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 NEW INTEGRALS AND THE

 GAUSS-GREEN THEOREM WITH

 SINGULARITIES

 The n-dimensional Gauss-Green theorem is a fundamental result in math-

 ematical analysis and relates the integral fA div v to the values of the vector
 field v on the boundary of A. Assuming v to be sufficiently smooth, its proof is
 well understood for smoothly bounded domains A, while its formulation in an
 ultimate generality requires some notion of exterior normal to a set A having
 no smoothness properties in a classical sense, cf. [1], [3]. It turns out that the
 sets of finite perimeter are the most general sets for which an exterior normal
 can profitably be defined and for which the divergence theorem holds for any
 continuously differentiable vector field on Mn having a compact support, cf.
 [4]. Thus from a geometrical point of view it is clear what kind of sets an
 optimal divergence theorem should handle.

 In [2] the Gauss-Green theorem was established for Lipschitzian vector
 fields on Mn with compact support, and simple examples show that assuming
 v only to be differentiable on Mn then div v might fail to be Lebesgue integrable
 on A. Thus, if we want to relax the assumption on the vector field further, we
 have either to impose some integrability assumption on the divergence or else
 to work with a more general integral.

 Only recently several extensions of the Lebesgue integral were shown to
 integrate the divergence of any differentiable vector function over intervals, cf.
 [16], [8], [17], [21]. In [10] we developed an elementary self-contained axiomatic
 theory of non- absolutely convergent integral, and the resulting integral shows
 all the usual properties as linearity, additi vity, extension of Lebesgue 's inte-
 gral etc. Specializing this concept leads to the well-behaved z/i-integral over
 compact intervals [11], and in a corresponding divergence theorem we were
 able to treat exceptional points , i.e. points where v is not differentiable but
 still bounded, as well as singularities where v is only assumed to fulfill a local
 Lipschitz condition with a negative exponent ß > 1 - n. In particular, this
 result contains all aforementioned ones.

 In [18], using the i/i-integral, we finally were able to extend this result to
 any bounded set of finite perimeter. In particular, no integrability assumptions
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 are needed, and including exceptional points but no singularities similar results
 were obtained in [5], [6] [9], [19], [22]. Singularities on more general sets than
 intervals were treated only recently in our work [12], [14], cf. also [7].

 Assuming in addition the divergence to be Lebesgue integrable on A our
 theorem will be free of the i/i-integral and thus be part of the general Lebesgue
 theory. It is also noteworthy that our result can be obtained by using an
 integral which originally was only defined on intervals.

 In order to keep our notation as simple as possible but still to give the
 reader a flavour of our results we here state a less general version of the theorem
 in [18], cf. [12], [15].

 As usual we denote by | • |5 (0 < s < ri) the s-dimensional normalized outer
 Hausdorff measure in Mn, and we call a set EC Mn to be cr5-finite or to be
 an s-null set if it can be expressed as a countable union of sets with finite
 s-dimensional outer Hausdorff measure or if 'E'S = 0, respectively.

 Suppose A Ç Mn, x G A, 1 - n < ß < 1 and let v : A - ► Mn be a vector
 function. We say that v satisfies at x the condition

 (Zi) if there exists a real n by n matrix M such that

 v(y) - v(x) - M(y - x) = o(l)''y - x|| (y x, y G A) ,

 (Iß) (ß ¿ 1) if v(y) - v(x) = o(l)||y - x''ß (y->x, y^x, y e A) ,

 (Lß) if v(y) - v(x) = 0(1)||2/ - x''ß (y ->• x, y ^ x, y € A) .

 If v is differentiate at an interior point x of A, we set divv(x) = 5^(ôv,-/Ô£,-)(e),
 and at all other points x G A we set divv(x) = 0.

 Gauss-Green Theorem. Let A be a compact subset o/Mn whose topolog-
 ical boundary d A has a finite (n - 1 )- dimensional measure and v : A -> Mn be
 a vector function. By D we denote the set of all points from the interior of A
 where v is differentiate, and we express A - D as a disjoint countable union
 of a a i- finite sets Mi and ai-null sets Ni with 0 < a,- < n (i G such that
 Uai<n- i(M» U AT,) lies in the interior of A. If we assume that v satisfies the
 condition (lai+ '-n) and (Lai+ '-n) at each point of Mi and Ni, respectively ,
 then v is ' • |n_i -measurable and bounded on d A, divv is v' -integrable on A
 and

 / v nAd I • |n- i = I divv .
 JdA Ja

 For a further discussion the reader should consult [18].

