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SOME EQUIVALENTS OF THE AP
CONTROLLED CONVERGENCE
THEOREM, THEIR GENERALIZATIONS
AND A RIESZ-TYPE DEFINITION OF THE
AP-INTEGRAL

In this paper, the author will propose the definitions of ap variational con-
vergence and an ap equi-integrable sequence. Their corresponding convergence
theorems will be proved to be equivalent to the AP Controlled Convergence
Theorem. By their equivalency, we prove the condition (3) of the AP Con-
trolled Convergence Theorem is actually implied in other conditions. Then we
will give some generalizations.

Finally, a Riesz-type definition of the A P-integral will be given.

These definitions and theorems are extensions of the oscillation conver-
gence, equi-integrable sequence, Riesz-type definition, and their corresponding
convergence theorems with respect to Henstock Integration (see [4], [8]).

1 Prerequisites and Explanation

Our problems are concerned with one dimensional AP-integration. The sets
and functions involved are assumed to be Lebesgue measurable. The notation
N means all natural numbers, R denotes all real numbers, [a, b] stands for a
bounded real closed interval, and (a,b) is bounded real open interval.

The details of the following definitions and theorems are mainly from [1],
[4] Section 22, [5] and [7] Chapter 7.8.

S = {S: : z € E}: We call a measurable set D, C [a,b] an approximate
neighbourhood (ap neighbourhood) if it has density 1 at = (or has z as a point
of density, see [7]) and includes z. Given a measurable set E C [a,b], if for
every ¢ € E, and ap neighbourhood of z, S; C [a,b] is chosen, then we say
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the set S = {S; : ¢ € E} is a choice of ap neighbourhoods on E, or a choice
for short. (Gordon first defined it and called it a ‘distribution’, see [3]).

Ss = {Ss,z : ¢ € E} : the choice given by any S and § : E — (0, +00),
by S5, = Sz N (z — 8(z),z + é(z)).

AFC on E: Given a choice S on E, if u,v € S, z € [u,v], we call z
associated point of [u,v]. The set of all intervals having an associated point
z € E is called an approximate full cover (AFC) on D given by S, denoted
by A.

{[us,vs]; i :i=1,2,...,k}: Wecall afinite set of nonoverlapping [u;, v;] €
A; i = 1,2,...,k together with associated points z; € E a partial division
of S on E and denote it by {[ui,v]; zi : i = 1,2,...,k} or {[u;,vi];zi} or
{[u, v]; z} for short. If Uﬁ=1[u,~, v;] D E we call {[u,v];z} a partition of S on
E. IF a partial division (a partition) is of S5 on E, we call it é-fine.

Let Fy\,F,,...,F,,...,F; fi,f2,...,fn,..., f be functions from [a,b] to
R, E C [a,b]. We have the following definitions:

li’m ap], f(z) = A means there is Sz, such that lim = A.
F%a €50

If limz 2, ap f(z) = f(xo) we say f is ap continuous at zo. If f is ap contin-
uous at every z € E, we say f is ap continuous on E, denoted by f € Cop(E).

f(z) = f@o) _

fap(Zo) = A means lim ap
T=Zq I — T

F € (6)AC;,(E) if there exists a choice S on E such that for every ¢ > 0,
there exists an 7 > 0 and ¢ : E — (0, 00) such that for any partial division of
S5 on E : {[u,v];z}, whenever } (v — u) < n we have }_ |F(u,v)| < €, where
F(u,v) = F(v) = F(u).

F € (6)ACG.,(E)if E = | J Ei and F € (§)ACL,(E:), i=1,2,... .

i=1

{Fa} € U(§)ACG,,(E) (U means uniformly) if F, € ACG,(E), n =
1,2,... with the same 5, S5 and E; in their definitions.

f € (8)D;,([a,b]), if there exists F such that F € (§)ACG;,([a,b]) and
F;p(z) = f(z) almost everywhere. We say F is a primitive of f and denote it
by F = (§)D;, - [ f.
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f € (8)R;,([a, b)) if there exist a constant I and a choice S on [a, b] such
that for any € > 0, there exists § : [a,b] = (0,00) such that for any é-fine
partition of S : {[u, v];z}, we have

1= f@)(v-v)l<e
We denote this by (6) R;, — f:f =1

Remark 1.1

(1) We note [3] and [5] that (8)D;,([a,b]) = (8)R;,([a,b]) = AP([a,]), the
last is defined by Burkill ([1], [2]).

(2) The definitions of (§)AC;,(E), ... are equivalent to the Definitions of
ACZ,(E),. .. respectively. F € AC;,(E) means for every € > 0, there
erists an 7 > 0 and a choice S such that for any partial division of
S on E : {[u,v];z} whenever ) (v — u) < n we have }_ |F(u,v)| < ¢,
and likewise F € ACG,(E), and so on. For details see [5]. Hence for
convenience sake we also denote F € (6)AC;,(E) by F € AC;,(E) and
sometimes we say F is AC;,(E), taking AC;, as a property as well as
a set of functions and likeunse for the other definitions.

(3) The definitions of AC;,, ACG;,, D;, are the revised versions of those
defined in [1], and appearing in [6].

ASL: We say F satisfies the Approximately Strong Lusin Conditions, ASL
on aset H C R, if and only if there exists a choice S on H such that for every
set E of measure zero and every € > 0, there exists S; on H such that for any
partial divisions {[u, v]; z} of Ss on EN H, we have

Z |F(u,v)|<e.

We also denote this by F € ASL on H or “F is ASL on H”.

UASL: We say {F,} € UASL if and only if F,, € ASL, n = 1,2, ..., with
the same S and § in their definitions.

In the following, for convenience sake, we take the primitive of any AP-
integrable function f : [a,b] = (—o0,400) toe F, given by F(z) = AP —
JZ f(t)dt. However we have not lost any generality because F(z) = G(z) —
G(a) for any primitive G of f. We state the following two Theorems here to
give some insight into the result of this paper.

Theorem 1.1 (The AP Controlled Convergence Theorem, [5]).

Let f and F be functions on [a,b).

Given a sequence of AP-integrable functions {fn,} and f on [a,b], denote
the sequence of primitives of fp, by {Fn}. If
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(1) fn = f almost everywhere on [a,b] as n — oo,
(2) F, are ACG}, uniformly in n, and
(3) F, are convergent to F everywhere on [a,b],

then f is AP-integrable on [a,b] and

F(:c):AP—/:f.

Theorem 1.2 (The first equivalent of the AP Controlled Convergence Theo-
rem).
The following combination of conditions is equivalent to the combination

of (1), (2), (3) in Theorem 1.
(1) fn = f almost everywhere on [a,b] as n — oo,
(2) Fn satisfy ASL on [a,b] uniformly in n,

(3) For every e > 0, there exists closed E C [a,b], |[a,b]\ E| < € such that
F, are AC(E) uniformly in n (for AC(E), see [4], [7]).

