
 Real Analysis Exchange
 Vol. 20(2), 1994/5, pp. 799-804

 László Zsilinszky, Mathematics Department, College of Education, Farská 19,
 949 74 Nitra, Slovakia, e-mail: zsili@unitra.sk

 ON MEASURE SPACES WHERE

 EGOROFF'S THEOREM HOLDS

 Abstract

 A measure space (X, S, ļī) is called almost finite if X is a union of
 a set of finite measure and finitely many atoms of infinite measure. It
 is shown that EgorofTs Theorem for sequences of measurable functions
 holds if and only if the underlying measure space is almost finite. As a
 consequence we obtain several theorems on the interaction between con-
 vergences almost everywhere, almost uniform and in measure, respec-
 tively, with no preliminary conditions on the measure space (X, 5, ,/j),
 thus extending results from [2], [4], [6] and [10]. It is proved further
 that if (X, 5, /i) is almost finite (is not almost finite), then <¡> : R - > R
 preserves almost uniform convergence and convergence in measure, re-
 spectively, if and only if <j> is continuous (is uniformly continuous), thus
 augmenting a result of [3].

 1 Introduction

 Let (Xy 5, fi) be a measure space with p(X) > 0. Denote by M the class of all
 S-measurable functions / : X - > [- oo, +oo] that are finite almost everywhere
 (abbr. a.e.) on X.

 A set A € S is called an atom if fi(A) > 0 and for any B C A, B £ S either
 fjt(B) = 0 or ß(A ' B) = 0. The measure space (X, 5, //) is said to be purely
 atomic ([5]) if it is decomposable into a countable union of atoms.

 Let /, /n E M (n € N). The concepts of convergence of the sequence
 {fn }n=i to / almost every where (denoted /„ /), almost uniformly (fn -^4
 /) and in measure (/„ - y /), respectively are well-known, their mutual con-
 nections are well established and belong to stock theorems of Measure Theory
 (cf. [5]).
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 Some of these theorems hold in case ii{X) < oo, but need not hold in
 general. Such theorems are e.g. the well-known Egoroff Theorem ([1]) assert-
 ing that convergence a.e. implies almost uniform convergence, or a theorem
 of Lebesgue asserting that convergence a.e. implies convergence in measure,
 which is actually a consequence of EgorofTs Theorem since almost uniform
 convergence implies convergence in measure without restrictions on /2 ([5],
 page 92). For examples showing that these theorems need not hold in infinite
 measure spaces, see [5] (pages 90 and 94).
 Various papers deal with diverse generalization of Egoroff's Theorem e.g.

 for collections of functions instead of sequences (cf. [7], [9] and [11]). However
 it is also possible to extend the classical theorem (see [2]). It is the purpose of
 this paper to characterize measure spaces where Egoroff 's Theorem holds and
 draw consequences on the interaction between the mentioned types of con-
 vergence without preliminary conditions on (X,S, /1), thus extending results
 from [10], [6] and [4]. As a consequence we will characterize functions which
 preserve the investigated modes of convergence, thus augmenting a theorem
 of [3].

 It turns out that the appropriate measure space is one that can be de-
 composed into the union of a set of finite measure and finitely many atoms
 of infinite measure. We will refer to it as an almost finite measure space.
 There is a characterization of these spaces via collections of pairwise disjoint
 measurable sets.

 Theorem 1 The following are equivalent:

 (i) ( X , 5, //) is almost finite ,

 (ii) limn-^oo V>{Xn) - 0 for each sequence {Xn}£°=1 of pairwise disjoint S-
 measurable sets.

 Proof. (i)=> (ii) Let, {Xn}£°=1 be a sequence of pairwise disjoint S-measurable
 sets. Without loss of generality we may assume that /i(Xn) > 0 for all n G N.
 Then, by (i), £n>no p{Xn) = fj{ön>n0Xn) < +00 for some n0 G N. Thus
 limn_>oo f^{Xn ) = 0.

