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INEQUALITIES OF MINKOWSKTI’S TYPE

Abstract
Let f : [a,b] = R be a nonnegative and nondecreasing function and
let z; : [a,b] & R (: = 1,...,n) be nonnegative and nondecreasing

functions with continuous first derivative. If p > 1, then

af n ' Ve 1/p
( /b ((Zze(t))”) f(t)dt) ZZ( / (zf(t))'f(t)dt) :

If f is a nonincreasing function and z;(a) = 0 for all : =1,...,n, then
the reverse inequality is valid.

1 Introduction

In [1] H. Alzer gave the following theorem:

Theorem 1 Let f : [a,b] = R be a nonnegative and increasing function and
let g : [a,b] = R and h : [a,b] = R be nonnegative and increasing functions
with continuous first derivatives. If g(a) = h(a) and g(b) = h(b), then

2
1) ([( y(z)h(z))'f(z)dz) > [ v@res [ e

He showed that the previous result is an extension of the inequality which
can be found in [3, Vol. I page 83]. In fact, if we substitute in (1): a = 0,
b=1, g(z) = z2“*!, h(z) = z?V*! where u, v > 0, then we have the theorem:

Theorem 2 Let f : [0,1] = R be a nonnegative and increasing function. If u
and v are nonnegative real numbers, then

(2)

(/01 24+ f(2) d:c)2 > (1- (%)2) /Olzz“f(r)dz/:z’"f(z)dz,
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Also, in the above-mentioned famous book [3, Vol. II] one can find the reverse
inequality of (2):

Theorem 3 Let f : [0,00) = R be a nonnegative and decreasing function. If
u and v are nonnegative real numbers, then

3)

( /0 " 2 () d:c)2 < (1 - (ﬁ)z) /0 " 2% f(2) da /0°° £ f(z) da

(If the above-mentioned improper integrals ezist.)

In [1] the well-known inequality between arithmetic and geometric means is
used for proving inequality (1), but that method can not be used for proving
the reverse of (1).

In this paper, we will give a generalization of (1), (2) and (3), and obtain
the similar treatment for the inequality (1) and its reverse.

2 Main Results

Theorem 4 Let f : [a,b] & R be a nonnegative and nondecreasing function
and let z; : [a,b] & R (i = 1,...,n) be nonnegative and nondecreasing func-
tions with continuous first derivative. If p> 1, then

o (£ (o))" ome)”

If f is a nonincreasing function and z;(a) = 0 for all i = 1,... n, then the
reverse inequality of (4) is valid.

ProoOF. Suppose that f is a nondecreasing function. Using integration by
parts and Minkowski’s inequality for integrals we obtain

(5) (/ (Zz,(t ) t)dt)l/pz

a n 1/p
(f(b) vaz(b - f(a) (vaz (a))? - / (Zz-'(t))"df(t)) >

n n n R 1/p\ P 1/p
> (f(b)(Zzs(b))”—f(a)(Zzi(a))"— (Z ( / r?(t)df(t)) ) ) .

i=1
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Recall Bellman’s inequality {2, page 118]:
Ifa;; >0,w; >0,i=1,...,n,j=1,...,m and if p > 1 satisfies

wyaf) — woaly — ... —wmal >0foralli=1,...,n,
then
= P
(6) (Z(wlafl - wzafz B wmaf’m)l/p) <
i=1

n n n
< wl(E; a;1)? — wz(z ap)f —...— wm(z aim)P.
i= i=1 i=1

Setting in (2) :

m=3) '(U1=f(b), w2=f(a), w3=l:

b 1/p )
a;1 = z;(b), ai2 = zi(a), ajz = (/ :c;(t)pdf(t)) fori=1,...,n,
a

we get that (5) is greater than or equal to

n 1/p

b
Z(f(b)ff(b)-f(a)zf (a) - /a zi (t)df(t)) =

=1
n b 1/p
=3 ( [ s dt) -
i=1 a

If f is a nonincreasing function, then the proof is similar to the previous
one with the only difference that instead of Bellman’s inequality, Minkowski’s
inequality for the discrete case is used.O

Corollary 1 If f,g,h are nondecreasing and nonnegative functions and if g
and h have continuous first derivatives, then

b , 2 b b
7) ( | (Vieh@) fe) dz) > [d@1@d [ Ke)feds.
If g(a) = h(a) = 0 and if f is a nonincreasing function, then the reverse
inequality holds.