(4) Fn = F everywhere on [a,b].

2 Fundamental Definitions

Definition 2.1. Let F : [a,b] - R and E C [a,}] be given. For every choice S
on E, let

Vep(F; S; E) = supZ |F (u,v)|

where the supremum is taken over all partial divisions {[u,v];z} of S on E.
We define the approximate variation of F on E by

Vap(F; E) = ilslf Vap(F; S, E)

the infimum taken over all choices S on F.
If Vop (F; E) < 00, we say F is of ap bounded variation on E, denoted by
F € BV, (E).

Proposition 2.1 F is of ap bounded variation if and only if there exists a
choice S on E such that for any € > 0, there exists §(¢) : E — (0,400) such
that

Vap(F; S5, E) — Vop(F, E) < €
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ProoF. By Lemma 3.4 of [5]. ]
The following functions F, F could be replaced by F, — F(a), F — F(a)

respectively without losing generality, hence we will assume them to have

values 0 at point a.

Definition 2.2. Let F and F, be real valued functions on [a, b].

(a) A sequence of functions {F,} is said to be ap variational (apv) convergent
to F on E C [a, ], if there exists a choice of ap neighbourhoods S on E
such that for any given € > 0, there isa § : £ — (0,+00) and an N € N
such that V,,(F, — F;Ss; E) < e forany n > N.

(b) A sequence of functions {F,} is said to be generalized ap variational
(apvg) convergent to F on E C [a,b], if there exists E; C E i =
1,2,...,U2, Ei = E such that {F,} is apv convergent to F on E;, i =
1,2,....

Definition 2.2*. Let F and F, be real valued functions on [a, b].

(a) A sequence of functions {F,} is said to be an apv Cauchy sequence on
E C [a, b] if there exists a choice S on E such that for any £ > 0, there
isad:E — (0,+00) and an N € N such that

Vap(Fm—Fn;SJ;E)<5
for any n,m > N.

(b) A sequence of functions {F,} is said to be apvg Cauchy sequence on
E C [a,b] if there exist E; C Ei=1,2,...,Uie; Ei = E such that {F,}
is apv Cauchy sequence on E;, 1 =1,2,....

Proposition 2.2 A sequence of functions {F,} is apvg convergent to some
F on [a,}] if and only if {F,} is an apvg Cauchy sequence.

PROOF. If: Let z € [a,b] be given, and let Ef = ExN[a,z]for k=1,2,....
For any € > 0, we have é; : Ex — (0,+00) and N € N such that Vg, (Fpn —

- €

Fn; S5 EE\U;Ct EF) < o for any m,n > Ni. Now let 6(t) = di(t) when
te Eg\ Uf;ll E3, defining E = 0. Then Ss; determines an AFC of [a, z],
hence we have a §-fine partition on [a, z], {[ui, vi]; zi} (cf. [1]), and

|Fn(2) = Fa(@)| € 31(Fm = Fa)(ws, )| < Y 37 =€,
i k=1

whenever m,n > max;{Nx;3z; € EZ \ U=} EX}. So {Fm(z) — Fa(z)} is a
Cauchy sequence of real numbers. Hence limp_o0 Fn(z) exists for every = €
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[a, ] and we denote it by F(z). Now for any € > 0, we have §; : Ex — (0, +00)
and Ni € N such that

Vap(Fm —F,;S5.;Ex) <€
whenever m,n > Ni, and hence
Vap(Fm — F; S5, Ex) < €,

i.e. {F,} is apvg convergent to F on [a,b].
Only if: For any € > 0, we have é; : Ex — (0,+00) and N € N such that

VGP(Fm - Fn;Sh;Ek) < Vap(Fm - F;Sé'k;Ek) +Vap(F-Fn;Sék§Ek) < 2,

hence {F,} is an apvg Cauchy sequence. a
Definition 2.3. A sequence of functions {f,} is said to be ap equi-integrable
on [a,b]if fo, n=1,2,..., are AP-integrable on [a, b] with the same § and S
in the definition of (6)Rj,.

3 Some Convergence Theorems Equivalent to that of
Controlled Convergence and the Problem of the In-
dependence of the Conditions for the AP Controlled
Convergence Theorem

We begin investigating the problem of equivalency between the condition of
AP Controlled-Convergence Theorems and other types of conditions using
apvg convergence or equi-integrability.

The condition of equi-integrability is especially related to the values of the
integrands f,. Generally speaking, if we change the values of f, even only
at one point, it maybe enough to destroy the equi-integrability of {f,}. As a
trivial example, let f,(z) = 0 for every z € [0,1], n = 1,2,..., then {fo} is
equi-integrable, but if we replace the values of f, at any point a € [0, 1] by
fa(a) = n, then {f,} is no more equi-integrable. So it is wrong if we think
that once {f,} is equi-integrable than any {g,} with gn(z) = fa(z) almost
everywhere is also equi-integrable. But, however, we have the following.

Lemma 3.1 Given a sequence of AP-integrable functions {f,} on [a,b] such
that

(1) fn — f almost everywhere;

(2) {fn} is ap equi-integrable on [a, b],
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then for any sequence of functions {gn} with gn(z) = fa(z) almost everywhere
on [a,b], {gn} is ap equi-integrable if and only if {gn(z)} is bounded for every
z € [a,b).

Particularly, if g, = f everywhere, then {gn} is ap equi-integrable.

PRrooOF. We first point out that the primitives of g, and f, are the same, so
we can denote the sequence of primitives of {g,} by {Fn}.

Only if: It is obvious that g,(z) is bounded at any point z with g,(z) —
f(z), so we only need to prove gn(z) is bounded at any pomt z with g, (z) A

f(z).
Let ¢ > 0 and Sé are given as in the definition of ap equi-integrable.
Suppose there is = € [a, b] such that g,(z) # f(z) and {g(z)} is unbounded.
We take a ¢t > 0 be such that for any u,v with z € [u,v] C [z —t,z + t] we

have |[u,v] N Ss,z| > %[u — v|. Let

H={y:gn(y) = f(y), y€(z—t,z+1) NS5z}

Then by condition (1) we have |H| > % S22t = gt.

For every y € H, we can define §*(y) satisfying:
(a) &*(y) <4(y),
(b) z¢[y-8"(v),y+8"(¥)] D[z —t,z+1,
(c) for any [a, f] satisfying y € [a, 8] D [y — 6*(v),y + 6*(y)] we have

3
o, 810 Sie | 2 5(6 - ).
Then the choice S5+ on H determine an AFC covering H in Vitali’s sense.

