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 SOME TOPOLOGICAL PROPERTIES OF

 HAMEL BASES

 Abstract

 We prove some results concerning covering, and translation proper-
 ties of Hamel bases. For example, we show that the complement of a
 union of fewer than continuum many translates of a Hamel basis, more
 generally Erdös set, is everywhere of the second category.

 1 Introduction

 Several properties of Hamel bases have been extensively studied in [2]. All
 undefined notions used in this paper can be found in [2]. The real line R is
 a vector space over the rationals. Any basis for this vector space is called a
 Hamel basis. A subset X of the reals is said to be everywhere of the second
 category if the intersection of X with any nonempty open interval is not a
 countable union of nowhere dense subsets. Several properties of Hamel bases
 are studied in this paper. For example, we show that no Hamel basis is closed,
 more generally no Hamel basis is a countable union of closed sets and the
 complement of a union of fewer than continuum many translates of Erdõs
 set Z(H) is everywhere of the second category, where the Erdõs set Z{H) is
 defined to be the set of all finite linear combinations of elements from H with

 integer coefficients. This generalizes Theorem 7 in [3] " if D is a union of fewer
 than continuum many translates of a Hamel basis, then the complement of D
 is everywhere of the second category."

 Theorem 1 If K is a subset of R, K spans R over the rationals and no proper
 subset of K spans R, then K is not a countable union of closed sets.
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 Proof. Suppose K is a countable union of closed sets. Then it can be easily
 seen that K is a countable union of compact sets K where each K{ is a
 proper subset of K and K{ Ç Kj for i < j. Let 5,- = r'Ki -f r^Ki + ... + rn
 where ri,r2,...,rn are fixed rational numbers. Since K{ is compact, it can be
 easily seen that Si is closed. 5,- is of measure zero and of the first category,
 otherwise Si - Si would contain an interval [4, p.93] and hence Si would span
 R contradicting Ki does not span R. Since R is a countable union of sets of
 the form S,-, R is a countable union of measure zero, first category sets, which
 is a contradiction. □

 Corollary 1 No Hamel basis is closed. (See [ 2 , p. 258].)

 If H is a Hamel basis, then there exists an element 6 such that H+ 6 contains
 no Hamel basis. This appears as an exercise in a book by M. Kuczma (An
 introduction to the theory of functional equations and inequalities, 1985). The
 following theorem gives a necessary and sufficient condition for H + r to be a
 Hamel basis whenever H is a Hamel basis.

 Theorem 2 Let H be a Hamel basis and r = where qi are rational
 numbers and hi are elements of H . Then H + r is a Hamel basis if and only
 «/Er=i9¿ # -i-

 Proof. Suppose H + r is a Hamel basis. Then r = YlîLi + r)> where
 bi are rational numbers and hi are elements of H . Hence khi = (1 -
 E™ 1 bi)r = (1 - Without loss of generality we may
 assume that n = m. Since H is a Hamel basis, bj = (1 - YlîLi bi)Çj f°r
 1 < j < n. Consequently bj = £"=1(1 ~ tZLi ~ YT= i M(

 1 Vj)- Hence 1 <7j Otherwise ¿™=1 bj = 6¿) - 1, which is
 impossible.

 Conversely, assume that 52"=1 Çi ^ - 1- Suppose = where
 bi are rational numbers and /it are elements of H . Then 0 = J2ĪL i h hi +

 (*)• Without loss of generality we may assume that
 n = m. By (*), bj + = 0 for 1 < j < n. Since 0 = Yl]=i[bj +
 (E"=i è<)?i] = ( ELi fc.)(1+ E"=i ?0 and E"=i n # E"=i bi = 0- Now>
 because of bj + (X3?=i = 0, bj = 0. Thus H + r is a Hamel basis. □

 Remark 1 It follows from the above proof that if H is a Hamel basis, then
 H + r contains a Hamel basis if and only if H + r is a Hamel basis.

 Sierpiński proved that the complement of a Hamel basis is everywhere of
 the second category and Morgan [3, Th. 7] generalized that if H is a Hamel
 basis and D is a union of fewer than continuum many translates of H , then the
 complement of D is everywhere of the second category. The following theorem
 is little more than the above result.
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 Theorem 3 If D is a union of fewer than continuum many translates of an
 Erdõs set Z(H), where H is a Hamel basis , then the complement of D is
 everywhere of second category.