ProOOF. It is a simple consequence of Theorem 4 in the case when n = 2,

p=2and () = /9(t), 22(t) = /h(t).O
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Remark 1 If f is nondecreasing, the statement in Corollary 1 is similar to
the statement of Theorem 1, but g(a) = h(a) and g(b) = h(b) are not required.
Also, in the corollary we give the reverse inequality.

Remark 2 Setting in (7) : a = 0, b = 1, g(t) = t2*+1, h(t) = t?**! for
a,b> —% and if f is nondecreasing we obtain inequality (2). And taking in
the reverse of (7) : a =0, b= B, g(t) = t2**+1, h(t) = t>**! we have

(8)

(/(;B Ut f(z) d:c)2 < (1 - (%) 2) /OB 22 f(z) de /OB 2 f(z) da,

where f is a nonincreasing function. If the improper integrals f0°° ¥+ f(z) dz,
I e f(z) dz, [;° % f(z) dz exist, then from (8) we obtain (3).

The following theorem deals with derivatives of higher order.

Theorem 5 Let p > 1 and let f, z; : [a,b] & R (i = 1,...,m) be nonneg-
ative functions with continuous derivative of the n-th order which satisfy the
conditions

1° (1)kf®)b) >0 fork=1,...,n—1,

20 a:,(k)(a) =0fork=0,...,n—-1,i=1,...,m and (Z:’;lzf(b))(") >0 for
k=1,...,n-1,

3 (zE@)™ >0 forte(a,b]andi=1,...,m,

4° (=1)"f™)(t) > 0 fort € [a, b].

If

9) z®@®) = 2F) forallije{l,2,...,m} andk=0,1,...,n -1,

then

b m (n) m b 1/p\ P
a0 [ ((Zzi(t))") fOdt < (Z (/ (w;(t)”)(")f(t)dt) ) .
@ i=1 i=1 @

If the conditions in (9) are not satisfied, then
m

b m (n) b 1/p\ P
ay | ((Zzi(t))") f(t)dtsA+(Z ( / (wf(t))(")f(t)dt) )
a i=1 a

i=1
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o))

- (f) ((wf(t))‘""“”)”p) ) b

i=1

where

If the inequalities in conditions 1° and 4° are reversed, then reverse inequalities

of (11) and (10) hold.

The inequality (11) may be obtained via Minkowski’s inequality as in the
second proof of Theorem 4, after integrating by parts n times. The details
are left to the reader. To check the validity of inequality (10) we need the
following lemma.

Lemma 1 If 2; (i = 1,...,m) satisfy the assumptions of Theorem § and if
zgk)(b) = z§k)(b) =By fori,je{l,...,m}and k=0,...,n—1, then

((E=))) .

PROOF. Let us first consider the k-th derivative of the function y? where y
is an arbitrary function having a k-th derivative. We will prove by induction

that there exist functions ¢£p] such that

1/p

5 )

i=1

t=b

@)® =Py, ..., y™)
and ¢kb’] is homogeneous of the order p. For k = 1 we have
W) =py 'y = ¢V (u,¥)
and
$P) (ny, ny/) = p(ny)*~'ny = n* - ¢¥(y,¢/) .

Suppose that the statement is valid for any j < k + 1. Then using Leibniz’s
rule we get

(7)) = (g1 . ) ®) -pz( ) 10 () k=) =

=0
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k
k\ (p- _
=p), (J.)tﬁﬂ-” Yy, o, yD)y*=+) = ¢¥ (y, ¢/, ...,y )

and

¢Ell("y) "y'»m,"y(kH) =PZ< )¢[p 1 (ny, ny/,...,ny(j))(ny)(k-j+l) =

k
k ) o
=pZ (j>"p'l¢5p l](y,y/,...,y(J))ny(k i) —

= np¢k+1(yay ). )y(k+1))'

Now if y = z;, then

= ¢P1(Bo, By, ..., By)

t=b

@)W = ¢z, al,...,2)

t=b

and for y = Y i, z; we get
m p\ (k) m m m
((in(t)) ) ’ =¢E’](Zx,~,2z2,...,2z§k))
i=1 t=b i=1 =1 i=1 t=b
= ¢ (mBy,mB,,...,mBy) = m?¢¥(Bo, By, ..., By).

n (k)\ /P »
(((Zz;(t))") ) |t=b=(mp¢[,f](Bo,...,Bk)) =

i=1

=m (¢k(P](Bo, . .,Bk))l/r _ f: (¢2’](Bo, ) ,,,Bk)) i ( b))(k))l/r

i=1 i=1

and the proof has been established.OO

So,
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