Hence there exists a sequence {[a;, Bi]; i}, i=1,2,...,p, with y; € [0y, 5] D
[vi = 6* (), v + 6*(¥:)], and [e, B;] non-overlapping, such that

1 3 3
3 lles, B0 Sl > SUH| 2 So5t =3t

But |[z—t,z+t]NS;5.| > gt, hence there at least exists a y € H and o,]b(a <

B) such that y € [@, 8] and a,B8 € [y — 6" (y),y + 8" (y)] NS¢,y N Ss+,y N S5,z
(it is possible that one of «, 3 is y itself).
Hence

|Fa(B) = Fa(a)| < |Fa(B) = Fa(y) — 9n(9)(B — 9)I
+ |Fa(@) = Fa(y) — ga(®)(@ = )|+ g8 —al < M
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for some M > 0 because g, (y) is convergent. On other hand,

|Fa(B) = Fn(@)| 2 l9n(2)[18 — a| = |Fa(B) — Fa(z) — gn(2)(B — 2)|
= |Fa(z) = Fa(o) = gn(z)(z — @)| 2 |gn ()18 — af — 2¢.

If {gn(z)} is unbounded, so is |F,(8) — Fn(a)|. Thus we have got a contra-
diction. Hence {gn(z)} is bounded for every z € [a, b].

If: We point out that because {f,} is ap equi-integrable, so by the above
proof, {fa} is bounded everywhere on [a, }]. Now suppose {gn} is bounded at
every z € [a,b]. Let K = {z : gn(z) # fa(z)}, it is easy to see that for any
€ > 0 there exists ¢; : [a,b] — (0, +00) satisfying:

(a) Let S be given by the equi-integrability of f,. For any partial division
{[w',v']; 2’} of Ss, on [a,b], we have |} (fa(u'v') — fa(z')(v' —¥')| <,
for all n, and

(b) for any partial division of S5, on k, {[u, v]; z}, we have | )" gn (z)(v—u)| <
€, |3 fa(z)(v —u)| < e. This can be satisfied since f,(z) and g, (z) are
bounded and |K| = 0.

Hence if we replace f,(z) by gn»(z) on K, we will have for any partition of
Ss, on [a, b],
| (Fa(w',0') = ga(2') (v — o))

=D (fa(w',v)) = fa(@) (v = W)+ D (fa(e') = gn(2)) (v — w')| < 3e.
i.e., {gn} is ap equi-integrable.

In particular if the sequence {g,} in Lemma 1 satisfies g, — f everywhere,

then {gn} is bounded everywhere on [a, b], and hence {g,} is ap equi-integrable.
a

Theorem 3.1 Given a sequence of AP-integrable functions {fn,} on [a, b] such
that:

(1) fn — f almost everywhere;
(2) {fn} is ap equi-integrable on [a,?b],
then f is AP-integrable on [a,b] and
lim AP - f,,:AP—/f.
n— 00 a a

ProoF. By Lemma 1, without losing generality, we can assume that f, — f
everywhere.



THE AP CoNTROLLED CONVERGENCE THEOREM 707

By the definition of equi-integrable, there exists a choice of ap neighbour-
hoods S such that, for any given € > 0, there is §(¢) : [a,b] = (0, +00) such
that for any z € [a, b], and any é-find partition {|u;, v;];z;} of S5 on [a, z], we

have ‘
IZ(Fﬂ(“i:vi) = fa(zi)(vi —wi))| < e

Here F,, is the primitive of f,. On the other hand, there is an N € N such that
whenever m,n > N, for each of the points z; we have |fm(z:) — fa(zi)| < €.
Hence

|Fin(2) = Fa(2)] < 1D (Fm (s, %) = fon (2:) (0 — s))
+ (i) = fm(0))(vi = wi)|
+1 Z(fn(zi)(vi = u;) = Fn(ui, vi))| <.€[2 + (z — a)].

Hence {F,(z)} is a Cauchy sequence for any z € [a,}], so limp o Fn(z) =
F(z) exists for every z € [a,b], and ) |F(ui,vi — f(=:)(vi — wi)| < € for any
partition {[u;, v;];z;} of S5 on [a,z],i.e. f is AP-integrable on [a,b] and

lim AP~ [ fo = lim Fa(z) = F(z) = AP - / f. O
n [o o] a

n—00 a

Lemma 3.2 Given a sequence of AP-integrable functions {fn} on [a,b] with
sequence of primitives {Fn}, if fa = f everywhere, and F, apvg converges to
F, then {f,} is ap equi-integrable.

PROOF. Let {Ei} be such that [a,b] = | ;= Ex and {F.} is apv convergent
to Fon Ei, k =1,2,.... Without loss of generality, let {Ex} be pairwise
disjoint.

For any given € > 0, let, for p > 1,

Kp = {z : |fa(z) — fm(z)| < &,m,n 2 p}.
Then K, C Kp41 forp=1,2,.... Let
H,=K,\ K,_, withp=2,3,..., and H; = K,

then [a,b] = ;2 Hp. Let S be a choice on [a,}] corresponding to a apv
convergence of Fy, to F' on Ej for each k.

On H, N Ey, there exist a dpx : H, N Ex — (0,4+00) and an N ;. such that
whenever m,n > N, i, for any partial division {[u,v];z} of Ss,, on H, N Ey,

we have ¢
S 1(Fm = Fa), )] < 5z
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and |fm(z) — fn(z)| < € everywhere on H, N Ej. Diminish 6, x» on H, N E}. if
necessary so that

3
D NFa(w,0) = fa(@) (=)l < g n = 1,2, Mok

for any partial division of S;,, on Hp N E.
Then for any partial division of S5,, on H, N Ex, and any n > Npx we
have

Y Fa(w,9) = fale)(v = w)| € 3 (Fa = Fiv,h) ()]
+ Z |FNpk(u v) - pr+h (z)(v - u)l
+ D (@) = o @l =) S Gy + €D _(v—u).

With p fixed and the same process applied to every H,, p=1,2,..., then
we have a choice Ss on [a, b] such that for any partial division of it on [a, b] we
have

D |Fa(u,v) = fala (v—u|<22p1 —-a)<(2+b—a)
i.e. {fa} is ap equi-integrable. O

Theorem 3.2 Let {f,} be a sequence of AP-integrable functions on [a,b].
Denote the sequence of primitives of fn by {Fn}. Suppose {fn} converges to
a function f almost everywhere on [a,b]. The following conditions (A), (B),
(C), (D) are mutually equivalent, and any one of (A), (B), (C), (D) implies
f is AP-integrable on [a,b] and

jimap= [ pn=ar- [
(A) {Fn} € UACG:,([a,b);

(B) (1) {Fn} satisfies UASL on [a,b],

(2) for every e > 0, there exists closed E C [a,b],|[a,b]\ E| < € such that
{F,.} e UAC(E) (for AC(E) see [4], [7]);

(C) {Fn} is apvg convergent to a function F on [a,b];
(D) After having redefined { f»(z)} atx € {z : fo(x) # f(z)} so that {fa(z)}

is bounded we have {f,} being ap equi-integrable on [a,b].
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PRrOOF. The equivalence between (A) and (B): see [5], Corollary 4.3 and its
note.

