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 ON THE TRANSFORMATIONS OF

 MEASURABLE SETS AND SETS WITH

 THE BAIRE PROPERTY

 It is well known (see, e.g., [1], p. 901), that if {zn}n€N is a sequence tending
 to zero and A C [0, 1] is a measurable set, then limn_^oo A(AA(A + xn)) = 0,
 i.e. the sequence of characteristic functions of the sets (A + xn) converges in
 measure to a characteristic function of the set A. In [4] it was shown that for a
 set Ac [0,1] with the Baire property the situation is even better: the sequence
 of characteristic functions of the sets (A + xn) converges to a characteristic
 function of the set A except on a set of the first category. Also in [4] one can
 find an example showing that for measurable sets the convergence in measure
 cannot in general be improved to the convergence almost everywhere.

 This paper is a continuation of [4]. We shall study the behaviour of the
 sequence of images fn(A) of a set A C [0, 1] when the sequence {/n}neN °f
 continuous strictly increasing functions converges uniformly to the identity
 function (id).

 Our first theorem together with its proof is completely analogous to the-
 orem 2 in [4]. However, we shall present it below because: it is short, it is
 published in Russian and there is a possibility that this Georgian journal is
 not easily available now.

 Theorem 1 If a set A C [0,1] has the Baire property and {/n}n€N is a
 sequence of continuous strictly increasing functions convergent uniformly to
 the identity function, then the sequence of characteristic functions of the sets
 fn (A) converges to a characteristic function of the set A except on a set of the
 first category.

 Proof. In the sequel 'e will denote the characteristic functions of a set E.
 The set A can be represented in the folowing way: A = (G U Y) ' Zì where G
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 is an open set and Y, Z are sets of the first category. Put

 oo oo

 P = Fr(G) UY U Z U
 n = l n = l

 where Fr(G) is a boundary of G. Observe that P is a set of the first category.
 We shall show that lim^oo Xfn(A){x) = Xa for each x G [0, 1] ' P. Indeed, let
 x £ ([O? l]'P)nA We have xa{x) = 1. Obviously x G G. Hence for sufficiently
 large n we have also x G fn{G). For all n, x ^ fn{Z), so for almost all n G N,
 X G fn{G)Ufn{Y)'fn{Z) = fn(A) and finally limn^oo Xfn(A) («) = 1 = Xa{x).
 Suppose now that x G ([0, 1] ' P) ' A. We have xa(x) = 0. Since x £ Fr(G)i
 we have x £ fn{G) for sufficiently large n. Also x £ fn{Y) for all n, so x £
 fn(G) U /n(Y) for almost all n G N. Then x i fn{G) U fn{Y) ' fn{Z) = fn(A)
 for almost all n G N, whence lim^oo Xfn(A){x) = 0 = Xa{x)-
 Now we shall study the case of a measurable set A C [0,1]. Recall that

 each increasing function / can be represented as the sum of an absolutely
 continuous increasing function g and a singular increasing function h. This is
 known as a Lebesgue decomposition of a function / (cf. [2], theorem 8.13,
 p. 357). We shall always suppose additionally that h( 0) = 0. The following
 lemma will be very useful in the proof of the main theorem:

 Lemma 1 Let f : [0, 1] - > M be an increasing continuous function and f =
 g + h its Lebesgue decomposition with g is absolutely continuous , h singular
 and h( 0) = 0. If B C{xG [0, 1] : - oo < f{x) = g'{x) < +00} is a measurable
 set such that À (B) = 1 and E = [0, 1] ' Bi then

 A (/(£)) = À (h(E)) = /*(1).

 Proof. It is well known that if some function F has a finite derivative on a

 measurable set D , then F(D) is also measurable and A (F(D)) - ID 'F'{x)'dx
 (see e.g., [2], theorem 8.7 p. 355 and theorem 8.10 p. 356). Hence X(h(B)) = 0.
 Then

 A(/i([0, 1])) = /i(l) - h(0) = /i(l) <
 A (h(B)) + X(h(E)) = A (h(E)) < A(A([0, 1])),

 so X(h(E)) = h( 1). To prove that X(f(E)) = '(h(E)) observe first that
 f(B) H f{E) = 0 and /([0, 1]) = f(B) U f(E ), so both sets are measurable.
 Further, from the absolute continuity of g and from the fact that A(£?) = 1 we
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 conclude that

 /(l)-/(0) = A (/([0,1])) = A (f(B)) + A (/(£))

 < J f'(x)dx + A (/(£■)) = J g'{x)dx + A (/(£))
 = A ( g(B )) + A (/(£)) = g(l) - <,(0) + A (f(E)) .

