n (12) j ¿

 Consequently, by (11), (12) and the fact that ^ < f , whenever
 is a finite sequence of non-overlapping intervals in [a, 6] with u*, v* G Xp for
 each k satisfying

 - w*) < vn we have ^2 (ad) Í /|<f+f = £ (13)
 k k k '

 and so F is AC(XP) for each p.
 Put Fn(x) = ( L ) f* fXxn f°r each x € [a>b]- We claim that {Fn} is
 U AC {Xp) for each p.
 By property (P), whenever {[ut- , v¿]} is a finite sequence of non-overlapping
 intervals with both ut-, G Xn for each z, we have

 |e{(ad)£'/-W£/x),.}|<Í (»i
 By (14), we have

 £ (AD) Jui fV% f - (L) Jui [V'fXxn <' n (15) Jui Jui n

 Consequently, whenever {[u/c,Vfc]} is a finite sequence of non-overlapping
 intervals in [a, 6] with iifc, v u G Xp for each k satisfying

 - u*) <

 we have

 23 |(¿) / /X*. < I + 1 = £ for a11 n
 k ' Juk

 by (13) and (15). Hence {Fn} is UAC(XP) for each p.
 To prove that Fn - *» F pointwise on [a, 6], let x G (a, b] be given. Then

 a, a? G XjVo for some positive integer No = AT0(a;,£) such that ^ < e. By
 property (P), for all n > 7V0,
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 'm J' fXx. - (ad) J' f'K
 The proof is complete. □

 Remark 1 By using the main Theorem , we can easily give a Riesz-type defi-
 nition for the Kubota integral .

 Corollary 1 In order for f to be general Denjoy integrable on [a, 6] with prim-
 itive F , it is necessary and sufficient that there exists an increasing sequence
 {Xn} of closed sets whose union is [a, 6] such that

 (i) f is Lebesgue integrable on each Xn ;

 (ii) the sequence of primitives {Fn} of {/xXn} is (U ACG)([a1 6]) ;

 (iii) (iii)' Fn converge uniformly on [a, 6] to F.

 Proof. Again the sufficiency follows from the Controlled Convergence The-
 orem in [2]. Now we shall prove the necessity. Since / is general Denjoy
 integrable on [a, 6], / is also Kubota integrable on [a, 6] with primitive F. By
 Theorem 1, conditions (i) and (ii) are satisfied. It remains to prove (iii)' holds.
 Since F is uniformly continuous on [a ,6], given € > 0, there exists S > 0

 such that whenever x, y G [a, b] with 'x - y' < ¿, we have

 I F(x)-F(y)'<£- ~ (16)
 OO

 Since UXn = [a, b] with Xn Ç Xn+' for all n, we may choose a positive
 n=l

 integer N* such that

 |[a, b] - Xn ' < 6 for all n > N* and V ^ Zi (17) i V Zi

 For n > N* , by property (P), if a: G Xn , then by (17),

 (i8)

 If x £ Xn, then x G (y, z) for some y, z G Xn with {y, z) Ç (a, 6) - Xn.
 Thus 'x - y' < I (a, b) - Xn | < |(a, b) - Xn* ' < S- Hence we have, by (16) and
 (18),
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 |(l) r fXxn ~(D) r f I Ja Ja

 Jry I a fXxn~(D) Ja ry f + (D) J y r * f' I I Jry I fXxn~(D) f + (D) J f' a Ja J y I
 6 , e

 < 2 , 2
 = £

 Thus

 sup 1(1) f fxXn-(D) ( /|<e for all n> N*, a<x<b I Ja Ja I

 that is, (iii)' holds. The proof is complete. □

 Remark 2 Conditions (i) and (iii)' of the Corollary says that f satisfies con-
 dition ( L ) on {Xn}.
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