Before we prove “(B) implies (C)”, we prove the following Lemma 3 and
Lemma 4.

Lemma 3.3 If an AP-integrable function g has primitive G being AC(E) on
a closed E C [a,b], then gxg is AP-integrable on [a,b] and

b ) oo
AP - / 9xE(z)dz = G(b) - G(a) = 3 Glax, be),
a k=1

where (ak,bx) are the components of (a,b) \ E, and xg is the characteristic
function of E.

ProoF oF LEMMA 3. Let H be the set of all points of density in E, then
|E\ H| = 0 (see [7]). Let e* > 0) be given. Take 5 from the definition of
G € AC(E), then take N so that Y2 v (bi — a;) < 7. By the AP-integrabiilty
of g there exists a choice of ap neighbourhood S with S, = S, " H C H
when z € H, such that for any €* > 0, there exists é§ : [a,b] = (0,+00)
corresponding to ¢* as in the definition of (6) R}, integration.

We can choose suitable § satisfying:

(1) é(z) < minyck<n{n, bk — ax} for every z € [a, b], and when z € (ax, bi),
k € N we have §(z) < min{z — ax, by — =},

(2) X°; I1G(ui, vi) — g(zi)(vi — u;)| < €* for any partial division {[u;, v:]; z;}
of S5 on [a, b],

(3) for any partial division {[u;, v;];z;} of S5 on E'\ H, we have

(a) 2o(vi = ui) < n (because |E '\ H| = 0),
(b) 3°;IG(ui,vi)| < € by G being ASL, and
(€) X lg(zi)(vi — u;i)| < €* by g(z) being finite everywhere.

For any partition {[u;, vi], z;} of S5 on [a, ], we define

Q=1 gxe(a:)(vi — wi) - {G(b) - G(a) = Y Glax, be)}-
. i k=1
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We let 3, be the sum for those associated points z; € H, and ), be for
z; € E\ H, giving

Q= lZgXE(-‘L‘s‘)(v.‘ —ui)+ ngg(z;)(v; - )
1 2
- EG(“i, vi) — E G(ui, v) + ZG(ui, v;)
1 2 1
+ Y G(uivi) = {G(b) - G(a) = D _ Glak, bi)}.
2 k=1

When z; ¢ E we have gxg(z:)(vi — u;) = 0, so these terms disappear from
the sum.

Since S; C H when = € H, the u;, v; appearing in ), must be in E. The
u;, v; appearing in ) , may be in E or not. For each u; not in E, u; must be
in (ak,bx) for a certain k, and for each v; not in E, v; must in (ag,be) for a
certain £. If we replace u; by b, and v; by a,, we get a sum y_, G(u}, v}) with
u;,v; € E and by condition (3)(a) we have Y ,(vj — u}) < > ,(vi —w;) <7,
hence Y, |G (u},v})| < &*.

Let ¢ = Y ,(G(ui,v:) — G(uf,v})), then |{| < 2¢*. Rewrite Q as:

Q=13 gl (v —w)+ Y glz:)(vi —w)
1 2
- ZG(ui, v;) - EG(u;, v;) + E G(ui, v;)
1 2 1
+)_G(uf,vl) + ¢+ Y Glar,b) + > Glak, b) — G(b) + G(a)];
2 3 4

here 3" is the sum for those k such that for every (u;,v;) appearing in ),
or 3 5, (@, bx € (ui,v;). By the condition (1) for 8, G(ak,bx) with k =
1,2,...,N appear in ) 5. And ), is the sum for those k other than those in
>3- Hence we have-

Y Gui,v)+ Y Glui,v) + Y, Glak, b = G(b) — G(a).
Also 3, IGl(ak,bk)l <e. 2se 3
Q=1 g(m) (v —w) + D g(zi)(vi —w) =Y Glui,v) = Y Glus, v)
+ 1G(b) -Ga)+ ¢+ ZZ:G(ak,bk) —G(b)-ll—G(a)l <e +225' +e* = 4e”

Thus Lemma 3 has been proved. ' a
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Note: In the proof of Lemma 3, we only have used the ASL condition of G,
and the quality of 7 that whenever Y33 v (bx — ax) < n for some N we
have 3" |G(ax, b)| < €*. But this quality also holds for G € BV (E). So
we have:

Lemma 3.3* If we replace AC(E) by BV (FE) in the conditions of Lemma 3,
then the conclusion of Lemma 3 holds.

Lemma 3.4 Let {F,} be a sequence of functions which are uniformly AC(E)
where E is a closed subset of [a,b]. Let H be the set of all points of density in
E. Then there ezists a choice S of ap neighbourhoods on [a,b] such that for
any € > 0, there is § : [a,b] = (0,+00) such that for any partial division of S;
on H, {[u;,v]; z;}, we have

| Fului, v:) = {Fa(b) = Fa(a) = 3 Falck,di)} <€, n—1,2,...

k=1
where (ck,dk) are the components of (a,b) \ {E N (U;[ui, vi])}.

PRroOF. We first refine S by S: N H when z € H and after having refined we
keep denoting the choice by S. Let (a,b) \ E = Uiz, (ai, b;) where (a;,b;) are
nonoverlapping. Take 7 corresponding ¢ from the definition of F,, € UAC(FE)
and N so that ) ;o ~(bi —a;i) < n. Let 6 be defined as follows. For any z € H,
we denote the distance from z to U,’:r:l[ak,bk by p(z). Since very ax,bx are
not points of density of E, so p(z) > 0, we define §(z) < min{n, p(z)}. Hence
for any partial division {[u;,v;];z;} of S; on H, by the definition of §, we
have: when k = 1,2,..., N, (ak, bx) are outside the |J;[u;, v;] and every ck, di)
included in one of [u;, v;] actually is one of (ax,bx) with k > N. Hence we
have

| D Fa(ui, o) = {Fa(b) = Fa(a) = D Fa(ce, de)} = | Faler, di)| <,
k=1 4

where (ck,dx) appearing in ., are those included in one of [u;,v;]. Hence
Lemma 4 is proved. O

Corollary 3.1 Let the conditions of Lemma 4 hold. Further, suppose that
each F, is the primitive of an AP integrable function f,, n=1,2,.... Then
there exists a choice S of ap neighbourhoods on [a,b], such that for any € > 0,
there is 6 : [a,b] = (0,400) such that for any partial division of S5 on H,
{[ui, vi); zi}, we have

|2Fn(u,~,v,')—AP—/ fal<e, n=1,2,...
Eo
where E* = Eﬁ(Ui[u;,v;]).
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ProoF. By Lemma 3.

