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EXTREME CONTRACTIONS IN (£, £))
AND THE MAZUR INTERSECTION
PROPERTY IN £, £

Abstract

In this paper, we show that the projective tensor product of a two-
dimensional £P space with a two-dimensional £9 space never has the
Mazur Intersection Property for a large range of values of p and g. For
this purpose, we characterize the extreme contractions from £ to £ and
obtain their closure.

1 Introduction

A Banach space is said to have the Mazur Intersection Property (MIP) if
every closed bounded convex set is the intersection of closed balls. In a finite-
dimensional space X, this is equivalent to the extreme points of the dual unit
ball B(X*) being norm dense in the dual sphere S(X*). And, in general,

Theorem 1.1 For a Banach space X, the following are equivalent :
(a) The w*-denting points of B(X*) are norm dense in S(X*).

(b) X has the MIP.

(¢) Every support mapping on X maps norm dense subsets of S(X) to
norm dense subsets of S(X*).
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(see [2] or [4] for details and related results)

Using this characterization, Ruess and Stegall [15] have shown that the
injective tensor product of two Banach spaces of dimension > 2 never has
the MIP. And Sersouri [17] has shown that in fact there is a two-dimensional
compact convex set in X ®, Y that is not an intersection of balls.

The situation appears to be much more difficult for projective tensor prod-
uct spaces, since the extremal structure of the unit ball of the dual of X ®, Y,
ie, L(X,Y*) (see e.g., [3, Chapter VIII]), is known only in some very spe-
cial cases and no pattern is discernible even in these cases for a reasonable
conjecture to be made in general. See [9] or [12] for a survey.

The simplest situation arises in a Hilbert space, where the extreme con-
tractions are characterized as isometries and coisometries, by Kadison [11] in
the complex case (see also [10]) and by Grzaslewicz [6] in the real case. And it
immediately follows that the projective tensor product of two Hilbert spaces
never has the MIP.

Complications already increase significantly if we move on to P-spaces. In
fact, the complete picture eludes us even for two-dimensional #P-spaces. Here
we show that the projective tensor product of a two-dimensional £/ space with
a two-dimensional £? space never has the MIP for a large range of values of p
and ¢. For this purpose, we characterize the extreme contractions from £ to
£% and obtain their closure. Some of the results about extreme contractions
were proved earlier in [5, 6, 8] through different techniques. Our approach is
similar to that of [12] for the case p = ¢ with complex scalars. We, however,
work only with real scalars. This technique also lends itself naturally to the
computation of the closure.

A major portion of this work is contained in the first-named author’s Ph.
D. Thesis [1] written under the supervision of the second author. We take this
opportunity to thank a referee whose detailed comments on the paper led to
considerable improvement of its exposition.

2 Extreme Contractions in £(£,4%)

NoTATIONS : For 1 < p < oo, ¢ = (z1,z2) € £ with ||z|| = 1, define
zP~1 = (sgn(z1)|z1|P~}, sgn(z2)|z2/P~?) and x° = (—za,z;). Notice that,
in general, P! is the unique norming functional of =z and {z, (z°)?~ '} is a
basis for £, and if p = 2, #~! = z and {z,z°} is orthonormal. Denote the
vectors (1, 0) and (0, 1) by e; and e, respectively.

We will need the following inequality [14, Lemma 1.e.14]
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Lemma 2.1 Let1<p< ¢g<oo. Leta==x/(p—1)/(g—1). Then

1 1/q 1 1/p
[ +art+ i —arm)] < [+ o+ 1= rp)]

for all r € R with strict inequality holding for r # 0.

Theorem 2.1 For 1< p, ¢ < 0o, an operator T : £§ — £ with ||T|| =1 is
an extreme contraction
(i) [6) for p=gq =2, if and only if T is an isometry.

(i3) [8) for p=2# q, if and only if T satisfies one of the following
(a) T attains its norm on two linearly independent vectors.

(b) T is of the form

_ | z®e; if ¢<2
Tl zQy+sz°®(¥°)t if ¢>2

where & is any unit vector and, in the second case, |y;|? = % and
= 1 (9-2)/q_
S ﬂ:m2
(#i1) [8) for p# 2 =g, if and only if T satisfies one of the following

(a) T attains its norm on two linearly independent vectors.

(b) T is of the form

7=, €®Y if p>2
Tl 2P lQy+sz°®y° if p<2

where y is any unit vector and, in the second case, |z;|P = % and
s=%/(p— 1)22-P)/p,
(#v) [6] for p=q # 2, if and only if T satisfies one of the following
(a) T attains its norm on two linearly independent vectors.