 Simultaneously, /(1) - /(0) = <7(1) -(7(0) + ft(l) so X(h(E)) = h( 1) < A (f(E)).
 Now let G D f(B) be an arbitrary open set. Then /_1(G) D =

 B. Also
 oo

 f~HG)= UK.»»).
 n = l

 where ( an,6n ) are components of f~1(G). Hence

 (oo 71 (J = 1 (a„, 6„) / ' ) = n (J oo = (oo (J (a„, 6„) ) = (J <K(an,6„)) 3 g{B) 71 = 1 / n = l

 It is easy to see that

 ^{9{an ) ^n)) - 9Ípn) ~~ <7(an) ^ /(^n) ~~ f{an) = ^(/((an > ^n)))

 for each n G N. So

 A(i(*)) < A^Q(an)6„)^
 oo oo

 = Eo>(M-<?M) < £(/(M-/M)
 n=l n=l

 = A(Ū (/M./(M)) < A(G).
 From the arbitrariness of G D f(B) we conclude that A(<7(£)) < X(f(B))

 and, we know that both sets g(B) and f(B) are measurable. Finally

 /(1) - /(0) = ff(l) - p(0) + /1(1) = A (g(B)) + A (h(E)) = A (f(B)) + A (/(£)),

 so A(A(i£)) > A(/(jE7)) , which ends the proof.

 Corollary 1 A (f' (x){B)) = fBf'(x)dx = fBg'{x)dx.
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 Theorem 2 Let {/n}n€N be a sequence of continuous increasing functions
 convergent uniformly to the identity function. Then lim^oo '* (AAfn(A)) =
 0 for every measurable set A C [0,1] if and only if for the sequences of terms
 {9n}nč N and {/in}neN from the Lebesgue decomposition of {/n}neN the follow-
 ing conditions are fulfilled:

 1 . limn-+oohn(') = 0 (i.e. {/in}n€N converges uniformly to 0 )

 2. the sequence {#n}neN consists of uniformly absolutely continuous func-
 tions (i.e. for each e > 0 there exists S > 0 such that for each n G N
 and for each finite collection of nonoverlapping intervals
 [ai, 6i], [a2, 62], ... , [ak,bk] contained in [0, 1] if £?=i (&< - a.) < S, then

 ^2i=lÌ9n(bi) - 9n(üi)) < £)•

 Proof. Suppose first that (1) or (2) is not fulfilled. We shall show that there
 exists a measurable set A C [0, 1] for which '* (AAfn(A)) does not converge
 to 0.

 Indeed, if (1) is not fulfilled, then there exists e > 0 and an increasing
 sequence of natural numbers {ram}m€N such that hnm( 1) > e for each m.

 Let Enm C [0, 1] be a set such that '(Enrn) = 0 and

 ^{hnm (Enm)) - hnm{l)

 (it suffices to take Enm = [0, l]'{aiG [0, 1] : - oo < fnmix) = 9nm(x) < °°})-
 Put A = U~=1 Efim . We have obviously A (A) = 0 and fnm{A) D fnm{Enrn)
 for each m (both sets are measurable), so

 A (fnm(A)) > A (fnm(EnJ) = A (hnm(Enm)) > 6,

 whence '(AAfn{A)) does not converge to 0.
 Now suppose that (2) is not fulfilled. It means that there exist £o > 0 such

 that for each positive integer m there exist nm and a set Im being finite union
 of nonoverlapping intervals such that A(/m) < 1/m and A(^nm(/m)) > £q. It is
 not difficult to observe that a sequence {nm}m€N diverges to infinity. Choose

 an increasing sequence {mp}p€N such that YlpLi ÎÇT < if* ^ = U^=i ^ mp •
 We have A(A) < ^ and

 A(/nmp(^4)) > A (frimpilrrip)) > A {gnmp{^mp)) >£0,

 so '*(AAfnmp(A)) > for each p G N, whence '*(AAfn(A)) does not
 converge to 0.

 Suppose now that (1) and (2) are fulfilled. Fix e > 0. Let S > 0 be a
 number associated with e /4 in (2). Let C be a finite union of disjoint intervals
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 such that A (.A AC) < min(i, |). For each positive integer n we have

 AAfn(A) C (j4AC) U (CA /„(C)) U (f„(C)Afn(A))
 = (AAC) U (CA/„(C)) U (fn(CAA)) .

 Since {/n}«e N converges uniformly to the identity function we conclude
 that there exists ni G N such that for n > n' we have A(CA/„(C)) < f .
 Let Bn = {i € [0, 1] : -oo < f'n(x) = g'n(x) < oo} and En = [0, 1] ' Bn.