 References

 [1] E. De Giorgi, Nuovi teoremi relativi alle misure (r - 1 )- dimensionali in
 uno spazio ad r-dimensioni , Ricerche Mat. 4 (1955), 95-113.



 Charlottesville Symposium - D. J. F. Nonnenmacher 53

 [2] H. Federer, Geometric Measure Theory , Springer, New York 1969.

 [3] H. Federer, The Gauss-Green Theorem , Trans. Amer. Math. Soc. 58
 (1945), 44-76.

 [4] H. Federer, A note on the Gauss-Green Theorem , Proc. Amer. Math. Soc.
 9 (1958), 447-451.

 [5] J. Jarnik and J. Kurzweil, A non- absolutely convergent integral which
 admits C1 -transformations, Časopis Pest. Mat. 109 (1984), 157-167.

 [6] J. Jarnik and J. Kurzweil, A non- absolutely convergent integral which ad-
 mits transformation and can be used for integration on manifolds , Czech.
 Math. J. 35 (110) 1985, 116-139.

 [7] J. Jarnik and J. Kurzweil, A new and more powerful concept of the PU -
 integral , Czech. Math. J. 38 (113) 1988, 8-48.

 [8] J. Jarnik, J. Kurzweil and S. Schwabik, On Mawhiris approach to multiple
 nonabsolutely convergent integral , Časopis Pest. Mat. 108 (1983), 356-
 380.

 [9] W. B. Jurkat, The Divergence Theorem and Perron integration with ex-
 ceptional sets , Czech. Math. J. 43 (118) 1993, 27-45.

 [10] W. B. Jurkat and D. J. F. Nonnenmacher, An axiomatic theory of non-
 absolutely convergent integrals in Mn, Fund. Math, (to appear).

 [11] W. B. Jurkat and D. J. F. Nonnenmacher, A generalized n-dimensional
 Riemann integral and the Divergence Theorem with singularities , Acta
 Sei. Math. (Szeged) 59 (1994), 243-258.

 [12] W .B. Jurkat and D. J. F. Nonnenmacher, The Fundamental Theorem
 for the ui-integral on more general sets and a corresponding Divergence
 Theorem with singularities , Czech. Math. J. (to appear).

 [13] W. B. Jurkat and D. J. F. Nonnenmacher, A Hake-type property for the
 v'-integral and its relation to other integration processes , Czech. Math. J.
 (to appear).

 [14] W. B. Jurkat and D. J. F. Nonnenmacher, A theory of non- absolutely
 convergent integrals in Rn with singularities on a regular boundary , Fund.
 Math, (to appear).

 [15] W. B. Jurkat and D. J. F. Nonnenmacher, Le théorème de divergence
 pour des fonctions vectorielles avec singularités , C. R. Acad. Sci. Paris,
 t. 318, Série I (1994), 999-1001.



 54 Charlottesville Symposium - D. J. F. Nonnenmacher

 [16] J. Mawhin, Generalized multiple Perron integrals and the Green-Goursat
 theorem for differentiate vector fields , Czech. Math. J. 31 (106) 1981,
 614-632.

 [17] D. J. F. Nonnenmacher, A descriptive , additive modification of Mawhin's
 integral and the Divergence Theorem with Singularities , Annales Polonici
 Mathematici LIX (1994), 85-98.

 [18] D. J. F. Nonnenmacher, Sets of finite perimeter and the Gauss-Green
 Theorem with singularities , J. London Math. Soc. (to appear).

 [19] D. J. F. Nonnenmacher, Theorie mehrdimensionaler Perron Integrale mit
 Ausnahmemengen , PhD thesis, 1990, Univ. of Ulm.

 [20] D. J. F. Nonnenmacher, A constructive definition of the n-dimensional
 v (S) -integral in terms of Riemann sums (to appear).