(b) T is of the form

r=] €®y if p>2,  uny:#0
- Zp-]'@ej if p<2, T1z2 #0
(v) for1 < ¢ <2< p< oo, if and only if T satisfies one of the following

(a) T attains its norm on two linearly independent vectors.
() T = zP~! ® y with z, y unit vectors and z1z2y1y2 = 0.
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PROOF. Let T : 5 — £, ||T|| = 1. Then there exists = (z1,z3) € £ such
that ||z|| = 1 = ||T=||]. Let

Tz=y=(y,y2) and I;y = {T:||T|| £ 1, Tz = y}.

Then for any T € Iy, (T — «~! ® y) annihilates = and so is of rank < 1,
whence (T —z?~ ! ®y) = z° @ u, for some u € £5. Further, T*(y?9"!) = zP~1,
that is (T* —y®=P~?!) annihilates y?~!, whence (T* —y®=z?~!) = (y°)?" ! ®v,
for some v € £. Combining, T must be of the form

T, =z ' @y +sz°® (y°)?"!, for some s € R

In other words, I.y = {T; : s € R, ||Ts|| < 1}. That is, Iy is a line segment
(could be degenerate) in the unit ball, and, its end points are extreme.

Asin [12], pre- or post-multiplying by diag(sgn(z1), sgn(z2)), diag(sgn(y1),
sgn(y2)) and permutation matrices, if necessary — each of which is an isom-
etry — we may assume 1 > 2> 0,y > y2 > 0.

For r € R, denote by fp(z,7) = z + r(z°)P~! and Fp(z,7) = ||fo(z,7)]|IF.

Then Fy(z,r) = |21 — rzh P + |z + rzf~!|P. Clearly,if p=2o0r z, =0,
Fy(z,r) =1+ |r[P. Otherwise,

Fp(z,7) = z37-|rah —z1zaf + 277 - |rz] + z125fP
= z;°G(rzh — z122) + z7PG(rzf + z122)

where G(u) = |u|P. Thus

0

EFp(z, r) = G'(rzh — z172) + G'(rz} + z127) (1)
and G'(0) = 0, G'(u) = p-sgn(u) - [u[P~1. Clearly, (1) also holds for p = 2 and
zo = 0.

Now, G’(u) is an odd function, positive and strictly increasing for u > 0.
Since the two arguments of G’ in (1) add up to r, we have if » > 0 (resp.
r < 0), the one larger in absolute value is positive (resp. negative), and so,
Z F,(x,r) is positive (resp. negative), i.e., Fp(=, 1) is strictly increasing (resp.
decreasing) in r > 0 (resp. r < 0).

Further, if p# 2 and z, # 0

Fp(z,0) = 1, Fy(z,0) = 0,

F'(z,0) = p(p—1)(z122)"72, @)
F'(z,0) = p(p—1)(p —2)(z122)P~3[z] — 28],
F"(=,0) = p(p—1)(p—2)(p—3)(z122)""*[1 - 3(z172)"]
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and so, if 1 < ¢ < 0o, for Hpq(z,7) = [Fp(z,7)]9/?, we have,

Hpq(z,0) 1, Hy.(z,0) = 0,
Hpo(=,0) q(p — 1)(z122)"2,

H!(z,0)

H(2,0)

g(p — 1)(p — 2)(z122)P~3[z] — 23], (3)
g(p — 1)(z122)P~*[(p - 2)(p - 3)
= 3(z122)P{(p—-2)(P-3) + (P — 9)(p - 1)}]

where the derivatives are taken with respect to r.

Now, T, (fp (=, 7)) = fq(y,7s), and thus for any r # 0, ||T,(fp (2, 7))||? =
Fq(y,rs) is strictly increasing in s > 0 and strictly decreasing in s < 0, and
Fy(y,rs) is unbounded in s. Now, if r # 0,

nhnnu

Fo(y,0) = 1 = [Fp(=,0))%? < [Fp(z, 7))/
So, there exists unique sy (z,y,r) > 0 and unique s_(z,y,r) < 0 such that
Fo(y,rsz) = [Fp(z,r)]? (4)

And the quantity on the LHS becomes smaller or larger than the one in the
RHS according as |s| gets smaller or larger. Evidently, such sy also exist for
(z°)P~!, which we denote by f,(z,00). In fact, in this case, |s+(z,y,o0)| =
1(Z°)P~I/Il(y°)9~}||. Notice that s4 is a continuous function of r # 0 and
elementary examples show that lim,_,¢ s+ (=, y,r) may not even exist. Let

sy(z,y) =inf{sy(z,y,7) : r #0} s_(z,y) =sup{s-(z,y,7):r#0}

Clearly, Ty € Iy if and only if s* < s < 53, ie, Ty are end points of Iy
and hence are extreme. Also let