AP - /f,,_F(b) (@) — EF (ck,dx), n=1,2,..

k=1

where (ck,di) are defined as in Lemma 4. Hence by Lemma 4 we have the
Corollary proved. O
Now let us prove “(B) implies (C)”.

For any given € > 0, there exists a closed E C [a,b], |[a, ]\ E| < 5 such

that F, € AC(F) uniformly and by Egoroff’s theorem ([4]), we have closed
H C E, |[a,b]\ H| < € such that f, — f uniformly on H. Hence there is a
sequence of closed subsets {Ey} of [a,b] such that |[a,b]\ U=, Ex| = 0, and
F, € AC(Ek) uniformly and f, — f uniformly on E} for every k € N.

Let Hj be the set of points of density in Ex, then we also have |[a,b] \
Ure; Hi| = 0. Hence for every k € N, and &* > 0 there is N € N such that
|fa(z) = fm(z)| < €* for any z € Hx when n,m > N. By Corollary 1 there is
a choice S and a § : Hi — (0, +00) such that for any partial division {[u, v]; z}
of S5 on Hy, we have | Y- Fn(u,v) — AP — [, forn =1,2,.... Hence for any
n,m > N, we have

| S () = P, 0] < | 3 Pl 0) = 4P = [l

+13 Falu,v) - AP - /fn|+|AP/ o — £2)] < 26 + €*|E7),

E*=Hn (U[u;,v;]) .
Since the inequality is for all partial divisions,
> |Fm(u,v) = Fa(u, )] < (4+2|E*|)e”

Lastly, since K = [a, b] \ UH is of measure zero, by condition (1) of (B), {F,}
satisfy ASL uniformly. Hence for any partial division {[u;, v;]; z;} of a suitable
Ss on K and any m,n € N, we have

S T 1(Fm = Fa)(ui, v)| £ 7 [Fon (i, vi)| + D |Fo(wi, vi)] < 2¢™.

So {F,} is an apvg Cauchy sequence on [a, ], and hence {F,} satisfies (C).
(C) implies (D): By Lemma 2 and Lemma 1.
(D) implies (A):
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By Lemma 1, after redefinition on a subset of measure zero {fn(z)} is
bounded for every z € [a,b]. Let

Er={z:|fa(z)|<k,n=1,2,..}

then [a,d] = U, Ex-
For every Ej, given € > 0 let & : [a,b] = (0, 400) be such that for every
partial division of Ek, {[u;, vi]; z;}, we have

| (Falui, vi) = fal®i) (v — w)| <,

and hence Y |Fn(ui, v;) — fo(zi)(vi — ui)| < 2e.
Let n = %, then when ) (vi — u;) < 7, we have

D 1Fa (i, v)] < 26 + | fa(@)] D (i — wi) < 26+ kn = 3¢.
Hence F, € AC;,(Ex) uniformly, and (A) is true. a

Corollary 3.2 The condition that F, — F everywhere in [a,b] is implied
by the other conditions in the Controlled Convergence Theorem (i.e. Theo-
rem 1.1) and likewise by the other conditions in the First Equivalent of the
Controlled Convergence Theorem (i.e. Theorem 1.2).

It is easy to see that the Conditions of (A) together with the Condition
fa — f almost everywhere in [a, b] are mutually independent. Likewise, the
Conditions (or Condition) in any one of (B), (C), (D) together with the Con-
dition f, — f almost everywhere in [a, b] are mutually independent. Hence
we have got the least number of Conditions for the Controlled Convergence
Theorem.

4 Further Weakening of the Conditions for the AP Con-
trolled Convergence Theorem and Some Other Con-
vergence Theorems

Now we generalize Theorem 3.2 by weakening the condition that f, — f
almost everywhere in [a,b]. For this purpose, we first make a few remarks
about the question of absolute AP-integrability, and then we give a definition
of “generalized ap mean convergence” and some properties of it.

We call a function f absolutely AP-integrable if |f| is AP-integrable. But
we will prove that this definition is nothing but absolutely Henstock integrable.
More precisely, we have
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Lemma 4.1 Given a function f : [a,b] =& R, if there exists a choice S5 on
E C [a,b] such that

sup Y 1£(@)|(v - ) < +oo

with the supremum over all partial divisions {[u,v];z} of S5 on E, then f is
absolutely Henstock integrable, i.e. Lebesgue integrable, on E, and vice versa.

ProOOF. Let fn : fn(z) = max{—N,min(f(z), N)} with N € N. Then fy is
a bounded measurable function, hence fy is absolutely Henstock integrable,
i.e. Lebesgue integrable, and

/E vl < sup 3 1£(2) (v — w).

Hence by the Monotone Convergence Theorem of Lebesgue integration, we
have |f| being Lebesgue integrable.
The reverse is direct. O

Corollary 4.1 Given a function f on E C [a,b], f is absolutely AP-integrable
if and only if f is absolutely Henstock integrable.

Hence we will not distinguish absolutely AP-integrable from absolutely -
Henstock integrable, or Lebesgue integrable.

Lemma 1 means that if any question can be reduced into a question of
absolutely A P-integrable functions, then it can be solved by means of Lebesgue
integration. In particular, we have.

Corollary 4.2 (The Monotone Convergence Theorem for AP-integration).
Let f,; n=1,2,..., be AP-integrable functions on [a,b], such that:

(1) fn converge to a function f almost everywhere in [a,b] as n — oo;
(2) fi(z) < fa(z) <+ < folz) < -+ for almost all z € [a,b];

(3) AP - f:f,, < M for some M > 0.
Then f is AP-integrable and

b b
AP—/ f= lim AP—/ .
a n— 00 a

Corollary 4.3 (Dominated Convergence Theorem for AP-integration). Let
o, n=1,2,..., be AP-integrable function on [a,b]. If:

(1) fa converges to a function f almost everywhere in [a,b] as n — oo, and
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(2) there exist AP integrable functions g(z) and h(z) on [a,b] such that
9(z) < fa(z) < h(z), n=1,2,..., almost everywhere in [a,b],

then f is AP-integrable on [a,b] and

b b
AP—/f:limAP- fn as n— oo.
a n—>00 a
What is important for us is that, by virtue of Lemma 1, the following
definition become meaningful.
Definition 4.1. A sequence of functions f, : [, b] = R is said to be generalized

mean (mg) convergent to f : [a,b] = R if there exists a sequence of sets
E" Cc [a) b]: [ayb] = Uz°=1 Ek SUCh that

/ fa=fl>0 k=1,2,....
E;

We give the following properties of mg convergence, where {f,} is a se-
quence of functions on [a,b], {F,} is the sequence of primitives if f, are AP-
integrable, f and F are functions on [a,b], { Ex} are as in the definition of mg
'convergence, or of apvg convergence in accordance with the context.

