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ON CONTINUOUS AND
QUASI-CONTINUOUS FUNCTIONS

It is not hard to see (cf. e.g. [4]) that, in the case of real functions of a real
variable, every discontinuous Darboux function has infinite variation. On the
other hand,it is possible for a Darboux function f : R? — R? to have finite
variation, and be discontinuous at any point of its domain, as the following
example shows.

Example 1 Let g : R — [0,1] be a function mapping every non-degenerate
interval to [0,1]. Define a function f : R? — R? by f((z,y)) = (g9(z),0).

However, rather surprising is (in view of the result of T. Salat) R. Pawlak’s
result (cf. [3], Theorem 7) showing that, in the space of bounded Darboux
functions f : [0, 1)2 — R? with finite variation, continuous functions constitute
a boundary set. This result prompts one to if continuous functions constitute
a ‘small set’ in the space of bounded Darboux functions f : R? — R? with
finite variation? The question thus raised requires that the notion of a ‘small
set’ be stated precisely. (Theorem 1.6 included in book [2] shows that a ‘small
set’ in the sense of the Lebesgue measure may be ‘large’ in the topological
sense, and a ‘small set’ in the topological sense may have a large Lebesgue
measure).

It seems that, in the case of metric spaces, one may take porous sets as
‘small sets’. Here it is essential to observe (cf. e.g. [5] as well as [6], Theorem
2.8) that if A C R is a porous set, then it is a nowhere dense set of Lebesgue
measure zero and, thereby, the class of o-porous sets is of the first category
and is contained in the o-ideal of sets of measure zero. In connection with
these assertions, the question posed at the beginning may be reformulated as
follows:

Do continuous functions constitute a porous set in the space of bounded
Darbouz functions f : R? — R? with finite variation, equipped with the metric
of uniform convergence?
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The present paper includes the answer to the question posed here. What
is more, it has been shown that continuous functions constitute a porous set
in some space which, when considered as a subset of the space of bounded
Darboux functions with finite variation, is a porous set.

Definition 1 Let f : X — ) where X, ) are arbitrary topological spaces. We
say that f is a Darbouz function if the image of each arc L C X ts a connected
set.

Definition 2 Let f : R? — R2. A function Ny : R? — (0,+00) defined in
the following way: N(p) is equal to the number of elements of the set f~1(p)
when the last set is finite or +o0o when f~1(p) is not finite, is called the Banach
indicatriz of the function f.

Definition 3 Let f : R2 — R? be a Darbouzr function with measurable Ba-
nach indicatriz. We say that f has finite variation (in the Banach sense) if
Jg2 N5(p) dp < +00. In this case set V(f) = [z. N¢(p) dp.

Throughout the paper, we adopt the standard symbols, definitions and
notations. The letters N, @, R denote the sets of all positive integers, rational
numbers and real numbers, respectively. The distance in the space R? is
denoted by d, whereas the letter p is used to write down the metric of uniform
convergence in the space of bounded Darboux functions f : R? — R? with
finite variation. The two-dimensional Lebesgue measure of the set A C R? is
denoted by mz(A4).

Theorem 1 In the space of bounded Darbouz functions f : R> — R? having
finite variation, endowed with the metric of uniform convergence, the set of
functions possessing a dense set of points of quasi-continuity is a porous set.

PROOF. Let fo be a bounded Darboux function with finite variation, possess-
ing a dense set of points of quasi-continuity. Let € € (0, 1), let o be any point
of quasi-continuity of the function f, and set ag = fo(zo). Then there exist a
point z € R? and a number § > 0, such that

) fo(R(2,8)) € K(a0,5)

the ball with center 8 and radius §. Let 8 be a point of the sphere S(ay, §),
such that

(2) fO(Z) € [ao,ﬂ) if fO(Z) ?é ap;
B is any point of the sphere S(ao, §) if fo(z) = ao.
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Let M = Uge(0,5)n05(0,9) U [0, ). Clearly M is a connected set, and
mg(M) = 0. Let © be the family of all spheres S(z,1) where n € (0,6).
Define on © the equivalence relation ‘~’ by S(z,m1) ~ S(z,m2) @ m —n2 € Q.
Let P be the set of equivalence classes. Then the cardinality of P is equal to
the cardinality of the continuum.