 Proof. Since Z(H) is an additive subgroup of the reals R and the index of
 Z(H) in R is the cardinality of the continuum, D is contained in a proper
 subgroup of Ä, namely the sum of Z(H) and a subgroup of cardinality less
 than the cardinality of the continuum. The proof is complete if we show
 that the complement of a proper subgroup of R is everywhere of the second
 category. To do this, let G be a proper subgroup of R and suppose that the
 complement of G is not everywhere of the second category. Then there exists
 a nonempty open interval I such that (Ä'G) fi I is of the first category and
 hence G = G- GD (GO I) - (GDI) contains a nonempty open interval, see
 [4]. Hence G = Ä, which is a contradiction. Thus the proof is complete. □

 It is well known that R is not a direct sum of a proper subgroup G and
 the group Z of integers. Is R the sum of G and Z ? To answer the question,
 suppose R = G + Z. Then for every nonzero integer n, there exist gn G G and
 zn G Z such that ^ = gn + zn. Hence 1 - nzn G G fi Z. Let a = 1 - 2*2-
 Then a and 1 - aza are in G H Z. Hence 1 = (1 - aza) + aza E Gn Z. This
 implies that GC'Z = Z and ñ = G + ZCG+G, which contradicts that G is a
 proper subgroup of R. Thus R^ G + Z . However it follows from the following
 theorem that R is a sum of a proper subgroup and an Erdös subgroup Z(H ),
 when H is a Hamel basis.

 Theorem 4 There exist a proper subgroup G of R and a Hamel basis H of R
 such that R = G + H' for a countably infinite subset H' of H .

 Proof. Let B be a Hamel basis and let 6 be a fixed element of B. Then

 E(B'{b}) (the set of all finite linear combinations of elements from B'{b}
 with rational coefficients) is a proper subgroup of R. Well-order B'{b} as
 (bt)ç<n and well-order the set of all rationals as Let H' = {qçb + bç :
 1 < £ < u;}. Then it can be easily seen that H i is linearly independent and
 hence there exists a Hamel basis H containing H'. Now R = E(B'{b}) + H i
 because any real number r can be written as a finite linear combination of
 elements from B with rational coefficients, that is, there exists g G E(B'{b})
 such that r = g + qçb = (g - bç)+(qçb + G E(B'{b}) + H'. □

 It is interesting to compare the following theorem with Corollary 2.

 Theorem 5 The complement of a finite union of Hamel bases is everywhere .
 of the second category.

 Proof. Suppose R' U"=1 Hi , where H^s are Hamel bases, is not everywhere
 of the second category. Then there exists a nonempty open interval I such
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 that ( R' UjĻļ Hi) fl I is of the first category (*). Hence Hi fl I is of the
 second category for some ¿, say i = 1. Let r be a real number such that
 0 G I + r. Then for every h £ Hi, there exists a positive integer m such
 that ^ G /-fr. Since Hi is of the second category and countable union of
 the first category sets is of the first category, there exists a positive integer
 m such that {h G Hi : £ G / + r} is of the second category. Let m be a
 positive integer such that {h G Hi : ^ G I + r} is of the second category and
 let H' = {h G Hi : £ G I + r} (**). Then, since / + r is an open interval
 containing zero, for every integer q > m, ^ G / + r for all /i in H' and by (**),
 = {£• : h G Ä7} is of the second category.
 We shall prove that, for every h G H' there are only finitely many prime

 numbers q for which ~ G (U"=1-ff» fi I) + r. Suppose for some h G -ff7 and for

 some i, 1 < i < n, £ G (-ff» H /) + r for infinitely many prime numbers q. Then
 there are prime numbers 5, ť, u, v with s < t < u < v and some elements a, 6,
 c, ci of .ff,- such that j = a + r, £ = 6 + r, £ = c + r and £ = d+r. This implies
 that sťffřj = uvT^Ti anc* since {a, 6, c, d} is linearly independent, ^
 Hence v divides st(v - i¿), which is impossible. Thus, for every h G H' , there

 are only finitely many prime numbers q for which ^ G (UjĻļ-ffi H /) + r. Now
 since / + r = [UjŁ^-ff,- fi I) -f r] U [(( R' UjĻļ Hi) fi I) -h r] , for every h G -ff',

 there exists a prime number p such that ^ G [{R' U^=1 Hi) fi I] + r for all prime
 numbers q > p. Again, since H' is of the second category and countable union
 of the first category sets is of the first category, there exists a prime number

 p such that {h G H' : j G [(-R' U ?=1 Hi) Pi I] -h r} is of the second category.
 This contradicts (*) and thus the proof is complete. □

 References

 [1] P. Erdos, On some properties of Hamel bases , Colloq. Math. 10 (1963)
 267-269.