 (ii)=>(i) According to Zorn 's Lemma there is a maximal element T in the
 class of all families of pairwise disjoint 5-measurable sets of positive finite

 measure. By (ii) the set Tj = {E G T' //(F) > j} is finite for all j G N. Thus
 T = U is countable, say T = {Fi, . . . , F*, . . . } where Fk G 5 (k G N).
 Consequently, F = U^Ffc G S.

 To show that /i(F) < +00 it suffices to observe that otherwise we can find

 an increasing sequence of natural numbers such that //(ufl^.F/) >
 1 for all i G N. Since T is maximal, the measurable subsets of G = X ' F
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 are either nullsets or sets of infinite measure. If these subsets of G contained

 infinitely many different sets of infinite measure, then G would contain a se-
 quence of pair wise disjoint measurable sets of infinite measure, which contra-
 dicts (ii) . □

 2 Main Results

 First we prove an extension of the theorem of EgorofF and Lebesgue, respec-
 tively:

 Theorem 2 The following are equivalent :

 (i) ( X , 5, p) is almost finite ,

 (ii) for any f,fn EM, fn / implies fn -^4 /,

 (iii) for any /, /„ G M,fn / implies fn A /.

 Proof. (i)=>(ii) Suppose that X = F U G where p(F) < +oo and G is a
 finite union of atoms of infinite measure. Let /, fn 6 M (n € N) such that
 fn -4" /• Measurable functions are constant a.e. on atoms, consequently
 {/n}n=i converges uniformly a.e. (hence also almost uniformly) on G to /.
 On the other hand on F Egoroff's Theorem applies.

 (ii)=>(iii) It suffices to notice that almost uniform convergence implies con-
 vergence in measure ([5], p. 92).

 (iii)=>(i) Suppose that (X, 5, p) is not almost finite. Then by Theorem 1
 there exists a sequence of pairwise disjoint 5-measurable sets such
 that limn-+oo p(Xn) ^ 0. Put / = 0 and fn = xxn for all n £ N {xa stands
 for the characteristic function of A C X). Then /„ / but fn /. □

 Corollary 1 The following are equivalent :

 (i) (X, 5, p) is almost finite ,

 (ii) for any /, fneMJn^f iff /„ -^4 /.

 Proof . It suffices to observe that almost uniform convergence always implies
 convergence almost everywhere and apply Theorem 2. □

 Corollary 2 The following are equivalent:

 (i) (X, 5, p) is almost finite and purely atomic ,

 (ii) for any f, fn€M,fn / iff fn A /.
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 Proof. It easily follows from our Theorem 2 and from Theorem 1 in [10] (cf.
 also [6], [4]). □
 Further we prove a generalization of a theorem of Riesz ([8]) about the

 interplay between convergence a.e. and in measure, respectively.

 Theorem 3 The following are equivalent :

 (i) (X, Sy fi) is almost finite,

 (ii) for any f,fn€M,fn-^fiff every subsequence {/„t}fcĻi of {fn}„= i
 contains a subsequence {fnk^JLi suc h that fnk. f m

 Proof. (i)=>(ii) Suppose that (X,S, fi) is almost finite. Suppose that there
 exists a sequence {/n}£°=i every subsequence of which contains a subsequence
 converging a.e. on X to / G M, while fn /. Then {/n}£L i a subse-
 quence {fnk}kL i such that for some £o,¿o > 0

 (1) ak = fi({x £ X ; I fnk{x) - f(x) | > £o}) > ¿o for all Ar G N.

 According to the assumptions there is a subsequence {fnk.}JĻ i of {/nfc}feLi
 converging a.e. to /, thus by Theorem 2 it converges also in measure to f on
 X. Consequently akj - ► 0 ( j - > oo), which contradicts (1).
 (ii)=>(i) Assume that (X, 5, fi) is not almost finite. Then in view of Theo-

 rem 2 there exists a sequence converging a.e. on X but not in measure. Hence
 (ii) fails to hold. □
 Now we turn to investigating the question of preservation of measurable

 functions under composition (cf. [3]). More precisely, if M denotes a mode
 of convergence for a sequence of measurable functions, then we find necessary
 and sufficient conditions for the function <ļ> : M - ì R to satisfy the following
 implication:

 for any /, fn € M,fn f implies <f> o /„ -Ą- <j> o /.