Note that

for any n;,n2 with 0 < 1y < 73 < 6, the family {S(z,n)},,el,hm]
contains representatives of all equivalence classes

(More precisely for any w € P, there exists 7 € [n1,72]

such that S(z,7) belongs to w).

3)

Let t : P — M be a bijection. Define g : R? — R? by

do(z) = t([S(z,d(z,z))].) ifz e K(z,6)\{z}
fo(z) ifz ¢ K(z,6)\{z},

where [S(z,7])~ denotes the equivalence class containing S(z,n). We shall
first show that go is a Darboux function. So assume that £ is any fixed arc
contained in K(z,6). We shall show that

a) if there is a real number r > 0 such that £ C (z,7),
(4) then go(L) is a one-point set;

b) if there is no real number r > 0 such that
L C S(z,r), then go(L) = M.

Obviously condition (4) implies the connectedness of the set go(L).

To prove (4), let us first assume that z ¢ £. Let r; = inf,c. d(2,a) and
To = Sup,c, d(2,a) < 6. Of course, for each a € L, we have d(z,a) € [ry, 73]
and 7y < ro. If r; = 1o, then £ C S(z,71) and, in view of the definition of
the mapping go, the set go(L) is one-element. So assume that r; < ry. Since
L is compact and connected and since the distance of a point from a set is a
continuous function, we infer that

(5) for any r € [ry, 73], there exists an element a, € £
such that d(z,a,) =r.

By the definition of gg, (5) and (3) imply

90([:) = Ur <r<r, YaeLns(z,r) {go(a)} = UTlS"‘Srz{gO(a‘r)}
= UTIS"‘S"z{t([S(‘z,T)]N)} = Ur€(0,6){t([s(z1 T)]~)} =M.

The proof of (4) has thus been concluded in the case when z ¢ L.



550 ANDRZEJ RYCHLEWICZ

So now assume that z € £. (We still have the assumption £ C K(z,6).)
Then there exists an arc £ C £\{z} contained in no sphere S(z,7) (0 < n < §).
By the proof of condition (4) carried out before, we may deduce that

(6) 90(L) D go(£) = M.

Then by (2) we have go(L) C {fo(z)} UM = M. The above inclusion and (6)
prove that go(£) = M completing the proof of (4).

Next assume that £ is an arc having points in common with the comple-
ment of K(z,6). If LN K (2,6) = 0, then from the definition of the function go
it follows that go(L) = fo(L) is connected. Thus in order to finish the proof
of the Darboux property of go, it suffices to consider the case

(7) LNK(z,6)#0 and L\K(z,6) #0.
First show that go(£ N K(z,6)) is connected. To that end note that

there exists an arc £’ C LN K (z,6) such that £'\S(z,7) # 0

(8) for any r € (0, 6).

By (7) there exists a € £ N K(z,6). Thus there exists 6* > 0 such that
K(a,6*) C K(z,6). Hence

9) aeK(z,é—%‘)ﬂL.

The set K(z,6 — %'-) N L is a nonempty, closed subset of the Hausdorff con-
tinuum L. Consequently the component C, of this set containing a satisfies
CoNFrz (K (2,6 — &) N L) # 0. Hence it appears that

(10) CanS(z,é—%)nﬁaé@.

Indeed, to prove (10), it suffices to demonstrate that

(11) S(z,é—%)n[:DFrc (K'(z,é—%:)n[l).

So, let = € Frz (K(z,6 — )N L). Then

(12) zel?(z,é—%)ﬂﬁ

and

(13) Int, (I'{(z,é—%)rw) DK(z,ﬁ—%)ﬂC.
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Ifz ¢ S(2,6 — %) N L, then by (12) z ¢ S(z2,6 — 5—2‘-) and consequently again
by (12) z € K(2,6 — % )N L. Then (13) proves that z ¢ Fr (K (2,6 — &) N L),
which is contrary to the definition of z. Thus = € S(z,6 — '5—2'), verifying
(11) and, thereby, (10). By (9) and (10), C, is not a one-element set and
C,\S(z,7) # 0 for r € (0,6). Let L = C,. Then L' is a closed, connected
subset of the arc £ consisting of more than one element. Thus £’ is also an
arc. Therefore (8) is proved.
In view of (8) and (4) we may deduce that

(14) go(L N K(z,8)) = M.