Proposition 4.1 If {f,} is mg convergent, then its limit function is unique.

Proposition 4.2 {f,} is mg convergent if and only if there exists {Ex} as
above such that

/ |fn— fm| =0 asm,n— oo
E;
fork=12....

Proposition 4.3 If {f,} is mg convergent to f, then there exists a subse-
quence of {fn},{fn.}, converging to f almost everywhere in [a,d).

ProOF. Mean convergence of a sequence {f,} to f on Ej implies that {f,}
also converges to f in measure on E) (cf. e.g. H.L. Royden’s Real Analysis,
third edition p. 95). Hence there exist subsequences {fn x} of {fn} converging
to f on Eji almost everywhere for every k € N, and {fa x} O {fn k+1}- So the
sequence {fk x} converges to f on [a,b] almost everywhere. O

Proposition 4.4 If {F,} apvg converges to F, then {f,} is mg convergent
to a function f and F(z) = AP - [ f.
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Proor. By {F,} apvg converging to F, for every Ei, given any € > 0, there
.exist N € N and §; such that for any partial division {[u,v]; z} of S5, on Ei
we have

E |(Fm — Fp)(u,v)| < € for m,n> N.

Let m,n > N be temporally fixed; there is 62 such that for any partial division
{[u,v]; z} of S5, on E we have

Y |Fm(v,0) = fm(@)(v —w)| <& D |Fa(y,v) = fa(a)(v—u)| <e.
Hence for any partial division S5 with § = min{d;,d>} we have
Zl m — fa)(z)|(v—u) <3easm,n > N.

Hence by Lemma 1, we have

/E. \fim = fal < 3¢,

and by Proposition 1 and Proposition 2, there exists a function f uniquely
such that f, — f(mg).

Now we prove F(z) = f f. Given any € > 0, there exist Ny € N and a
choice Sj, , such that for any partial division {[u, v]; £} of S, , on Ex we have

£
~

wln—-
[\

Z I(f fm (‘U - u)
and 1
S 1Fm(u,0) = fm(@)(0 = )| < 357

Let 6, = min{dk 1,8k, 2}, we have

S IF(wv) = f)(v =)l < 57

for any partial division {[u, v];z} of S5, on E.
Letting & : §(z) = 6, (z) when z € B \U;Zs E: with Ep =0, k=1,2,...,

we have
D IF(u,v) - fe)(v —u) <€

for any partial division {[u,v];z} of S5 on [a,}], i.e.

=AP—/If. O
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Proposition 4.5 If{F,} apvg converges to F, then there ezists a subsequence
of {fn}, {fn.}, which converges to a function f almost everywhere in [a,})], and

F(z):AP—/:f.

PROOF. By Proposition 3 and Proposition 4. ()

Now let us turn to setting up a weaker condition, in the presence of the
conditions on F,, to replace the condition that f, — f almost everywhere in
[a,b] in the Controlled Convergence Theorem.

Lemma 4.2 Let f : [a,b] & R be AP-integrable on [a,b] with primitive F.
Then f is absolutely integrable on E C [a,b] if and only if F € AC;,(E).

PROOF. “Only if”: We have G(z) = [ : |flxe absolutely continuous. Hence
for any € > 0, there exists 7 > 0 corresponding to ¢ as in the definition of
absolute continuity, and at the same time there exists d; : [a,d] = (0, +o0)
such that for any 4;-fine partial division {[u,v];z} on E (see [4])

DoF @) =u) = |Gy, v)l| <&

On the other hand, there exists 4> : [a, b] = (0, +00) such that for any partial
division {[u,v];z} of S5, on E we have

D@ —u) = |[F(u,v)l| <e.

Letting § = min{d;, §2}, we have for any partial division {[u, v];z} of S5 on E

D IF(w,v)| = |G, )l < 2,

hence

D IF(u,v)] < Y 1G(u, v)| + 2.
Particularly if ) (v — u) < 7, we have )~ |F(u,v)| < 3¢, i.e. F € AC;,(E).
“If”: F € AC;,(E), so there exists a choice S5 such that for any partial
division {[u,v];z} of S5 on E, we have
YoIF(uv) - flm)(v—u)l <e
and Y |F(u,v)| < M for some M > 0. Hence
STIf@)Iw=u) <Y IF(u,v)|+e < M +e.

ie. [g|f] < +oo. o
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Lemma 4.3 If {F,} is apvg convergent to F on [a,b], then {F,} is
UACG;, ([a, b))

PRrROOF. By Proposition 4 there exists a function f on [a,}] such that f, —
f(mg) and F(z) = AP — f: f. Hence there exist E, Es,..., E,,... with
[a,8] = U; Bi, F € AC;,(E;). On the other hand, there exist Hi, H, ...,
H.,,...such that for any Hj, there is N; € N such that for n > Nj, ij | fn —

fl < +00. Hence F, — F € AC;,(H;) whenever n > Nj, and therefore we
have F,, € AC;,(H;NE;)i=1,2,....

FkGAC;p(I\'k.[) k=1,2,...,N;; £=1,2,....
Let Ky, 05,...tn, = ﬂkN;I Kie e =1,2,.. . forany k=1,2,...,N;. Hence
F, € AC;p(thgm,,,,t,:,j ﬂHj N E,') n=12,...

with £, =1,2,...,forp=1,2,...,N;; j=1,2,...;i=1,2,....
Rearrange Ky, t,,...4n; N Hj N E; into a sequence and still denote this se-
quence by {E;}, and we have

F, € AC;,(E;) n=1,2,..., and F € AC;,(E;) fori=1,2,... .
Now we prove F, € UAC;,(E;) fori=1,2,....
For every 1 € N, given € > 0, we have N € N, S5, and n; > 0 such that for
any partial division {[u,v]; z} of S5, on E;, we have

ZI(F,. — F)(u,v)]<eforn> N,

and whenever Y (v —u) < n;, we have ) |F(u,v)| < €. On other hand, there
exist 72 > 0 and Ss, such that for any partial division of S5, on E;, whenever
> (v — u) < 12 we have

> |Fi(u,v)| < & with k=1,2,...,N.

Let § = min{d;,d2}, and n = min{n,n:}, then for any partial division of
Ss, {[u,v]; z}, whenever (v — u) <  we have

z]Fn(u,v)I <2, n=12....

ie. {Fn} € UAC;,(E;) withi=1,2,.... Hence {F,} € UACG,([e,b]). O
Now let us propose the following refinement of Theorem 3.2.
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Theorem 4.1 Let {f,} be a sequence of AP-integrable functions on [a,b)], and
let {Fp} be the sequence of the primitives of f,. The following (A*), (B*),
and (C*) are mutually equivalent.

