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AN INTEGRABILITY THEOREM FOR
DIRICHLET SERIES

Abstract

In 1977 Leindler and Németh [4] proved a general theorem concerning
integrability of a power series. The present note deals with a similar
problem for Dirichlet series.

1Let ¢ = {p] ¢(u) >0, @ is non-decreasing and ¢(u)/u®(d > 1) is
non-increasing on (0,00)}

¥ = {4 | inverse of ¢ belongs to the class ¢}
P = {p| p(u) >0, is non-decreasing and p(u?) < Rp(u), u € (0,00)}
f(z) = Inverse of f(z). '

With a view to generalize a theorem of Jain [2] and a previous result
of Leindler [3], Leindler and Németh [4] established the following theorem
concerning integrability of a power series.

Theorem 1 Let u(t) be a positive non-increasing function on the interval
(0,1] such that

[e <]

(1.1) S u(1/n)n2 < Mp(1/k)k™

n=k

e ) 1
and let {a,} be a positive increasing sequence such that Y1 s <00
n
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Suppose p€ P, n€por ¥ and F(z) =Y g caz", 0<z < 1.
Then under the condition

(1.2) ¢ > -K"""'{m} ’

K is a positive constant,

(1.3) w(1 = z)n(|F()|)p(|F()]) € L(0,1)

iff

(1.4) 3 n72u(1/n)o(n)n (2 |ck|) <oo.
n=1 k=0

In this note we propose to examine a similar problem for Dirichlet series.
Let

[==]

(1.5) ft) = Ecke"\“‘, 0<t ‘S 00,

0

where Ao =0, 1=)A; < Az <---< Ay = oo. In what follows we assume
that

(i) ’\nj"/\n)\j, 7i=123,...,n— 00,

(i1) {An41 — An} is non-decreasing.

. An — An—
We write W, = 22—22=1 5>,
AnAn-l
Writing A, = n and z = e~* the Dirichlet series reduces to the power series
S n
20 caz™.

The earliest known result concerning integrability of a Dirichlet series is
due to Owen [6] which states:

oo r/p

{o o]
(1.6) / f@)yt/i-tdt < K Ecﬁ,\;(ﬁq—m)/q(,\n —Ang)t? ,
0 1

where ¢, >0, r>p>1, ¢>0.

A generalization of (1.6) was later on given by Mulholland [5]. In what
follows we prove the following general theorem for Dirichlet series which gen-
eralizes the result of Leindler and Németh when n(z) = ¢(z).
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In order to state our theorem we need the concept of almost monotone
functions [1]!. A function f positive and finite on I, = [b, 00) is said to be
almost increasing on I.(c > b) if there exists a constant M > 1 such that
f(z) < M f(y) for each y > z > ¢. Similarly f is said to be almost decreasing
on I, if there exists a constant m, 0 < m < 1 such that f(z) > mf(y) for
each y > z > c. It is obvious that every increasing (decreasing) function is
almost increasing (almost decreasing) but the converse, need not be true. It is
known that a function f is almost increasing on I. iff there exists an increasing
function g on I, such that g(z) < f(z) on I, that isto say A < f(z)/g¢(z) < B
for £ € I., where 0 < A < B < 00. A similar characterization is true for an
almost decreasing function. For various other properties of almost monotone
functions see [1].

We denote the class ¢ by ¢* when monotonic property is replaced by almost
monotonicity, that is to say, we define

¢* = {¢ | p(u) > 0, is increasing, is almost non-decreasing and

p(w)
u
@(u)/u®(6 > 1) is non-increasing on (0,00)}, and
P* ={p| p(u) >0, is almost non-decreasing and
p(u?) < Rp(u), u € (0,00)}.

Theorem 2 Let u(t) be a positive almost non-increasing function on (0, 1]
such that for p € P* :

(1.7) Y a1/ A)War1p(An) < Mp(1/ M) A5 512(A%)

n=k
and let {a,} be a positive sequence such that

[oc]

(1.8) > MmWnis oo

a
1 n

Suppose ¢ € ¢* and for 0 < t < oo f(t) = Yo cnc?»t, then under the
condition

_ /\n+1 - An - An
(19) o> K= “’{anﬂu/xn)p(xn)}
L) [ e tutt = e uisenaisenat < oo

1This concept was introduced earlier by Mulholland [5] who termed it as quasi-monotone
function.
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iff
oo n n
(1.11) D Wasip(1/20)e (E Ickl) p (Z lckl) < oo.
1 k=0 k=0
For A, =n, e~% =z, n(u) = ¢(u) we deduce Theorem 1.

2 The proof of our theorem depends mainly on the following lemma.

Lemma 1 Let A(t) = 30" ake™**, ax > 0, 0 < t < 00. If pu, ¢ and p satisfy
the conditions of our theorem, then

21) [ et - e ptampamar < oo
iff
(2:2) Y Was1(1/An)p(Sa)p(Sn) < oo,

1

where Sp = Y p_, G-

This includes, as a special case, a lemma of Leindler and Németh [4] for
the case n(u) = ¢(u).
PRrooF. Writing z = e~* and using the convention that C denotes a positive
constant not necessarily the same at each occurrence, we have

/om e~ u(l—e7")p(A(t))p(A(t))dt

=/01 (1-z)p (gau’ ) (an )dz

;/" a1 - 2)e (Zakz ) ( 3 aa? ) .