 The question is easy for convergence a.e. (see [3] , Theorem 1).

 Theorem 4 The function <j> preserves convergence almost everywhere iff <f> is
 continuous.

 For the remaining types of convergence Theorem 2 in [3] gives only a partial
 solution. A fuller answer is as follows

 Theorem 5 (i) Suppose that (X, 5, fi) is almost finite. Then <f> preserves
 almost uniform convergence and convergence in measure , respectively iff
 (j> is continuous.
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 (ii) Suppose that ( X , 5, (jl) is not almost finite . Then <f> preserves almost uni-
 form convergence and convergence in measure , respectively iff <f> is uni-
 formly continuous.

 Proof, (i) For almost uniform convergence the theorem follows from Corol-
 lary 1 and Theorem 4. Further Theorems 3 and 4 yield the desired result for
 convergence in measure.
 (ii) In view of Theorem 1 there exists a sequence {Xn}^L1 of pairwise

 disjoint 5-measurable sets such that

 (2) lim niXn) Ï 0.
 n- »-00

 The sufficiency of the condition is clear (see [3], Theorem 2). Conversely,
 suppose that <f> is not uniformly continuous. Then there are seal ars zn, z'n such
 that 'zn - z'n' < £ and | <¡>(zn) - > £q for some So > 0. Define the
 functions

 oo

 fn = Kxxn + zkXxk (n € N) and / = ZkXxk •
 k^n k-'

 Then evidently {/n}£°=i tends uniformly to /, consequently it converges to /
 almost uniformly and in measure as well.
 On the other hand {x G X' '<j> o /„(ar) - <ļ> o f(x)' > £0} = Xn for all n E N.
 Thus in view of (2) <j> o fn <j> o /. Hence, <ļ> o fn a-£' <ļ> o f. □

 References

 [1] D. F. Egoroff, Sur les suites des fonctions mesurablesì A. R. Acad. Paris,
 152 (1911), 244-246

 [2] R. G. Bartie, An extension of Egorov 's theorem , Amer. Math. Monthly
 87 (1980), 628-633.

 [3] R. G. Bartle and J. T. Joichi, The preservation of convergence of mea-
 surable functions, Proc. Amer. Math. Soc. 12 (1961), 122-126.

 [4] J. I. Gribanov, Remarks on convergence almost everywhere and in mea-
 sure, Comment. Math. Univ. Carolin. 7 3 (1966), 297-300, (Russian).

 [5] P. R. Haimos, Measure Theory , D. van Nostrand, New York, (1950).

 [6] E. Marczewski, Remarks on the convergence of measurable sets and mea-
 surable functions, Coll. Math. 3 (1955), 118-124.



 804 László Zsilinszky

 [7] T. Neubrunn, Almost uniform convergence for continuous parameters ,
 Math. Slovaca 28 (1978), 321-328.

 [8] F. Riesz, Sur les suites de fonctions mesurables , C. R. Acad. Sci. Paris
 148 (1909), 1303-1305.

 [9] E. P. Rozycki, On Egoroff's theorem , Fund. Math. 56 (1965), 289-293.

 [10] R. J. Tomkins, On the equivalence of modes of convergence, Canad. Math.
 Bull. 16 (1973), 571-575.

 [11] E. Zakon, On almost uniform convergence of families of functions, Canad.
 Math. Bull. 7 (1964), 45-48.