(A*) (1) {fn} is mg convergent to a function f,
(2) {Fn} € UACG;, (e, 8]);

(B*) (1) {fn} is mg convergent to a function f,
(2) {Fnp} satisfies UASL on [a,b],

(3) for every € > 0, there ezists closed E C [a,b],|[a,b]\ E| < € such
that {F,} € UAC(E) (i.e. the 7 in the definition of AC is independent

of n);
(C*) {Fn} is apvg convergent to a function F on [a,b].

Hence (C*) implies fomg converges to a function f. Any one of (A*), (B*),
(C*) implies f is AP-integrable and limn_00 AP — [ fn = AP — [T f.

Note: Since {f,} being equi-integrable strongly relies on the “pointwise”
boundedness of {f,}, as we have pointed out at the beginning of paragraph
3, we still have not any equivalent form of it in this theorem.

PROOF. . (A®) is equivalent to (B*): By the equivalent between (2) of (A*)
and (2), (3) of (B*) (cf.. [5)).

(B*) implies (C*): By investigating the proof for “(B) implies (C)” in the
proof of Theorem 3.2, in order that (C*) is true, we actually only use condition
(1), (2) of (B), i.e. (2), (3) of (B*), and the following condition:

There exists a sequence of closed subset of [a,b], Ek, such that

I[a!b]\ E|=0 dl (.fm"fn)l—)o
kL-Jl " = /EE

where E} = Ei N[{J;[ui, vi] with {u;, vi; z;} being any partial division of some
suitable Ss on the set of all points of density in E}.

But this is implies by (B*) (1) hence we finish the proof.

(C*) implies (A*): By Lemma 3 and Proposition 4. ]

Finally, we point out the relation between Theorem 3.2 and Theorem 4.1
is

Corollary 4.4 (A), (B), (C) implies (A*), (B*), (C*) representively, and
conversely, if {fa} satisfies (A*), (B*), (C"), then there exzists a subsequence
of {fn} satisfying (A), (B), (C).
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5 Riesz-Type Definition of AP-Integral

Lemma 5.1 Let {F,} be a sequence of functions on [a,b], If {Fp} is UAC
on closed sets K; and K, with Ky N Ky = @, then {F,} is UAC(K1 U K3).

ProoF. For any € > 0, there are n; > 0 with i = 1,2 defined as in the
definitions of {F,} € UAC(K;). Let p be the distance from K; to K3, then
min{n;, 72, p} will satisfies the condition on 7 as in the definition of {F,} €
UAC(K,1 U K,). O

Lemma 5.2 If {F,} € UACG(E), then there ezist closed Ey,FE,...,E,,...
such that Ey CE, C ...C E, C...,E =2, E- UH with |H| = 0, and
{F,} eUAC(E,), r=1,2,....

ProoF. First, we prove that for every ¢ > 0, there is a closed K C E such
that {F,} € VAC(K) and |[E\ K| < e.
Let Hi, k =1,2,... be such that E = |J;—, Hk, {Fn} € UAC(Hy), k =

1,2,.... Let Hy = B, Ki closed be such that K; C Hj \U:-:ol H; with

[Hk\(U'_O H)\Kkl < 2k6+1’ k=1,2..., and let N € N be such that

[E'\Uk=1 Hil < 55. Then K = Uf:,:l Ky is closed. Since {F.} € UAC(Kk),
and Kx N K; = 0 for k # £, by Lemma 1 we have {F,} € UAC(K), and

N k-1
|IE\K|< |(E U U{U(HL\UH\K;: H<e.
k=1 k=1 1=0

Hence for every k € N, there exists a closed set Ly such that {F,} €

1 oo
UAC(Lk) and |E \ Li] < 7 k=1,2,.... Let E, = ()., Lk, then {E;}
satisfies the conditions of Lemma 2. O

Theorem 5.1 Given f : [a,b] = (—00,+00), the following, i.e. (A), (B),
(C), (D), (B'), (C) and (D’') are mutually equivalent:

(A) f is AP-integrable with primitive F.

(B) There is a sequence of absolute Henstock integrable functions {fn} (i.e.
Lebesgue integrable functions, see [/]) on [a,b), such that:

(1) fa — f almost everywhere;

(i) There exists E C [a,b], |[a,b]\ E| = 0 such that the sequence {Fy,}
of the primitives of f, withn=1,2,... is UACG(E),
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(iii) F, converges almost everywhere to a function F satisfying condition
ASL.

(C) The Conditions in (B) with f, being Lebesgue integrable replaced by f,
being continuous, n=1,2,...

(D) The conditions in (B) with f, being Lebesgue integrable replaced by f,
being a step-function, n=1,2,....

(B), (C), (D'): the conditions in (B), (C), (D) with UACG replaced by
UACG,.

PRrOOF. (B) implies (A): by condition (ii) and (iii) of (B), there exists H C
[a,8], |[a,b)\ H| =0, such that {F,} € UACG(H) and F,, = F on H. Hence
F € ACG(H). By (iii) of (B) F satisfies ASL, and hence if we take F as a
sequence with all the elements being F, then by Lemma 2 and Theorem 3.2
we have F € ACG;,([q, b))

By Lemma 2, there exist By CE; C...C E. C ..., |[a,8]\ U2, E-| =0,
and {F,} € UAC(E;). Let G, , be defined on [a,b] to be equal to F, on
E, and linearly extending G, from E; to closed intervals contiguous to E,.
Likewise we define G, from F. Then G, ., n = 1,2,... are UAC(E,). We
will prove they are also UAC([a, }]).

Given € > 0, there exists 7 > 0 corresponding to ¢ as in the definition
of UAC(E;). Let Uz=,(ax,b) = [a,d] \ E, where (ax,bx) are the intervals
contiguous to E,, and N € N is such that Y .oy (bx — ax) < 7.

Since G, » = G, on [a,b], there exists an L € N such that

Grr(be) = Gnyr(ar) _ Grr(be) = Grr(an)| .
b — ag b — ax -
Gn,r(bk) - GL,r(bk) - Gn,r(ak) + GL,r(ak) <e
b — ax
for k=1,2,...N; and n > L. Hence,
Gn,r(bk) - Gn,r(ak) < GL,r(bk) - GL,r(ak) +e.
b — ax bi — ax

Let

Gn,r(bk) - Gn,r(ak) | IGL,r(bk) - GL,r(ak) | + €}
b — ag ’ b — ax ’

M, = max{ max,,_<_L|

Then we have |G, () — G r(y)] < M|z —y| for any z,y € [ak,bi), k =
1,2,...N.
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Now, let »* = min{v, 37-}. Given any partial division on (a,b], {[ui,vs],i=
1,2,. m} ie. a <u < v <up < vge- < up < vy < b, satisfying
Ei=1(v, — u;) < v*, we make an appropriate revision to this division as fol-
lows. If (u;,vi) € [ak,bi] for one k or both u;,v; € E,, we keep the end-
points u;,v; unchanged. If u; € (ak,bx) and v; & [ak, bk] we replace [u;,v;]
by [ui,bk), [bk,vi]. If v; € (ak,bk) and u; € [ak,bx] we replace [u;,vi] by
[ui, ak], [ak,vi]. After this revision, we denote the partial division by [u}, v}
Then we have

E |Gn,r(vi) = G r(ui)| < Z |Gn,r(v) = Gn,r(ui)] < 2e.

i=1 i=1

Hence, {G,,} € UAC([a,b)).
Now, UAC([a, b)) is equivalent to UAC™*([a,b]), and hence we have that
{Gn.} € UAC*([a,}]), Gn r(z) = G- (z) on [a,b], and

(1) G} r(z) = (FNn)gp(2) = fa(z) almost everywhere on E,, and
(2) G, .(z) = G} (z) everywhere on UZ2 (ax, bk).