 [2] M. Kuczma, An introduction to the theory of functional equations and
 inequality, Państwowe Wydawnictwo Naukowe, Katowice, Uniwersytet
 Slaski, 1985.

 [3] J.C. Morgan II, On translation invariant families of sets , Colloq. Math.
 34 (1975) 63-68. Appl.151 (1990) 203-207.

 [4] J.C. Oxtoby, Measure and Category, Springer- Verlag, New York, 1970


	Contents
	p. 819
	p. 820
	p. 821
	p. 822

	Issue Table of Contents
	Real Analysis Exchange, Vol. 20, No. 2 (1994-95) pp. 372-863
	Front Matter
	EDITORIAL MESSAGES [pp. 372-372]
	CONFERENCE REPORTS
	REPORT ON THE CONFERENCE "PROBLEMS IN REAL ANALYSIS" ŁÓDŹ, POLAND, JULY 11–13, 1994 AND JOINT U.S.-POLISH WORKSHOP REAL ANALYSIS ŁÓDŹ, POLAND, JULY 14–19, 1994 [pp. 373-378]
	WHERE ANALYSIS, TOPOLOGY AND SET THEORY MEET: WHICH MATHEMATICAL OBJECTS CAN BE INTERESTING FOR TOPOLOGISTS? [pp. 379-382]
	DARBOUX HOMOTOPIES AND DARBOUX RETRACTS - RESULTS AND QUESTIONS [pp. 383-383]
	OLD AND NEW SANDWICH THEOREMS [pp. 384-386]
	MULTIPLYING DERIVATIVES [pp. 387-391]
	COMPACT SUBSETS OF THE BAIRE SPACE [pp. 392-393]
	SOME THIN SETS OF REAL ANALYSIS [pp. 394-395]
	ON STRONG QUASI-CONTINUITY [pp. 396-400]
	INTRODUCTION TO TRANSCENDENTAL SPACES [pp. 401-401]
	STABILITY ASPECTS OF DELTA CONVEXITY [pp. 402-404]
	FIXED POINTS AND ITERATIONS OF DARBOUX FUNCTIONS [pp. 405-405]
	FUNCTIONS OF SMALL BOREL CLASSES [pp. 406-406]
	CLASSIFICATIONS OF BOREL MEASURABLE FUNCTIONS [pp. 407-410]
	RESTRICTION THEOREMS IN REAL ANALYSIS [pp. 411-413]
	STRONG SEMICONTINUITY OF REAL FUNCTIONS [pp. 414-415]
	CORE DENSITY TOPOLOGIES [pp. 416-417]
	ON THE SUMS AND THE PRODUCTS OF QUASI-CONTINUOUS FUNCTIONS [pp. 418-421]
	STRAINING FOR THE HARMONY AMIDST A CACOPHONY OF DERIVATIVES [pp. 422-423]
	ON THE CAUCHY DIFFERENCE [pp. 424-426]
	ON DENSITY POINTS [pp. 427-428]
	SOME PROBLEMS CONCERNING ALMOST CONTINUOUS FUNCTIONS [pp. 429-432]
	THREE PROBLEMS IN EUCLIDEAN GEOMETRY [pp. 433-434]
	COMPOSITIONS WITH DERIVATIVES [pp. 435-435]
	SOME GENERAL METHODS FOR SHOWING DERIVATIVES ARE IN B₁ [pp. 436-437]
	UNIFORMLY ANTISYMMETRIC FUNCTIONS, UNIFORMLY ANTI-SCHWARZ FUNCTIONS [pp. 438-440]
	FIRST RETURN DIFFERENTIATION [pp. 441-442]
	ON FIRST RETURN CHARACTERIZATIONS OF BAIRE CLASSES α ≥ 1 [pp. 443-443]
	SOLUTION OF THE BAIRE ORDER PROBLEM OF MAULDIN [pp. 444-446]
	On some ideals of sets [pp. 447-449]
	ON GENERALIZED STOCHASTIC CONVERGENCE [pp. 450-451]
	ON NON-BAIRE SETS [pp. 452-453]