. . def .
S+‘ (:l:, y) = h}:lllglfs'l' (zy Y, 7') = sup mf{s.,.(:z:, Y, 7‘) : |1‘| < E}
e>0
s**(z,y) = limsups_(z,y,r) EE sup{s_(z,y,r) : |r| < €}
r—=0 €>0

Note that if we put Jz, = {s : T, is contractive in a neighbourhood of =},
then s2* = inf J;y and s}" = sup Jry, though s}* may not necessarily belong
to Jzy. Clearly, s2* <s* <0< s < s

Now, either s} equals sx(z,y,r) for some 7 # 0 (including r = o0), in
which case s} # 0 and T,, attain their norm on two linearly independent
vectors, or s} = si".

Note that T attains its norm on two linearly independent vectors if and
only if T* attains its norm on two linearly independent vectors. Moreover,
any such T is exposed, and hence strongly exposed.
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Thus to complete the proof, the task that remains is to identify all (if any)
extreme contractions that attain their norm in exactly one direction (called ‘of
the desired type’ in the sequel). Then si = s3*, in which case (7) |s}*| < o0,
(i) 55" € Jzy, in fact, (iii) Tsye € Loy

Therefore, in different cases, we proceed to successively check these three
conditions and whenever we reach a contradiction, we conclude that s} # si*
and Ty is not of the desired type. And in case all the three conditions are
satisﬁeé, we check whether it attains its norm in any direction other than
that of z and only if it does not, we get an extreme contraction of the desired
type. This line of reasoning is exemplified in the analysis of cases (II) and
(IV) below. However, in case (I), we can directly calculate s .

Case(I) : (i) p=2 and either ¢ = 2 or y; = 0; (i7) ¢ = 2 and either p =2
orz;=0; (iti) p#2#q¢and z; =0=y,.

T, is a contraction <= F,(y,rs) < [Fp(z,r)]¥? forallr
= 1+4|rs|?<[1+|rP]9? forallr
[L+ Irpr — 1

1<
= |s]?< BT

forallr#0

Note that the RHS = 1 if p = ¢ and is strictly decreasing (resp. increasing)
in |r| for ¢ > p (resp. ¢ < p).

So, if p = ¢, s+ = %1, and hence, s1 = sy = £1 and T,; are isometries.
And, if p # ¢, the infimum of the RHS over r # 0 yields

. 1 if ¢g>p
q —
'sil‘{o if g<p

So, if ¢ < p, s =0, and Ty is an extreme contraction of the desired type.
And if ¢ > p, s = s4(oo0) = £1 with Ty, attaining its norm at both = and
(z°)P~!. 1t is interesting to note that if p # 2 # ¢, T} in this case is the
identity operator. .

For the remaining cases, we calculate si*. Let {r,} be a sequence of real
numbers such that r, — 0 and s4(r,) — s¥*. If we assume |s1*| < oo, then
{s+(rn)} is a bounded sequence. Now, by (4),

Fy(y,rns1(rn)) = [Fp(=, rn)]q/p (5)

Case (II) : ¢ # 2, y2 > 0 and either p=2 or z» = 0.
In this case, subtracting 1 from both side of (5), dividing by r2 and taking
limit as n — oo, we get by L’Hospital’s rule and (2) that

1
LHS — 54(g = 1)s* (y122)*~%,
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where s = s1" and

0 if p>2
RHS — { o if p<2

So, if p < 2, we have a contradiction, whence T+ is not of the desired
type, and if p > 2, s} = s{* = 0, and Ty is extreme, and clearly of the desired

type.
If p = 2, we have

S@-Dmw)? =1 (6)
Now, if the s given by (6) belongs to J;,, we must have
Fy(y,rs) < [Fp(z,r)]¥P for all small r # 0 (7)

Comparing the Taylor expansion of the two sides around r = 0 (for the
LHS use (2)), we see that the coefficients of 1, 7 and 72 on both sides are equal,
whence the inequality (7) for small r implies the corresponding inequality for
the coefficient of 73 on both sides, which, for » > 0 and r < 0, leads to the
equality

£5°2(a = 1)@ = Dw132)* 6] ~ 49 = 0 ®)

Combining equations (6) and (8), we have y§ = yI = 1/2,s% = t(-11—174(9-2)#1.
But again the equality in (8) pushes the inequality down to the coefficients of
) ie.,

$90=2 2 55l - D0 - De - 3w - 3))

(g—2)(g—3)
(g-1)

Now for ¢ < 2, this leads to a contradiction, so that T,; is not of the
desired type. On the other hand, by Lemma 2.1 for p = 2 and ¢ > 2, we have
that T, with the above parameters is a contraction that attains its norm only
in the direction of  and hence, is of the desired type.