	Contents
	p. 799
	p. 800
	p. 801
	p. 802
	p. 803
	p. 804

	Issue Table of Contents
	Real Analysis Exchange, Vol. 20, No. 2 (1994-95) pp. 372-863
	Front Matter
	EDITORIAL MESSAGES [pp. 372-372]
	CONFERENCE REPORTS
	REPORT ON THE CONFERENCE "PROBLEMS IN REAL ANALYSIS" ŁÓDŹ, POLAND, JULY 11–13, 1994 AND JOINT U.S.-POLISH WORKSHOP REAL ANALYSIS ŁÓDŹ, POLAND, JULY 14–19, 1994 [pp. 373-378]
	WHERE ANALYSIS, TOPOLOGY AND SET THEORY MEET: WHICH MATHEMATICAL OBJECTS CAN BE INTERESTING FOR TOPOLOGISTS? [pp. 379-382]
	DARBOUX HOMOTOPIES AND DARBOUX RETRACTS - RESULTS AND QUESTIONS [pp. 383-383]
	OLD AND NEW SANDWICH THEOREMS [pp. 384-386]
	MULTIPLYING DERIVATIVES [pp. 387-391]
	COMPACT SUBSETS OF THE BAIRE SPACE [pp. 392-393]
	SOME THIN SETS OF REAL ANALYSIS [pp. 394-395]
	ON STRONG QUASI-CONTINUITY [pp. 396-400]
	INTRODUCTION TO TRANSCENDENTAL SPACES [pp. 401-401]
	STABILITY ASPECTS OF DELTA CONVEXITY [pp. 402-404]
	FIXED POINTS AND ITERATIONS OF DARBOUX FUNCTIONS [pp. 405-405]
	FUNCTIONS OF SMALL BOREL CLASSES [pp. 406-406]
	CLASSIFICATIONS OF BOREL MEASURABLE FUNCTIONS [pp. 407-410]
	RESTRICTION THEOREMS IN REAL ANALYSIS [pp. 411-413]
	STRONG SEMICONTINUITY OF REAL FUNCTIONS [pp. 414-415]
	CORE DENSITY TOPOLOGIES [pp. 416-417]
	ON THE SUMS AND THE PRODUCTS OF QUASI-CONTINUOUS FUNCTIONS [pp. 418-421]
	STRAINING FOR THE HARMONY AMIDST A CACOPHONY OF DERIVATIVES [pp. 422-423]
	ON THE CAUCHY DIFFERENCE [pp. 424-426]
	ON DENSITY POINTS [pp. 427-428]
	SOME PROBLEMS CONCERNING ALMOST CONTINUOUS FUNCTIONS [pp. 429-432]
	THREE PROBLEMS IN EUCLIDEAN GEOMETRY [pp. 433-434]
	COMPOSITIONS WITH DERIVATIVES [pp. 435-435]
	SOME GENERAL METHODS FOR SHOWING DERIVATIVES ARE IN B₁ [pp. 436-437]
	UNIFORMLY ANTISYMMETRIC FUNCTIONS, UNIFORMLY ANTI-SCHWARZ FUNCTIONS [pp. 438-440]
	FIRST RETURN DIFFERENTIATION [pp. 441-442]
	ON FIRST RETURN CHARACTERIZATIONS OF BAIRE CLASSES α ≥ 1 [pp. 443-443]
	SOLUTION OF THE BAIRE ORDER PROBLEM OF MAULDIN [pp. 444-446]
	On some ideals of sets [pp. 447-449]
	ON GENERALIZED STOCHASTIC CONVERGENCE [pp. 450-451]
	ON NON-BAIRE SETS [pp. 452-453]

	TOPICAL SURVEY
	THIN SETS OF HARMONIC ANALYSIS AND INFINITE COMBINATORICS [pp. 454-509]
	RESTRICTION THEOREMS IN REAL ANALYSIS [pp. 510-526]