The equality go| S(2.6) = fo| S(2,6) 3 well as (1) and (14) imply, in turn, that
_ €
(15) go(K(2,6) N L) C K(ay, 3)

Relations (14) and (15) allow us to conclude that M C go(K(z,6) N L) C M.
On the basis of the above inclusions, the connectedness of M implies that

(16) go(K(z,6) N L) is a connected set.

We now prove that go(L) is a connected set. Let {C;}ses denote the family
of all components of the set £L\K(z,8) and let s be any fixed element of the
set S. It is easy to see that C; is an arc or a one-element set, and since (cf.

(M) LN S(z,6) # 0,
(17) Cs N S(z,6) # 0.

Indeed, note that H = £L\K(z,6) is a non-empty (cf. (7)), closed set in £. In
turn £\K(z,6) is a subset of H open in £. Thus Int; H D £\K(z,6). Since
H is closed in £, we infer Frz H C LN S(z,6). So CsNFrz H # @ implies (17).
Moreover

(18) 90(Cs) = fo(Cs) is a connected set
and (by (17))
(19) 90(Cs) Ngo(£L N K (2,6)) # 0.

By (16), (18) and (19) and since s € S is arbitrary,
(20) 90(Cs) U go(L N K(z,6)) is a connected set for each s € S.

Since go(£) = go(LN K (2,8)) UUses90(Cs), it follows that go(L) is connected
and therefore the proof that g is a Darboux function is complete.
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Next we define a new mapping ko : R2 — R2. To that end let & be the
family of all spheres S(ap,r) where r € (0, §) \ Q. Define an equivalence
relation ‘x’by

for any S(ao,71), S(a0,72) € S(a0,71) = S(0,72)
if and only if r; — 77 is a rational number.

This relation divides ¢ into a continuum of equivalence classes. Denote the
set of these classes by &*. Then there exists a surjection ! : $* — M. Define
ko : R? — R? by

ko (z) {l([S(ao,d(ao, z))]~)  when there is p € $ such that z € ¢
0 =
T

when z ¢ ¢ for any ¢ € &,

where [S(a,T)]~ denotes the class containing S(a,r). It is not hard to show
that ko(K (a0, §)) = M. We shall now establish that

(21) ko(C) is a connected set for any connected C C R2.

Let C C R? be a connected set. If C C R?\K(ao, §), then ko(C) = C
and condition (21) is satisfied. Consequently assume now that C C K(ay, £).
Then the following situations are possible:

1° There exists 7 € (0,5) such that C C S(ao,r). If 7 is an irrational
number, then ko(C) is a one-element set and thus a connected set. If r is a
rational number, then ko(C) = C again a connected set.

20 C = {ap}. Then ko(C) = {ap} is, of course, a connected set.

30 There are distinct ry,75 € (0, £) with CNS(ap, 1) # 0 # CNS(ap,T2).
In this case it is easy to verify that C contains elements of the representatives
of all equivalence classes. Thus the definition of ko implies that ko(C) = M,
which means that once again ko(C) is a connected set.

Finally assume C N K (ay, §) # 0 and C’\K(ao,g—) # 0. Then M C
MU (CN S(ao,§)) € M = K(ap,§). From the connectedness of M it
follows that

(22) MU (C N S(ao, %)) is a connected subset of M U C.

In addition (M UC)\(M U (CNS(ao,§))) = FUG where F = C\K(ao, §)
and G = (C N K (ao, §))\ M. Moreover F C R*\K (ap,£) and G C K(ao, £).
Hence F and G are separated sets (also in M U C). In view of the equality
MU (CU S(ao, -g-)) UF = MU (C\K(ao, §)) and by Theorem 8, (page 228,
(1]), we deduce that

(23) MU (C\K (o, g)) is a connected set in M U C, and thus in R2.
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The definition of ko implies the equalities

ko(C) = ko(C UK (ao, %)) U ko(C\K (ao, %))

MU (C\K (e0, 5)).

Hence and from relation (23) it follows that ko(C) is a connected set completing
the proof of proposition (21).