Case (III) : p # 2, z3 > 0 and either g =2 or y2 = 0.

This situation is dual to case (II) above.

Case(IV) :p#2#qandz2, >0,y > 0.

In this case too, subtracting 1 from both side of (5), dividing by 72 and
taking limit as n — oo, we get by (2) and (3)

(9= 1)(n1y2)77 %% = (p— 1) (z122)P 2 9)

or 3(¢g-2) >
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where s = s3°.

So, if s € Jzy, comparing the Taylor expansion of the two sides of (7)
around r = 0 (use (2) for the LHS and (3) for the RHS), by arguments similar
to Case (II) (p = 2), we must have

(9= 1)(g = 2)(n132)73(y] — ¥8) = (P — 1)(p — 2)(2122)""3(2] — 25) (10)
and
s*(g - 1)(g—2)(g = 3)(m132)7*[1 = 3(11%2)7) < (p = 1) (za22)"~* -
[(P—2)(p—3){1 = 3(z122)’} = 3(p— g)(p — 1)(z122)"] (11)

Eliminating s from (9) and (10) and using the fact that =, y are unit
vectors, we get

@=2°[_1 _J_@e=2°7_1 _
0 = 6 (e Y 12
Also, dividing (11) by the square of (9), we get
(@-2)g-3)[_1 r-2)p-3)[_1
2 e Y < s [ - - om0 09

Notice that for p = ¢, we get from (12) that z; = y;, ¢ = 1, 2, whence from
(9), s = £1, and from (10), y1 = y2 = z; = z; for s = —1. Thus,

10 1
T1=[0 1] and T_1=[(1) 0]

which, clearly, are isometries.

Now, let p # ¢q. From (12) and (13), writing = A, we get

(z122)P

(¢-2)(g-3) . (p—2)(p-3
(-1 —  (p-1)

(p—2)%*(g-3)
(g-2)(p-1)

Simplifying we get

(A—4)+ J(A-3)=3(p—0)

4-p)p=2) , 2-PPs—pP—9)
(P-1(-2) "~ (p-1(g-1)(¢-2)

So,if(a) 1<g<2<p<oo,or,(b)l<p<g<2or(c)2<p<qg<oo,
we have

29(pg —p—9) : 4 2a=2)pg—p—q+2)
AL -6 At T -y
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Andif(d)1<p<2<g<oo,or,(e)l<g<p<2or(f)2<g<p<oo,
we have

29(g-pr-9) .. _a~ 2e=2)(pg-p-q+2)
Az(p—2)(q—1) e A4z (P-2)(g-1) (13)

Now, (z1z2)? = 1/Aand 2z +z§ = 1,50 0 < 1/A < 1/4,ie., A> 4 or
A-4>0.

But since (pg —p—q+2) = (p— 1)(¢ — 1) + 1 is always positive for 1 < p,
§<00,if1<g<2<p<oo,ie,in case (a) above, we reach a contradiction
at this point, whence T,y is not of the desired type. a
REMARK. (a) For p > ¢ > 2 and y, = 0, the same result, as in Case (III)
above, has been obtained by Kan [13, Lemma 6.2] for complex scalars too.

(5) Recently we have come to know that P. Scherwentke [16] has proved
a special case of Theorem 2.1 (v), i.e., when p > 2 and 1/p+ 1/q = 1, using
techniques similar to [8].