 [21] W. F. Pfeffer, The Divergence Theorem) Trans. Amer. Math. Soc. 295
 (1986), 665-685.

 [22] W. F. Pfeffer, The Gauss-Green Theoremi Advances in Math. 87 (1991),
 93-147.


	Contents
	p. 51
	p. 52
	p. 53
	p. 54

	Issue Table of Contents
	Real Analysis Exchange, Vol. 20, No. 1 (1994-95) pp. 1-371
	Front Matter
	EDITORIAL MESSAGES [pp. 1-1]
	Tadeusz Świa̹tkowski - OBITUARY [pp. 2-5]
	CONFERENCE ANNOUNCEMENTS [pp. 6-9]
	CONFERENCE REPORTS
	REPORT ON THE SUMMER SYMPOSIUM IN REAL ANALYSIS XVIII, UNIVERSITY OF VIRGINIA CHARLOTTESVILLE, VIRGINIA JUNE 22-25, 1994 [pp. 10-13]
	Carathéodory's outer measures: 80 years [pp. 14-17]
	DISTORTION THEORY FOR FUNCTIONS IN A ZYGMUND SPACE Λ [pp. 18-19]
	PACKING CONICS IN THE PLANE [pp. 20-21]
	ORDINARY AND STRONG DENSITY CONTINUOUS FUNCTIONS ON THE PLANE [pp. 22-24]
	MEASURE PRESERVING CONTINUOUS SMOOTHING OF FRACTIONAL DIMENSIONAL SETS [pp. 25-25]
	SMOOTHING Λ-SEQUENCES [pp. 26-27]
	ω-LIMIT SETS FOR CERTAIN CLASSES OF FUNCTIONS [pp. 28-30]
	ω-LIMIT SETS AND CONTINUOUS FUNCTIONS WITH CONTROLLED GROWTH [pp. 31-32]
	Ap-WEIGHTS AND RELATED TOPICS [pp. 33-35]
	LIMITS AND SERIES OF EXTENDABLE CONNECTIVITY FUNCTIONS [pp. 36-36]
	BOUNDED HARMONIC VARIATION AND THE GARSIA-SAWYER CLASS [pp. 37-38]
	ON SOME PROBLEMS OF FRACTIONAL DERIVATIVES [pp. 39-40]
	INFINITE CONFORMAL ITERATED FUNCTIONS SYSTEMS AND MEASURABILITY OF MEASURE AND DIMENSION FUNCTIONS [pp. 41-42]
	THE MULTIFRACTAL SPECTRUM OF RIEMANN'S FUNCTION [pp. 43-44]
	RANDOM WALKS AND GENERALIZED RIESZ PRODUCTS [pp. 45-46]
	LIMITS UNDER THE INTEGRAL SIGN [pp. 47-47]
	LIMITING CASES OF THE SOBOLEV IMBEDDING THEOREM [pp. 48-49]
	ON VECTOR-VALUED HENSTOCK AND DENJOY INTEGRALS [pp. 50-50]
	NEW INTEGRALS AND THE GAUSS–GREEN THEOREM WITH SINGULARITIES [pp. 51-54]
	HAUSDORFF AND PACKING MEASURES OF SOME SELF-AFFINE SETS [pp. 55-57]
	COMPLETENESS IN TOTALLY ORDERED ABELIAN GROUPS [pp. 58-58]
	ON CONVERGENCE OF FOURIER SERIES IN THE HAUSDORFF METRIC [pp. 59-60]
	POSITIVITY OF THE HAUSDORFF MEASURE FOR RANDOM SELF–SIMILAR FRACTALS [pp. 61-61]
	MULTIFRACTAL MEASURES [pp. 62-62]
	ON VARIOUS POROSITY NOTIONS IN THE LITERATURE [pp. 63-65]
	A SET IN THE PLANE WITH PECULIAR MEASURE-THEORETIC PROPERTIES CONSTRUCTED BY VITUŠKIN, IVANOV AND MELNIKOV [pp. 66-66]

