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 ON ITERATIONS OF DARBOUX

 FUNCTIONS

 Abstract

 If / : R - ► R is weakly connected and for every x € R there is an
 nx with fnx(x) = 1 then /(1) = 1. The analogous result holds for any
 Darboux function / for which the set of till nx is bounded above.

 Let us establish some terminology to be used. Denote by M and Q the sets of
 reals and rationals, respectively, and by I the unit interval. We shall consider
 only real- valued functions of a real variable. No distinction is made between
 a function and its graph. Let:

 C - denote the class of all continuous functions;

 Conn - denote the class of all connected functions (i.e., functions whose graphs
 are connected in M2);

 Connw - denote the class of all weakly connected functions. A function / is
 said to be weakly connected if for every interval J, f' J can be separated
 by no continuous function h : J - ► M (that is, / D h = 0 implies that /
 intersects no more than one component of (J x M) ' h [3]);

 V - denote the class of Darboux functions, (i.e., functions which have the
 intermediate value property).

 Obviously C C Conn C Connw C V.

 Proposition 1 For every A C M the following conditions are equivalent:

 (i) A is a bounded subset o/M;
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 (ii) if f is a weakly connected function such that for every iE® there exists
 n G N with fn(x) E A, then f(x) = x for some x G A.

 Proof, (z) => ( ii ). Let a = inf(j4) and b = sup(A). Note that /(6) < 6
 and f(a) > a. Indeed, suppose /(6) > 6. Since fn(b) < b for some n > 1,
 f(x) < b for some x > b. So /|(6,z) intersects the identity function and
 therefore f(t) = t for some t £ A. Consequently, fn(t) & A for all n G N, a
 contradiction. Analogously we can verify that f(a) > a. Since / is weakly
 connected, it intersects the identity and therefore f(x) = x for some x G [a, 6].
 Since f(x) = x for all n G N, x is in A.
 (¿¿) => (i). Assume that A is unbounded above and (an)n is a strictly

 increasing sequence in A such that lim nan = oo. Set bntm = an + (1 -
 2"m)(an+i - an) for all n, m G N and define / : E - >■ M by

 {ai linear an+ 1 if if if x x x G G < [6n,i, ao,
 an+ 1 if x G [an,6n|i], n G N,
 linear if x G [6n,i, fln+i], «GN.

 Obviously, / is continuous. Fix x > a0. Then x G [tn.mj &n,m+i) for some
 n, m G N and /m+1 (x) = an+m+i . Moreover, f(x) > x for each x G M. □

 Corollary 1 If f is weakly connected and for every iG® there is an n EN
 with fn(x) = 1, then /(1) = 1.

 The analogous result does not hold for all Darboux functions.

 Proposition 2 There exists a Darboux function f such that

 (V /(i) # i,

 (2) for every x E M there exists an n E N with fn(x) = 1.

 Proof. Let B be a countable base of R. Arrange all elements of the set B x M
 in a sequence (/a, ya)a<2^- For every a < 2^ choose an

 %ot E Ia ' ({•£/?> Up • ß < O:} U {0, 1} U {y**}) •

 Put

 0 if x = 1,

 /■(x' _ < 1 if « = o,
 ļ ya if x = xa, a < 2U

 1 otherwise.

 Obviously / is Darboux and /(1) ^ 1. We shall verify the condition (2).
 Evidently, it is sufficient to consider only x E Z = {xa : (*<2^}. Suppose
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 that fn(xa) ì 1 for all n G N. Then fn{xa) G Z for all n. Set fn(xa) = xan.
 Then Xaļ - f{%a) = 2/aj SO Ot' < Ot and £an+i = f{%acn) = ^n+l ^ &n
 for each n. Consequently, (an)n is a strictly decreasing sequence of ordinals,
 which is impossible. □
 Remarks: 1. Since every Darboux function in the first class of Baire is
 connected [4], then no such function fulfills (1) and (2). We are unable to
 determine wheather or not there exists a Borei measurable Darboux function

 which fulfills (1) and (2).
 2. Using the analogous arguments and standard methods of the construc-

 tion of quasi-continuous functions possessing the Darboux property (see, e.g.,
 [5]) we can construct a measurable quasi-continuous Darboux function which
 fulfills (1) and (2). Indeed, let C be the Cantor ternary set, Jn be the family
 of all components of the set I ' C of the n-th order (i.e. whose length is equal
 to 3"n), Co = C' {ci (J) : J G Jn for some n G N}. Arrange all rationals in
 a sequence (ťn)n. Let ( qn)n and (Arn)n be sequences of rationals and of positive
 integers, respectively, defined as follows:

 (1) gì = t' and k' - 2;

 (2)

 = 1 1 if {?1> •••>?»} H (J Jn+l 0,
 ' tkn otherwise;

 (3) kn+ 1 = min{fc : tk Ź qi for i = 1, . . . , n + 1}.

 Observe that for every q G Q there exists n G N with q = qn. Let B denote
 a countable base of Co. Arrange all elements of the set B x M in a sequence
 ( Ja,ya)a<2 w • For every a <2W choose an

 Xct G Ja ' (Q U {xß, yß : ß < a} U {y«})

 and put

 Í 0 if x = 1,
 I 1 if x = 0,

 f(x) = < yQ for x = a < 2",
 qn for x G |J{cl (J) : J € Jn, qn 0 J}, n G N,

 ( 1 otherwise.