3 Partial Results in Remaining Cases

In the last part of the proof of Theorem 2.1, the conditions (b) and (e) are
dual to (c) and (f) respectively. And in the cases (b) and (c), the inequality
(14) implies

1 (9-2)(pg—pP-9q+2)

= 16

357153 [ \/ 9(pg-p—9q) .
while in cases (e) and (f), the inequality (15) implies

1 (¢-2(a—-P—a+2)| _ ,

-1+ <zi<l1 17

2[ a(pg—p—1q) = ()

Now, in cases (b), (c), (¢) and (f), we have from (10) that for s < 0, both
sides of (10) must be 0, i.e., we must have z§ = z§ = 1/2 = y{ = yJ. But then
in cases (e) and (f), we have a contradiction. So, in these two cases, s* gives
extreme contractions not of the desired type. ‘

Also in case (d) (15) is always satisfied and (10) implies that for s > 0,
2 =z5=1/2=f

Now from (9) it follows that T,s- is a contraction if and only if

q]l/q
< [-"3"1J : |1 + (xz/zl)p/zrr + “f’g' ll - (1’1/32)”/27'|p] e (18)

q9
EX |1 + C’t(yz/z,u)q’zr| +5- |1 — a(y1/y2)¥*r
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for all » € R, where a = ++/(p—1)/(¢ — 1) with the sign being that of
s¥. Thus for the particular case of 2§ = z§ = 1/2 = y] = y}, we have by
Lemma 2.1 that in cases (b), (c) and (d) for both s > 0 and s < 0, we get
extreme contractions of the desired type.
Thus, modulo duality, we are left with the following cases unsolved :
(1) Case (b) with z§ > 1/2 satisfying (16) for s > 0 with y; given by (12).
(2) Case (e) with z;, satisfying (17) for s > 0 with y; given by (12).
(3) Case (d) with z§ > 1/2 and s < 0 with y; given by (12).
In the remaining part of this section, we prove that in case (b), i.e., for
1<p<g<2forl/2 <zl <1/q, we get extreme contractions of the desired
type. Specifically, we prove

Lemma 3.1 Let 1 < p < ¢ < 2, 1/2 < z{ < 1/q, then (18) holds for all
r € IR, with equality only for r = 0.

PRroOF. For notational simplicity, put z¥ = a;, yJ = b;,i=1,2and az/a; = v,
b2/by = v. Notice that, in this notation, (12) becomes

2-qav?(1-v) = (2-pu*(1-u) (19)

which implies 0 < v < u < 1. It is also not difficult to see that
av 2 <y? = a; < % (20)

Also, in our notation (18) becomes

/4
1 2 |7 v | -1/2 |7 '
[l-l-v |1+ozv r +1+v l1—av T
1 1/2 r’ u | -1/2_|P Hp
< [1+u |l+u T +l+u 1—u™"/"r (21)

CAsE1:0<r<ul/?

Expanding both LHS? and RHS? by Binomial series, and noting that
o’ = (p=1)/(g—1) and (14 2)¥? > 1+ 2z for all ¢ > 0, it suffices to
show that

e 1+(_1)k—2vk-1
< (2=¢q) --(k—=1-— k—2,-(k-2)/2
0 < (2-9q) - (k=1-¢g)a""" 5o

1+ (_l)k—Zuk—l
l1+u

< (2—p)-~(k—1—p)u-“'-2>/2[ (22)

for all k > 3.
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Now, as 0 < v < u < 1, both 1 + (=1)*=24*¥~! and 1 + (—=1)*~2v*~! are
nonnegative, i.e., the first inequality in (22) follows. Also for k = 3, the second
inequality in (22) is an equality by (19). And for k¥ > 4, dividing both sides
of (22) by that of (19), it suffices to show

—1\k=2,,k-1
(3-0)-++(k = 1 - g)ak-sy-te-ays [LE I

1+ (_l)k—Zuk—l
1—u?

< (3=p)--(k=1—plu-*-3/2 [

But for k > 4, (3—¢)---(k—1-¢q) < 3-p)---(k—1-p), and by
(20), a*=3y=(=3)/2 < y=(k=3)/2 Also, it is not difficult to see that for any
k> 4, [14 (—1)k=2z*-1]/(1 — z?) is strictly increasing for 0 < z < 1. Since
0 <v<u<l, Casel follows.

Notice that for r = ul/2, we get

1 1/2,1/2\7 v ~-1/2.1/2\7 -119/p
——1+v-(1+av u ) +1+v-(1—av u ) < [(1+w)P Y]
(23)

Case I : r <0 and r > ul/2.
Notice that if we put t = —u~1/2r/(1 — u~1/2r), (21) becomes

v

1 q9
[m'll—(l'FC)tl +1+

v

1/q
J1-(1- c/v)th]

]W (24)

where ¢ = au!/?v!/2, and the ranges r < 0 and r > u!/2 become 0 < t < 1
and ¢t > 1 respectively. Thus, we have to prove (24) fort > 0, ¢ # 1.
Notice that by (20), c < v and ¢ < au < u. Put