	RESEARCH ARTICLES
	ON CONVERGENCE THEOREMS FOR AP INTEGRALS [pp. 67-76]
	ON A GENERALIZED DOMINATED CONVERGENCE THEOREM FOR THE AP INTEGRAL [pp. 77-88]
	ON THE MEASURABILITY OF EXTREME PARTIAL I-APPROXIMATE DERIVATIVES [pp. 89-93]
	EXTREME PROBABILITY SUBMEASURES ON 3 POINTS [pp. 94-101]
	Density continuous transformations on ℝ² [pp. 102-118]
	A CONVERGENCE THEOREM FOR GENERALIZED RIEMANN INTEGRALS [pp. 119-124]
	THE STRUCTURE OF MINIMAL ATTRACTION CENTERS OF TRAJECTORIES OF CONTINUOUS MAPS OF THE INTERVAL [pp. 125-133]
	Λ-VARIATION AND BAIRE CATEGORY [pp. 134-139]
	FUNCTIONS THAT HAVE NO FIRST ORDER DERIVATIVE MIGHT HAVE FRACTIONAL DERIVATIVES OF ALL ORDERS LESS THAN ONE [pp. 140-157]
	DIMENSION OF SETS OF NUMBERS WITH MULTIPLE REPRESENTATIONS [pp. 158-162]
	DENSITY TOPOLOGIES FOR PRODUCTS OF σ-IDEALS [pp. 163-177]
	ON THE TRANSFORMATIONS OF MEASURABLE SETS AND SETS WITH THE BAIRE PROPERTY [pp. 178-182]
	LIMITS AND SUMS OF EXTENDABLE CONNECTIVITY FUNCTIONS [pp. 183-191]
	APPROXIMATE CORE TOPOLOGIES [pp. 192-203]
	MAXIMAL ADDITIVE AND MAXIMAL MULTIPLICATIVE FAMILY FOR THE CLASS OF SIMPLY CONTINUOUS FUNCTIONS [pp. 204-211]
	MULTIPLIERS FOR SOME GENERALIZED RIEMANN INTEGRALS IN THE REAL LINE [pp. 212-218]
	POINTS OF NON-DIFFERENTIABILITY OF TYPICAL LIPSCHITZ FUNCTIONS [pp. 219-226]
	THE EXTENDING OF DARBOUX FUNCTIONS WITH FINITE VARIATION [pp. 227-243]
	ON THE SUMS OF DARBOUX UPPER SEMICONTINUOUS QUASI-CONTINUOUS FUNCTIONS [pp. 244-249]
	INEQUALITIES OF MINKOWSKI'S TYPE [pp. 250-255]
	FINE VARIATION AND FRACTAL MEASURES [pp. 256-280]
	CARDINAL INVARIANTS CONCERNING FUNCTIONS WHOSE PRODUCT IS ALMOST CONTINUOUS [pp. 281-285]

	INROADS
	ON SCORZA DRAGONI'S PROPERTY FOR THE DENSITY TOPOLOGY [pp. 286-290]
	A PECULIAR SET IN THE PLANE CONSTRUCTED BY VITUŠKIN, IVANOV AND MELNIKOV [pp. 291-312]
	THE SHORTEST ENCLOSURE OF THREE CONNECTED AREAS IN ℝ² [pp. 313-335]
	A NOTE ON MAJOR AND MINOR FUNCTION FOR THE PERRON INTEGRAL [pp. 336-339]
	PATH INTEGRAL: AN INVERSION OF PATH DERIVATIVES [pp. 340-346]
	AN ELEMENTARY PROOF OF THE BOREL ISOMORPHISM THEOREM [pp. 347-349]
	ON ITERATIONS OF DARBOUX FUNCTIONS [pp. 350-355]
	ON DARBOUX BAIRE ONE FUNCTIONS [pp. 356-358]
	DESCRIPTIVE MAPPING PROPERTIES OF TYPICAL CONTINUOUS FUNCTIONS [pp. 359-362]
	KURZWEIL-HENSTOCK ABSOLUTE INTEGRABLE MEANS McSHANE INTEGRABLE [pp. 363-366]
	EVERY BOUNDED FUNCTION IS THE SUM OF THREE ALMOST CONTINUOUS BOUNDED FUNCTIONS [pp. 367-369]

	QUERIES
	A QUERY CONCERNING SARD'S THEOREM FOR POINTS OF NON-DIFFERENTIABILITY [pp. 370-371]

	Back Matter