>C" ZWn-’-lﬂ 1/,\,,)<p(kz% (1_% )P(éﬁak( _% x.;)
1

' Po(En 1))
JEOREY

|-

aj

>

>CY Wasip(1/2n)ep (Z
n=1 k=0
>

>CY Wasp(1/Aa)e ( ak (1 -
k=0

n=2

p
P

)
)

3|
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>0 Wasn (Ai) p ((1 - %)AS) P ((1 - Aiz)hs,,)

n=2

203 Wasan () Sulo(Si),

n=2

3

since | 1— l) is increasing for > 1 and ¢(cz) > Kyp(z), 0 < ¢ < 1 and
z
plaz) < Kp(z), a>0,Vz>d>0, p(d) #0.

Thus (2.1) = (2.2). Conversely,
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Now,
oo (i+1)n
35 - e
j=0 k=nj
(3+1)n
-Z(l— o Y
k=nj
0 (G+1)n (i+1)n
526""' Z ak<2e"\f Z a
j=0 k=nj j=0 k=0
00 =)
=Y e MSjann = e S5;.
j=0 j=1

Hence from (2.3)

(24) I< Ci p(1/An) W [i e"‘“‘S,.,.] p [i e"\"‘S,,,-] .

n=2 i=1 i=1

Using the inequality (see [5], p.490)
(2.5) ¢{_Zw°°1_b} {E,-l a.b.} < (SR, aip(b)o(t)

Zz—l 7 Zt-—l 4 Ez:l
and in view of the fact that
m
Amst = Y (k1= M) = (A= do)(m+1) =m+1
k=0

implies

D s

i=1 i=1

we have on writing Y ;o e” -1 = L > 1

® ie‘)‘“‘LS,.g/L] p [ie"\“’LS’n;/L}

i=1 i=1

< CY e =10(LSni)p(LSni)

i=1

<C Z e~ 2=1(Sni)p(Sni),

i=1
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since p(Lz) < Kp(z) for z > ¢ > 0. Hence from (2.4)

I1<C Z Wap(1/An) E e =10(8ni)P(Sni)-

n=2 i=1
Since
/\n - An—l ’\ni - /\m‘-l ’\m'Am’-l
= < = §—
Wn An’\n—l - /\nAn—l Wn An/\n—l
< CWaih? 22 < OWiX?
/\n-—l

and in view of u being almost non-increasing function

b (5) < Zuasrn

Thus
I< CZ Pt EW,,,#( ) (Sni)p(Sni)
< cz — 2 (5= ) Wnsrp(Sm)p(Sn)
<c z Was11(1/20)p(S2)p(Sn),

ZA2 —;\-1<1+Cz)\ e~ Ni-1

1=2

<1+CE T <1+CZ >

i=2 i=2
<1+ CZ
1—2

This completes the proof our lemma.

3 Proof of the theorem. Let
(o o]
F(t) = Zake"*“t, 0<t< oo,
k=0

MAZHAR
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ar =K (Ak+l—Ak>¢ Ak .
M agp (,\17) P(Ak)

Using the inequality:

00 00 a )
ZX,,SO(S,,) < I(an‘P (X_n EXI:)
n=1 n=1 n

k=n

with

which holds for any X, > 0 and a,, > 0 (See [4] p. 100) we have on writing
1

Xn=p (,\—) Wat1p(An)
n

50 (55) WasiotSaiptio

<K 3 2 (i> Was1p(An)p { o Eico (*L) i }

P(l/’\n)Wn-&-lp(’\n)
© Kanp (=) An11p(An)
< K’; p (%) W,.+1p(An)so{ p, (;(5 v?f,,+1;1(f\,.) }

2 1 an
=k Won (37) oo { i}

n=1

oo 1 ) An
<K)Y W, — ) p(A\
< ; 414 (,\,, ) P00
(=<}
= I{ E _Wn;lAn < 00
n=1 n

in view of (1.7) and (1.8).
This implies that S, =0 (z\ﬁ) Hence in view of the property of p we have

= 1

(31) S e () elSS) < oo
1 n

Hence by our lemma

(3.2) / " e (1 — e=)p(F(0) o(F (1)) dt < oo.
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From (1.9) a, + ¢, > 0 for all sufficiently large n, hence f(t) + F(t) =
5 (ak + ck)e™>** implies in view of our lemma that

(3-3) /:o e u(l=eT)p(IF(t) + F())A(IF () + F(t)])dt < oo

iff

(3.4) Z Wh1p (%) P (i(ak + ck)) p (E(ak + ck)) < 0o.

n=1 k=0 0
From (2.5) it follows that

(35)  pla+b)pa+) < K {p(a)p(a) + p(B)p(2)} , @ > 0, b> 0.

Suppose
| et =epseatsnee < oo

then in view of (3.2) and (3.5), (3.3) is true, which in turn, implies (3.4). Now
Icnl < 2a, + cn

implies that 37 _o |ex| < -p_o(ck + ax) + Y r—o ak so that

Z Wn+ll‘(1/’\n)‘p (Z |Ckl) p ( |ck|)
k=0 k=0

< y§1 Whsrp (%) ® (l;(ak +ock)+ ‘;)ak) p (Z:O(Ck +ax) + J.Z-:_oak)
<K Z W1 (/\i) P (Z(ak + Ck)) P (Z(ak + Ck))
n n k=0 k=0

=1
FK Y Wasin (5 ) #(S2)olSn) < o0

n=1

by virtue of (3.1) and (3.4). Conversely, suppose

S (1) () () <=

k=0 k=0
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Then in view of (3.1) and (3.5), (3.4) is true. Using (3.2) and (3.3) we have
in view of (3.5)

/o°° e u(1 = e )e(IF(B)Dp(IF(t))at
< ‘/o°° e~tu(l — e )p(If(t) + F(t)| + Ft))p(|f(t) + F(t)| + F(t))dt < oco.

This completes the proof of our Theorem.
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