< [ L =1 +u)tff +

l14+u 14+u

é:(t) li—v[u-— (L4 )t) +v-|1= (1—c/v)t]7] and

b0 = 1=+ wtP +4]

Put f(t) = qlog ¢2(t) — plog$1(t). We have to show f(t) > 0 for ¢ # 0.
Now, f'(t) = (g61(t)¢5(t)—pe1(t)$2(t))/(81(t)42(t)), so that f'(t) >, =, or <
0 according as g¢(t)¢5(t) — p#}(t)é2(t) >,=, or < 0; or, equivalently,

sgn[l — (1 —c/v)t)|1 = (1 = ¢/v)t|"™! - [1 = (uv +¢) - g())]
<=, 0r > sgn[l—(1+c)t]-|1— (14" - [1+ (u=c)-g(t)] (25)
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where g(t) = {1 —sgn[l — (1 + u)t] - |1 = (1 + u)t|/P~1}/c(1 + u).

Notice that ¢’(t) = ¢~ !(p — 1)]1 — (1 + u)t[?=2 > 0, and hence, g¢(t) is
strictly increasing with g(0) = 0.

SuBcAasE 1 : 0<t<1/(1+¢).

Since f(0) = 0, and it suffices to prove f'(t) > 0, or, in (25), LHS < RHS.
Notice that in this case, every factor on the two sides of (25), except possibly
the third term on the LHS, is nonnegative. And the third term on the LHS is
decreasing, positive at t = 0 and is < 0 at ¢t = 1/(1 + u). When this term is
< 0, we have nothing to prove. And thus it suffices to prove

[1—(1—c/v)t]"* <L+ @=-9-9)]
1-(1+¢)t =~ [1-=(uv+c)-g(2))
for the values of ¢ for which g(t) < 1/(uv + ¢), which exclude the values
1/(14+u)<t<1/(1+¢).

Again since in this range all the factors are positive and the two sides are
equal at ¢ = 0, taking logarithm and differentiating, it suffices to show

(g-=1)c < ug'(t)
v I-(1—c/v)t]-[1=(1+c)t] = [1+(u—c)-g(t)]-[1 - (wv+c)-g(t)]
Simplifying the expressions and putting s = (1 + u)t, this is equivalent to

A [%+v(l =5+ D-[(1-s)+uPo(l—5)'P]+ B [’ —uv] 2 0

where
A (ww+c)(u=c)>0
B (ww+c)l+e)+ (v—c)u—-c)
D = (14¢)(v-c)>0

Now, in the range 0 < s < 1 and so, we can expand the LHS by Binomial
and geometric series. Note that

A+ D+B=vy(l1+u)? and A+ u?D - uB = —c*(1 + u)?
whence the constant term on the LHS is
(A+D+B)+v(A+u’D—uB)=0
On the other hand, we have from (19), that
A-D = (1+we(l-0)—v(1-u)= Lt u)(;_-:)(q - p)

A-w'D = c(l+u)u(l-v) = c(l - u)] = uv(l - u?) (9 —ql)_(2p- 9 >0
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whence the coefficient of s on the LHS is

c2(A —-D)—(p—-1)v(4- u’D) = (1 +u)(g—p) [6(21__:) - v(21——qu) =0

Therefore, and since 1 < p < 2, we have the coefficient of s*, k > 2, is

A{cz_ v(P—l)(2—p)---(k—P)}+Duzv(p—l)p(p+1)--~(P+k—2)

k! k!
ZACz— (p_l)(2_l:,')(k_p) ~‘U(A—02D)
= Dc? +v(A—-u?D)(p—1) [1— (2—p)‘l;!'(k—p)] >0

SUBCASE 2 : 1/(14+¢)<t<v/(v=—c).
Since (|z| + |y|)® > |z]|® + |y|® for @ > 1, we have that in (24)

(H%)qlp[(l+u)t_1]q+ (IIU)Q/;)

s [+ 9= 194 = (1 = /o

Comparing the first term of the two sides, it suffices to show

RHS?

v

LHS? =

R (C TR Y"m+mw¢r

1+v 1+u
] (l+4c)t—-1 < (1 4 v)2/9
Tl +ut-1] — (Q4u)llr

for t > 1/(1 + ¢), the LHS is increasing, and the maximum value at “t = 00”
is (14 ¢)/(1 + u). Thus it suffices to show that

(1+6) < (1+0)M9 (14 w007

but this follows from (23).
And comparing the second term, we need to show

(1 f”z Y- (1= o/

1+u 14+
For 1/(1+¢) <t < v/(v—c), the RHS is decreasing and it suffices to prove

(2)" o s - G - o [S2)
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Now, if we consider the function