 We have

 A* (/„(CAA)) < X(fn((CAA)nBn)) + '*((fn(CAA)r'En))

 < j &(x)dx + '(fn(En))
 J(CAA)r'Bn

 = f 9n{x)śx + X(fn{En))
 J(CAA)r'Bn

 By Lemma 1 we conclude that À (fn(En)) = X (hn(En)) and since g is
 absolutely continuous, we have

 [ g'n(x) dx = X(gn(CAA) D Bn).
 J(CAA)nBn

 Since '((CAÁ) D Bn) < J, from the uniform absolute continuity we obtain
 easily A(^n(CAA) fl Bn) < Let n 2 E N be such that hn( 1) < | for n > n2
 Then for n > we have

 '{fn{CAA)) < '{gn(CAA) n Bn )) + A (hn(En)) <£ + £ = £

 Finally for n > max(ni, 712) we obtain '* (AAfn(A)) < ! + ! + § = £, whence
 limn^oo '*{AAfn(A)) = 0.

 References

 [1] N. K. Bari, Trigonometric series , Moscow 1961 (in Russian).

 [2] J. Foran, Fundamentals of real analysis , Marcel Dekker 1991, Pure and
 Applied Mathematics, 144.

 [3] I. P. Natanson, Theory of functions of a real variable , Moscow 1974 (in
 Russian) .

 [4] W. Wilczyński, A. Kharazishvili, On the translations of measurable sets
 and sets with the Baire property , Bull, of the Acad, of Sciences of Georgia,
 145, No. 1, (1992), 43-46. (in Russian, English and Georgian summary).


	Contents
	p. 178
	p. 179
	p. 180
	p. 181
	p. 182

	Issue Table of Contents
	Real Analysis Exchange, Vol. 20, No. 1 (1994-95) pp. 1-371
	Front Matter
	EDITORIAL MESSAGES [pp. 1-1]
	Tadeusz Świa̹tkowski - OBITUARY [pp. 2-5]
	CONFERENCE ANNOUNCEMENTS [pp. 6-9]
	CONFERENCE REPORTS
	REPORT ON THE SUMMER SYMPOSIUM IN REAL ANALYSIS XVIII, UNIVERSITY OF VIRGINIA CHARLOTTESVILLE, VIRGINIA JUNE 22-25, 1994 [pp. 10-13]
	Carathéodory's outer measures: 80 years [pp. 14-17]
	DISTORTION THEORY FOR FUNCTIONS IN A ZYGMUND SPACE Λ [pp. 18-19]
	PACKING CONICS IN THE PLANE [pp. 20-21]
	ORDINARY AND STRONG DENSITY CONTINUOUS FUNCTIONS ON THE PLANE [pp. 22-24]
	MEASURE PRESERVING CONTINUOUS SMOOTHING OF FRACTIONAL DIMENSIONAL SETS [pp. 25-25]
	SMOOTHING Λ-SEQUENCES [pp. 26-27]
	ω-LIMIT SETS FOR CERTAIN CLASSES OF FUNCTIONS [pp. 28-30]
	ω-LIMIT SETS AND CONTINUOUS FUNCTIONS WITH CONTROLLED GROWTH [pp. 31-32]
	Ap-WEIGHTS AND RELATED TOPICS [pp. 33-35]
	LIMITS AND SERIES OF EXTENDABLE CONNECTIVITY FUNCTIONS [pp. 36-36]
	BOUNDED HARMONIC VARIATION AND THE GARSIA-SAWYER CLASS [pp. 37-38]
	ON SOME PROBLEMS OF FRACTIONAL DERIVATIVES [pp. 39-40]
	INFINITE CONFORMAL ITERATED FUNCTIONS SYSTEMS AND MEASURABILITY OF MEASURE AND DIMENSION FUNCTIONS [pp. 41-42]
	THE MULTIFRACTAL SPECTRUM OF RIEMANN'S FUNCTION [pp. 43-44]
	RANDOM WALKS AND GENERALIZED RIESZ PRODUCTS [pp. 45-46]
	LIMITS UNDER THE INTEGRAL SIGN [pp. 47-47]
	LIMITING CASES OF THE SOBOLEV IMBEDDING THEOREM [pp. 48-49]
	ON VECTOR-VALUED HENSTOCK AND DENJOY INTEGRALS [pp. 50-50]
	NEW INTEGRALS AND THE GAUSS–GREEN THEOREM WITH SINGULARITIES [pp. 51-54]
	HAUSDORFF AND PACKING MEASURES OF SOME SELF-AFFINE SETS [pp. 55-57]
	COMPLETENESS IN TOTALLY ORDERED ABELIAN GROUPS [pp. 58-58]
	ON CONVERGENCE OF FOURIER SERIES IN THE HAUSDORFF METRIC [pp. 59-60]
	POSITIVITY OF THE HAUSDORFF MEASURE FOR RANDOM SELF–SIMILAR FRACTALS [pp. 61-61]
	MULTIFRACTAL MEASURES [pp. 62-62]
	ON VARIOUS POROSITY NOTIONS IN THE LITERATURE [pp. 63-65]
	A SET IN THE PLANE WITH PECULIAR MEASURE-THEORETIC PROPERTIES CONSTRUCTED BY VITUŠKIN, IVANOV AND MELNIKOV [pp. 66-66]