Hence, G, ,(z) converges almost everywhere on [a,}]. In particular, we
have that G}, ,.(:c) fn(z) = f(z) almost everywhere on E,. Hence, by [4]
Corollary 7.7, we have G} (z) = limn_, e G}, () almost everywhere on [a, b].
But G;(z) = F,,(z) almost everywhere on E., so we have F;,(z) = f(z)
almost everywhere on E,. Because |[a, b]\US2, E.| = 0, we have F (z) = f(z)
almost everywhere on [a,b],i.e. F(z) = AP — [ f.

(B’) implies (A): By means of Corollary 3.10 of [5], we reduce (B’) to (B),
and hence “(B’) implies (A) is true.”

(C), (D) are just special cases of (B), and (C’), (D') are special cases of
(B’), so any of, (C), (D), (C"), (D') imply (A).

(A) implies (B) and (B’).

By Proposition 3.12 of [5] we have F satisfies conditions ASL and there
exists E C [a, b] with |[a, b]\ E| = 0 such that F € ACG(E). Hence by Lemma
2 there exist closed Ey C E2 C ... C E, C ..., [a,b] = Uz, E- U H with
|H|=0,and F € AC(E;), r=1,2,....

Let F,, = F when z € E, and linearly extend on the contiguous intervals
of E, as in our proof of “(B)”. F,, € AC([a,b]), hence %% is L-integrable
n = 1,2,.... Since F,(z) take the same value for ¢ € E, with r < n,
so {Fn;n > v} € UAC(E,). Because F),F,,...,F,_; are AC([a,b]) they
are of course AC(E;), so if we add them into the family {F,(z);n > r} we
have {F,;n = 1,2,...} € UAC(E,), hence {F,} € UACG(J:2, E.), and
I[a, 8]\ U2, Er| = 0. Thus the condition (ii) of (B) holds.
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On the other hand, let H, be the set of the points of density in E,. Then
|E- \ Hr| = 0 and {F,} € UAC;,(H,), hence F, € UACG;, (U2, H,) with
I[a,8)\ Ur=; H-| = 0, and the Condltlon (ii) of (B’) holds.

Since F,(z) = F(z) on E, when n > r for r = 1,2,..., we have F, - F
almost everywhere on [a,b] as n — oo, i.e. the Conditions (iii) of (B) and
(B') both hold. Also we have F.(z) = f(z) almost everywhere on E, when
n > r. By lim,o E, = [a,b]\ H, we have F,(z) — f(z) as n — oo almost
everywhere on [a,}], i.e. the Condition (i) of (B) and (B’) holds. Hence (B)
and (B’) both hold.

(A) implies (C) and (C').

Let F,, n = 1,2... be defined as in the proof of (A) implying (B) and
(B'), and fn(z) = F,, (:z:) n=1,2,.... Then {f,} is a sequence of Lebesgue
integrable functions, so there exlsts a sequence of continuous functions {g,}
such that

i 1
[ 1520 - gn(@)ldz < g5z

For every E',, letting € > 0 be given, there exists N € N such that N >r

and 221N < —, and because {F,} € UAC(E,), so there exists n > 0 cor-

responding to %5 as in the definition of UAC(E,;). On the other hand,

since G defined by Gn(z) = [, : gn n = 1,2,... are primitives of Lebesgue
integrable functions, so they are AC([a,b]), hence AC(E,), so there exist
Nn corresponding to G, with respect to € as in the definition of AC(E,).
Let * = min{n,m,nz, .,nn}. For any division [u;,v;] with u;,v; € E,,
Y ;(vi —u) <7n*, when n < N, we have ), |Gn(vi) — Gn(ui)| < €, and when
n > N, we have

52 16n(w) ~Galu)] = 3| / jign(:c)dzl < / fale)ds|+ 5 <.

Hence {G.} € UACG(U:2, E,) with |[a,b]\ U2, E| = 0, and hence Condi-
tion (ii) of (C) holds.

The same discussion that showed (A) implied (B) and (B’), shows that we
also have {G,} being UACG;, (72, H,) with |[a,8]\ Uiz, H.| = 0, i.e. the
Condition (ii) of (C’) holds.

Because
Ge-F)@I=1 [ " (0n(2) = fu(z))dz] = 0 25 n = 0o

we have G (z) = F(z) almost everywhere on [a, b], i.e. the Condition (iii) of
(C) and (C') holds.
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Lastly, since
b 1
[ 1an(@) - 1@ < 555,
a

the set
1
Kn ={z : |ga(z) — fa(z)| > on

1
satisfies |K,| < 21'; Hence |, n41 Kal < o and therefore

(e o) o0
I U Kal=0
N=1n=N+1

Since |gn(z) — fa(z)| = O whenever z € [a,b] \ (¥ =; Un=n41 Kn, we have

gn(z) = f(z) almost everywhere on [a,bd], i.e. Condition (i) of (C) and (C’)
holds. Thus Conditions (C) and (C’) both hold.
(A) implies (D) and (D’): The same as the proof that (A) implies (C) and
(C'). a
Now we give a Riesz-Type Definition of AP-integral.
Definition. Suppose a function f : [a, b] = (—o0, +00) satisfies:

(1) There is a sequence of step-functions {®,} such that ¢, — f almost
everywhere on [a, ],

(ii) the sequence {®,} of primitives of ¢, is UACG or UACGY, on a set
EC [arb]’ l[a"b] \ El =0,

(iii) ®, — F almost everywhere with F satisfying conditions ASL.

Then we say f is'Riesz Type AP-integrable, and F is the primitive of f,
denoted by

F(z)=RPap-/xf-
By Theorem 1, we have ‘
Corollary 5.1 RPg,-integrability is equivalent to AP-integrability.
I am grateful for the help of Lee Peng Yee who advised me to study these

topics and gave me some idea of solving them and I also thank Bruce Calvert
who has helped me with my research. '
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