1 z—cl? v z+c/v]?
h(z) = 1+v'[1+z] +1+v'[ l+z ]

we see that

(L4 9)(z = )7 + (v = )z + ¢/v)7""

Wiz)=q- 1+ )1 +2)7*!

whence h(z) is increasing for £ > ¢, and the inequality (24) at ¢t = 1/(1 + u),

yields
u \¥?
(1) 2hw 20

This proves the subcase 2.
SUBCASE 3 : t > v/(v — ¢). Notice that if v = ¢, this case does not arise.
In this case, the LHS of (25) is > 0, while the RHS < 0, whence f'(t) < 0,
and the minimum value of f is attained for “¢ = c0”. Now that this value is
> 0 follows from (23). This completes the proof of Case II, and hence, of the
Lemma. a
In the particular case a; = 1/¢, replacing r/+/q — 1 by t, we get the follow-
ing interesting inequality, the case ¢ = 2 being immediate from Lemma 2.1.

Corollary 3.1 Let1 <p < q<2. Then

1 -1 1/q 1 -1 1/p
i+ G-+ =] [ - ep+ 2o

for all t € R with strict inequality holding fort # 0.

REMARK. We do not know whether the range 1/2 < zf < 1/¢ exhausts all
values of z§ for which we get a contraction. However, it is not very difficult
to see that we cannot have the entire range in (16). Indeed, when zf is the
right end point, we do not even get a contractive T', as in that case tracing
our arguments back we find that the coefficients of r* in the Taylor expansion
of the two sides of (7) must be equal, and hence, as in the case of 73, we must
have equality of the coefficients of 75 as well. But then direct computations
reveal a contradiction.

4 The Closure of Extreme Contractions

We now obtain the closure of the extreme contractions in the cases described
in Theorem 2.1.
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Theorem 4.1 In all the cases described in Theorem 2.1, except the case p =
q # 2, the set of extreme contractions is closed.

And in the case p = q # 2, the closure of extreme contractions may have
operators of the form diag(1,s), |s| < 1 (upto isometric factors of signum or
permutation matrices) as additional elements.

PROOF. In case (i), the result is obvious. And case (i) is dual to case (i7).
Now, in the cases (ii) and (v), the set of operators of the form (b) is clearly
closed. And in case (iv), the closure of the set of operators of the form (b)
contains only the operators e; ® e;, 7, j = 1, 2 in addition.

Let us consider the set of operators of the type (a) in cases (i), (iv) and
(v). Let {T,,} be a sequence of operators of the type (a). Let T, — T in
operator norm. Let z, = (zn1,Zn2) be such that ||z,|| = 1 = ||Thz,||. Let
Tnzn =Y, = (Yn1,¥n2). Then T}, is of the form

T, = 22-1 ® Yn + s;(zn)yn)z: ® (yz)q-l

where s} (zn, ¥y, ) is as in our earlier discussion. For notational simplicity, write

s4(®n,y,) = £s,. Passing to a subsequence, if necessary, assume ¢, — = =

(z1,22), ¥, — ¥ = (11, y2) (by compactness of the unit balls of 5 and £3),

and all the s, ’s have the same sign, without loss of generality, positive.
Clearly, ||T|| = 1 and Tz = y, whence T is of the form

T=2""'Q@y+sz°® (y°)7"
Also,as T, — T,
sn = ITn—ah @ u,ll/llzall-(wa) Ml — IT =22~ @yll/lI=°11- 1 (¥°) 2,

i.e., {sn} is convergent. Clearly, s, — s.

Now, since T}, is of the type (a), there exists z, = z, + ro(x3)?~! with
rn # 0 € R such that ||T,z,|| = ||zn||. Again we may assume all r,’s are of the
same sign, in particular positive and r, — r, where 0 < r < 00. If 0 < 7 < 00,
zp — z =z +r(z°)P~! and ||Tz|| = ||z]|, i.e., T is also of the type (2). Also,
if r, — o0, let un, = 2,/||zn||- Then up — u = (z°)?~1/||(2°)?~!|| and
[|Tu|| = 1, so that T again is of the type (a). .