	TOPICAL SURVEY
	THIN SETS OF HARMONIC ANALYSIS AND INFINITE COMBINATORICS [pp. 454-509]
	RESTRICTION THEOREMS IN REAL ANALYSIS [pp. 510-526]

	RESEARCH ARTICLES
	CONVERSION FORMULAS FOR THE LEBESGUE-STIELTJES INTEGRAL [pp. 527-535]
	BOREL IMAGES OF SETS OF REALS [pp. 536-558]
	FINITE ADDITIVITY AND CLOSEST APPROXIMATIONS [pp. 559-579]
	SOME QUESTIONS CONCERNING INVARIANT EXTENSIONS OF LEBESGUE MEASURE [pp. 580-592]
	THE RIGHT ABSORPTION PROPERTY FOR DARBOUX FUNCTIONS [pp. 593-602]
	TRANSFORMING LEBESGUE-STIELTJES INTEGRALS INTO LEBESGUE INTEGRALS [pp. 603-616]
	HAUSDORFF MEASURE ON PERTURBED CANTOR SETS [pp. 617-621]
	THE HAKE'S PROPERTY FOR SOME INTEGRALS OVER MULTIDIMENSIONAL INTERVALS [pp. 622-630]
	ON THE MAXIMAL FAMILIES FOR THE CLASS OF STRONGLY QUASI–CONTINUOUS FUNCTIONS [pp. 631-638]
	A GENERALIZATION OF THE BANACH ZARECKI THEOREM [pp. 639-646]
	SMOOTHING Λ-SEQUENCES [pp. 647-650]
	DECOMPOSITION OF I-APPROXIMATE DERIVATIVES [pp. 651-656]
	CARDINAL INVARIANTS CONCERNING FUNCTIONS WHOSE SUM IS ALMOST CONTINUOUS [pp. 657-672]
	SUMS OF BOUNDED DARBOUX FUNCTIONS [pp. 673-680]
	EXTREME CONTRACTIONS IN $L\left( {\ell _2^p,\,\ell _2^q} \right)$ AND THE MAZUR INTERSECTION PROPERTY IN $\ell _2^p\,{ \otimes _\pi }\ell _2^q$ [pp. 681-698]
	SOME EQUIVALENTS OF THE AP CONTROLLED CONVERGENCE THEOREM, THEIR GENERALIZATIONS AND A RIESZ-TYPE DEFINITION OF THE AP-INTEGRAL [pp. 699-725]

	INROADS
	AN INTEGRABILITY THEOREM FOR DIRICHLET SERIES [pp. 726-735]
	THE PRESERVATION OF THE CONVEXITY OF FUNCTIONS [pp. 736-740]
	ON A THEOREM OF DUNFORD, PETTIS AND PHILLIPS [pp. 741-743]
	MEASURABILITY, QUASICONTINUITY AND CLIQUISHNESS OF FUNCTIONS OF TWO VARIABLES [pp. 744-752]
	POINTS OF UNIFORM CONVERGENCE AND OSCILLATION OF SEQUENCES OF FUNCTIONS [pp. 753-767]
	MEASURABILITY OF PEANO DERIVATES AND APPROXIMATE PEANO DERIVATES [pp. 768-775]
	LINEAR SPACES OF DARBOUX DERIVATIVES [pp. 776-785]
	REGULARITY OF LOCALLY LIPSCHITZ FUNCTIONS ON THE LINE [pp. 786-798]
	ON MEASURE SPACES WHERE EGOROFF'S THEOREM HOLDS [pp. 799-804]
	DARBOUX HOMOTOPIES AND DARBOUX RETRACTS - RESULTS AND QUESTIONS [pp. 805-814]
	A NOTE ON ADDITIVE FUNCTIONS OF INTERVALS [pp. 815-818]
	SOME TOPOLOGICAL PROPERTIES OF HAMEL BASES [pp. 819-822]
	ON LOCAL RELATIVE CONTINUITY [pp. 823-830]
	SOME COMMENTS ON AN APPROXIMATELY CONTINUOUS KHINTCHINE INTEGRAL [pp. 831-841]
	SUMS OF CONTINUOUS AND DARBOUX FUNCTIONS [pp. 842-846]
	ON NECESSARY AND SUFFICIENT CONDITIONS FOR NON-ABSOLUTE INTEGRABILITY [pp. 847-857]
	A THEOREM ON SEQUENCES OF DIFFERENTIABLE FUNCTIONS [pp. 858-863]

	Back Matter