	RESEARCH ARTICLES
	ON CONVERGENCE THEOREMS FOR AP INTEGRALS [pp. 67-76]
	ON A GENERALIZED DOMINATED CONVERGENCE THEOREM FOR THE AP INTEGRAL [pp. 77-88]
	ON THE MEASURABILITY OF EXTREME PARTIAL I-APPROXIMATE DERIVATIVES [pp. 89-93]
	EXTREME PROBABILITY SUBMEASURES ON 3 POINTS [pp. 94-101]
	Density continuous transformations on ℝ² [pp. 102-118]
	A CONVERGENCE THEOREM FOR GENERALIZED RIEMANN INTEGRALS [pp. 119-124]
	THE STRUCTURE OF MINIMAL ATTRACTION CENTERS OF TRAJECTORIES OF CONTINUOUS MAPS OF THE INTERVAL [pp. 125-133]
	Λ-VARIATION AND BAIRE CATEGORY [pp. 134-139]
	FUNCTIONS THAT HAVE NO FIRST ORDER DERIVATIVE MIGHT HAVE FRACTIONAL DERIVATIVES OF ALL ORDERS LESS THAN ONE [pp. 140-157]
	DIMENSION OF SETS OF NUMBERS WITH MULTIPLE REPRESENTATIONS [pp. 158-162]
	DENSITY TOPOLOGIES FOR PRODUCTS OF σ-IDEALS [pp. 163-177]
	ON THE TRANSFORMATIONS OF MEASURABLE SETS AND SETS WITH THE BAIRE PROPERTY [pp. 178-182]
	LIMITS AND SUMS OF EXTENDABLE CONNECTIVITY FUNCTIONS [pp. 183-191]
	APPROXIMATE CORE TOPOLOGIES [pp. 192-203]
	MAXIMAL ADDITIVE AND MAXIMAL MULTIPLICATIVE FAMILY FOR THE CLASS OF SIMPLY CONTINUOUS FUNCTIONS [pp. 204-211]
	MULTIPLIERS FOR SOME GENERALIZED RIEMANN INTEGRALS IN THE REAL LINE [pp. 212-218]
	POINTS OF NON-DIFFERENTIABILITY OF TYPICAL LIPSCHITZ FUNCTIONS [pp. 219-226]
	THE EXTENDING OF DARBOUX FUNCTIONS WITH FINITE VARIATION [pp. 227-243]
	ON THE SUMS OF DARBOUX UPPER SEMICONTINUOUS QUASI-CONTINUOUS FUNCTIONS [pp. 244-249]
	INEQUALITIES OF MINKOWSKI'S TYPE [pp. 250-255]
	FINE VARIATION AND FRACTAL MEASURES [pp. 256-280]
	CARDINAL INVARIANTS CONCERNING FUNCTIONS WHOSE PRODUCT IS ALMOST CONTINUOUS [pp. 281-285]

	INROADS
	ON SCORZA DRAGONI'S PROPERTY FOR THE DENSITY TOPOLOGY [pp. 286-290]
	A PECULIAR SET IN THE PLANE CONSTRUCTED BY VITUŠKIN, IVANOV AND MELNIKOV [pp. 291-312]
	THE SHORTEST ENCLOSURE OF THREE CONNECTED AREAS IN ℝ² [pp. 313-335]
	A NOTE ON MAJOR AND MINOR FUNCTION FOR THE PERRON INTEGRAL [pp. 336-339]
	PATH INTEGRAL: AN INVERSION OF PATH DERIVATIVES [pp. 340-346]
	AN ELEMENTARY PROOF OF THE BOREL ISOMORPHISM THEOREM [pp. 347-349]
	ON ITERATIONS OF DARBOUX FUNCTIONS [pp. 350-355]
	ON DARBOUX BAIRE ONE FUNCTIONS [pp. 356-358]
	DESCRIPTIVE MAPPING PROPERTIES OF TYPICAL CONTINUOUS FUNCTIONS [pp. 359-362]
	KURZWEIL-HENSTOCK ABSOLUTE INTEGRABLE MEANS McSHANE INTEGRABLE [pp. 363-366]
	EVERY BOUNDED FUNCTION IS THE SUM OF THREE ALMOST CONTINUOUS BOUNDED FUNCTIONS [pp. 367-369]

	QUERIES
	A QUERY CONCERNING SARD'S THEOREM FOR POINTS OF NON-DIFFERENTIABILITY [pp. 370-371]

	Back Matter