Now, suppose r, — 0. Then from ||T, z.|| = ||2n|| we have

Fo(Yn,Tnsn) = [Fp(@n,ma)]9? = 0 (26)
For (ii), if p = 2 and ¢ < 2, since T, is of type (a), we have yniyn2 # 0

for all n. And if ¢ > 2, we have two possibilities; either there is a subsequence
for which yn1yn2 = 0, or, eventually yn1yn2 # 0. In the first case, we restrict
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ourselves only to that subsequence, and we have, by case (I), s, = 1 for all n,
whence s = 1. Also, y192 = 0. So, T = zQe; +z°®e; (i # j), and it is
clear that T is of type (a) (see case (I)). And in the second case, we assume
Yn1Yn2 # O for all n. Then dividing (26) by r2 and taking limit as n — oo,
we get by L’Hospital’s rule

(g=-1)s%(n1)?2-1=0 (27)

If ¢ > 2, for y1y2 = 0, this leads to a contradiction, whence y;y2 # 0.
Then (6) and (27) coincides, i.e., we have s = s3}”(z,y). Now, our analysis in
case (II) shows that only for 4] = y§ = 1/2, s3* gives a contraction (which is
an extreme contraction of type (b)). And in every other case, we run into a
contradiction, i.e., we must have r, /4 0.

And if ¢ < 2, for y1y2 = 0, (27) makes sense only if s = 0. In that case,
T = z ®e;, which, by case (I), is an extreme contraction of the type (b). And
for y1y2 # 0, we again have s = s}"(z,y) and our analysis in case (II) shows
that this case always leads to a contradiction.

So, in both the cases, the closure of the set of operators of the type (a)
contains at most operators of type (b), and therefore, the set of extreme con-
tractions is closed.

In (iv), i.e., if p = ¢, by duality, it suffices to consider p > 2. Since T, is
of type (a), we have three possibilities; (1) either there is a subsequence for
which both z,12,2 = 0 and yn1yn2 = 0, or, (2) there is a subsequence for
which zn1Zn2 # 0 and yn1yn2 = 0, or, (3) eventually both z,1z,2 # 0 and
Yn1¥Yn2 # 0.

In the first case, we again restrict ourselves only to that subsequence, and
we have, by case (I), s, = 1 for all n, whence s = 1. Also, z;z2 = 0 and
y1y2 = 0. Now again by case (I), T is of type (a).

In cases (2) and (3), dividing (26) by r2 and taking limit — through a
subsequence if necessary — as n — o0, we get in the second case

(z122)P72 =0

and in the third case
(1192)7728% = (z122)7 72

So, in case (2), y1y2 = 0, and we have a contradiction unless z;z; = 0.
And in that case, T is of the form diag(1, s) upto isometric factors of signum or
permutation matrices. Now, T is a contraction for —1 < s < 1 and is extreme
(in fact, an isometry) only for s = +1. However, we do not know precisely if
they actually belong to the closure.

In case (3), if z;22 = 0, we get a contradiction unless y;y» =0 or s = 0. If
ny2 #0,s =0=si(z,y), whence T is extreme. And if y1y, = 0, we get the
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conclusions as in case (2). If z1z; # 0, y1y2 = 0 leads to a contradiction, and
if y192 # 0, s = 537 (2, y), so that T is an isometry and hence is of type (a).

In case (v), i.e.,if 1 < ¢ < 2 < p < o0, since Ty, is of type (a), we must
have z,1Zn2Yn1Yn2 # 0 for all n. And a similar argument leads to

(g = D(w132)772 = (p = 1)(z122)P

If zz2 # 0 the only situation that does not lead to any contradiction —
either immediate or to the fact that T is a contraction — is both y;y2 = 0
and s = 0. And in that case, s = 0 = si(z,y), so that T is extreme.
And if 1z = 0, we must have s = 0, in which case, by cases (I) and (II),
s =0=s%(x,y) and T is extreme. Thus in this case too, the set of extreme
contractions is closed. O

Theorem 4.2 In each of the following cases of 1 < p, ¢ < 00, £5 ®x £} lacks
the MIP :

(¢) p and g are conjugate exponents, i.e., %-{- =1.

Q-

(i) Either p or q is equal to 2.
(#) 2< p, ¢ < oo.

PROOF. The dual of £ @ £ is L(£2, €8 ), where 3+ =1 and the closure of
extreme contractions in none of the above cases contains norm 1 operators of
the form P~! ® y, where z and y are unit vectors with z;z,y;y2 # 0. (]
REMARK. The fact that operators of the above form do not belong to the
closure of extreme contractions in any of these cases seems to suggest that
this is a general phenomenon. It is possible that this is happens in higher
dimensions as well. Can one give a proof of this without precisely characteriz-
ing the extreme contractions? What seems to be required is a more tractable
necessary condition for extremality, or, for belonging to the closure of extreme
contractions.
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