 Then / has all desired properties.

 Let X be an ideal of boundary subsets of M . We shall say that a function
 / is Ī -conservative whenever f(A) G X for all A EX.
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 Proposition 3 Assume that f is an X- conservative Darboux function, A EX,
 n G N and for every x G M there exists an i < n with fx(x) E A. Then there
 exists exactly one a £ A such that f(a) = a.

 Proof. We can assume that n = min{fc G N : V(x G M) 3(¿ < k) f%(x) G A}
 and A C /(M). Put Ao = A and Ai = {x : /'(x) G A} for i = 1 , ...,n.
 Note that M = U?=1 A¿, /(^4¿) C A,-_i for i = 1, . . . , n and An ^ 0. Since /
 is Darboux, /' is Darboux for every i. Hence = /'(M) is an interval for
 i = 1, . . . , n. Observe that Ji = /(M) C an^ A C Ji; Ji = /(«/i) C
 /(^) u Ur="o2 ^ and /(^) cJ2;...-,Jn = f(jn- 1) c (i4 u /(A) . . . Z"-1^))
 and fn~1(A) C Jn- Since / is X-conservative, Jn is a boundary set and
 consequently, it is a singleton. Let Jn = {ao}. Clearly, A D Jn ^ 0, so
 ao G A and /n_1(ao) = ao- Hence ao G Jn-i, /(ao) G Jn and consequently,
 f{a0) = a0.

 Now suppose /(a) = a for some a G A. Then a = /n(a) = ao. □

 Corollary 2 Assume that f is a Darboux function, A C M, card (A) < ,
 n G N and /or every i Gl there exists an i < n such that f*(x) G A. Then
 f(a) = a /or exactly one a E A.

 Let N denote the ideal of all Lebesgue measure zero sets. We say that a
 function / satisfies the Lusin condition ( N ) iff / is ^-conservative. It is well-
 known (and easy to obtain) that every Lipschitz function satisfies the condition
 (N). (/ is a Lipschitz function if there exists an L > 0 with 'f(x') - f(x o)| <
 L'x' - xo| for all xo, x' G M.)

 Corollary 3 Assume that f is a Darboux function which satisfies the con-
 dition ( N ), A G AT, n G N and for every x G M there exists an i < n with
 fx{x) G A. Then f(a) = a for exactly one a E A.

 A C M is called to be a strong measure zero set iff given any sequence
 (£n)n of positive numbers, A can be covered by a sequence of sets (-4n)n with
 diam(An) < en (where diam(A) denotes the diameter of A) [1]. Let S denote
 the class of all strong measure zero sets. Recall that /(^4) is strong measure
 zero whenever / is continuous and A G S [6].

 Corollary 4 Assume that f is continuous, A G S, n G N and for every x G M
 there exists an i < n such that fx(x) G A. Then f(a) = a for exactly one
 a e A.

 Note that there exist Darboux functions / with f2{x) = 1 for all x G M
 which are discontinuous.

 Though in Proposition 1 the assumption of boundedness of A cannot be
 dropped, we have the following:
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 Proposition 4 Assume that f is a Darboux function and for each x G M
 there exists n G N with fn(x) = x. Then either f = idjR (where idjR denotes
 the identity on M) or f is continuous and decreasing with f = f~l .

 Proof. First note that / is injective. Indeed, suppose f(x i) = /(22) f°r some
 x' ^ X2. Set n' = min{n : fn(x 1) = xi} and n 2 = min{n : fn(x 2) = X2}.
 If ni = ri2 then x' = x*i. So we may assume that n' < 712. Let ri2 =
 Arni + r, where fc, r G N and 0 < r < n'. Then x^ = /n2(x 2) = /n2(#i) =

 /r ((/ni)* (xi)) = /r(xi) = /r(x2), a contradiction. Hence / is continuous
 (see, e.g., [2]) and monotonie. We consider two casses.

 (1.) / is increasing. Fix an x G M. Then /n is increasing and (by induction)
 fn(x) > x whenever f(x) > x and fn(x) < x whenever f(x) < x for each
 n G N. Hence f(x) = x and / = id^.

 (2.) / is decreasing. Fix an x G M and put x' = f(x). We shall verify that
 f(x 1) = x. Obviously it is sufficient to consider that x' / x , so either x < x'
 or x' < x .

 (2.1.) Assume a? < xi and suppose that f(x 1) ^ x, so either f(x 1) < x or
 / (xi ) > X.

 (2.1.1.) Suppose f(x 1) < x. We can prove by induction that fn(x) > x
 when n is odd and fn(x) < x when n is even. In fact, this is true for n = 1
 and n = 2. Assume that f2n+1(x) > x and f2n+2(x) < x. Then f2n+3(x) >
 f(x) = x' > x. Moreover, f2n+4(x) < f(x 1) < x, which completes the
 induction. Thus fn(x) ± x for all positive integer n, a contradiction.

 (2.1.2.) Let f(x 1) > x. We verify by induction that x < fn{x) < x' for all
 n > 1, which contradicts the assumption on /.

 Therefore f(x 1) = x if x < x'.
 (2.2.) Now suppose that x' < x. Since / is decreasing, f(f(x)) > f(x).

 Then, by (2.1.), f3{x) = f{x). Since / is injective, f2(x) = x, so f(x 1) = x.
 □
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