	RESEARCH ARTICLES
	CONVERSION FORMULAS FOR THE LEBESGUE-STIELTJES INTEGRAL [pp. 527-535]
	BOREL IMAGES OF SETS OF REALS [pp. 536-558]
	FINITE ADDITIVITY AND CLOSEST APPROXIMATIONS [pp. 559-579]
	SOME QUESTIONS CONCERNING INVARIANT EXTENSIONS OF LEBESGUE MEASURE [pp. 580-592]
	THE RIGHT ABSORPTION PROPERTY FOR DARBOUX FUNCTIONS [pp. 593-602]
	TRANSFORMING LEBESGUE-STIELTJES INTEGRALS INTO LEBESGUE INTEGRALS [pp. 603-616]
	HAUSDORFF MEASURE ON PERTURBED CANTOR SETS [pp. 617-621]
	THE HAKE'S PROPERTY FOR SOME INTEGRALS OVER MULTIDIMENSIONAL INTERVALS [pp. 622-630]
	ON THE MAXIMAL FAMILIES FOR THE CLASS OF STRONGLY QUASI–CONTINUOUS FUNCTIONS [pp. 631-638]
	A GENERALIZATION OF THE BANACH ZARECKI THEOREM [pp. 639-646]
	SMOOTHING Λ-SEQUENCES [pp. 647-650]
	DECOMPOSITION OF I-APPROXIMATE DERIVATIVES [pp. 651-656]
	CARDINAL INVARIANTS CONCERNING FUNCTIONS WHOSE SUM IS ALMOST CONTINUOUS [pp. 657-672]
	SUMS OF BOUNDED DARBOUX FUNCTIONS [pp. 673-680]
	EXTREME CONTRACTIONS IN $L\left( {\ell _2^p,\,\ell _2^q} \right)$ AND THE MAZUR INTERSECTION PROPERTY IN $\ell _2^p\,{ \otimes _\pi }\ell _2^q$ [pp. 681-698]
	SOME EQUIVALENTS OF THE AP CONTROLLED CONVERGENCE THEOREM, THEIR GENERALIZATIONS AND A RIESZ-TYPE DEFINITION OF THE AP-INTEGRAL [pp. 699-725]

	INROADS
	AN INTEGRABILITY THEOREM FOR DIRICHLET SERIES [pp. 726-735]
	THE PRESERVATION OF THE CONVEXITY OF FUNCTIONS [pp. 736-740]
	ON A THEOREM OF DUNFORD, PETTIS AND PHILLIPS [pp. 741-743]
	MEASURABILITY, QUASICONTINUITY AND CLIQUISHNESS OF FUNCTIONS OF TWO VARIABLES [pp. 744-752]
	POINTS OF UNIFORM CONVERGENCE AND OSCILLATION OF SEQUENCES OF FUNCTIONS [pp. 753-767]
	MEASURABILITY OF PEANO DERIVATES AND APPROXIMATE PEANO DERIVATES [pp. 768-775]
	LINEAR SPACES OF DARBOUX DERIVATIVES [pp. 776-785]
	REGULARITY OF LOCALLY LIPSCHITZ FUNCTIONS ON THE LINE [pp. 786-798]
	ON MEASURE SPACES WHERE EGOROFF'S THEOREM HOLDS [pp. 799-804]
	DARBOUX HOMOTOPIES AND DARBOUX RETRACTS - RESULTS AND QUESTIONS [pp. 805-814]
	A NOTE ON ADDITIVE FUNCTIONS OF INTERVALS [pp. 815-818]
	SOME TOPOLOGICAL PROPERTIES OF HAMEL BASES [pp. 819-822]
	ON LOCAL RELATIVE CONTINUITY [pp. 823-830]
	SOME COMMENTS ON AN APPROXIMATELY CONTINUOUS KHINTCHINE INTEGRAL [pp. 831-841]
	SUMS OF CONTINUOUS AND DARBOUX FUNCTIONS [pp. 842-846]
	ON NECESSARY AND SUFFICIENT CONDITIONS FOR NON-ABSOLUTE INTEGRABILITY [pp. 847-857]
	A THEOREM ON SEQUENCES OF DIFFERENTIABLE FUNCTIONS [pp. 858-863]

	Back Matter