By (21) and since go has the Darboux property, gq = ko o go is a Darboux
function. It is not difficult to check that

Ny (y) ify ¢ K(a,$),
N (y) = § +o0 ifye M,
0 if y € K(ao,§)\M,

that Ny, is measureable and [z, Ny (y)dy < +o0o. Consequently gj has finite
variation. ,
Since € € (0,1), we have £ — & > 0. We shall now show that

no function possessing a dense set of points of quasi-continuity

(24) belongs to the ball K(gp, § — %)

Let h be a function having a dense set of points of quasi-continuity. Then

there exists a point py of quasi-continuity of h, such that py € K(z,6)\{z}.
Let 7o = h(po)- Then there exist go and §; > 0 such that

(25) 81 < d(z,0) <5, K(ao,5) € K(z,5) and h(K(g0,61)) € K10, 5)

Let
e €% ¢
(26) To € (g - E, g) NQ.
If ag # 70, then let
(27) 71 € HY N S(ao,70)

where H a9 denotes the half-line with the initial point ag, not containing o
and contained in the line passing through ag and . If ap = 70, then assume

(28) 7 € S(c0,70)-

Since r¢ € Q, by (27) and (28) v; € M. Consequently from the definitions
of ko and go

(29) there exists z1 € K(z,6)\{z} such that v; = gy(z1).
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Consider an equivalence class LS(z, d(z,21))]~. Let d(2,90) = a. Then S(z,7)N
K(qo,61) # O foranyr € [a—-zl, a+%’-]. From (3) there exists r; € [a—%l, a+
4] such that [S(z,1)]~ = [S(2,d(2, 21))]~- Let 2, € S(z,71)NK(go,61). Then
from the definitions of go and k¢ and since 1y € Q,

(30) 90(21) = go(21) =M.

Of course %; € K(qo,61). Therefore (25) implies that h(21) € K(vo, %)
Hence from (26), (30) and since ag € [0, 1),

b)) = o ) o o %))

2
€
= 19+ d(ao,%) - > g - 3 +d(ao,’Yo) > 373
Hence p(gg, h) > § % Since the choice of h was arbitrary, (24) follows.

Finally by (1) and the definition of gy, we conclude that p(fo,gq) < 36

Thus K(gg, § — —) C K(fo,€). Hence in the space of bounded Darboux
functions with ﬁmte variation, the porosity of the set of all functions having a

£_¢

dense set of points of quasi-continuity is no smaller than 2 limsup,_,¢+ +-=% =
> 0.

3

Remark As was suggested by the referee, Theorem 1 holds if we replace the

density of the sets of points of quasicontinuity by that of the set of continuity

points. It is so because each function f : R? — R? possessing a dense set of

points of quasicontinuity also has a dense set of continuity points.

The above theorem answers the question raised in the introduction because
it implies that the set of continuous functions in the space of bounded Dar-
boux functions with finite variation constitutes a porous set. The analysis of
various examples leads, however, to the question, “What can be said about
the set of continuous functions in the space of bounded and quasi-continuous
Darboux functions with finite variation?” In particular the earlier results sug-
gest that this set may be porous. The theorem presented below shows that
this conjecture is true.

Theorem 2 In the space of quasi-continuous bounded Darbour functions
f : R? — R? with finite variation, with the metric of uniform convergence,
continuous functions constitute a porous set.

PROOF. Let fy be any continuous function with finite variation. The proof
will be carried out in two stages.
First assume that fo is a constant function, and that ¢ € (0,1). Let

fo(®?) = {a0} = {(a%,a9)} and let B € S(c0,§) N{(En) : n =af and € >
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o} CR2 Set e; = § — & > 0and e = §1/e(4—¢). Then € + ¢} = (5)2
Define ¢ : (0,e2] — R be a function by ¢(§) = €;sin "—gl Fix zo € R? and
define go : R? — R2%by

Qo ifr =z
90(z) = (a + d(z, zo), @3 + p(d(z,z0))) if 0 < d(z,z0) < &2
° (a? + d(.’II, 1:0)7 ag) if g2 < d(ll:, 1:0) < —;»
B if £ < d(z, zo).
We shall show that
(31) 90|k?\{z,} 1S @ continuous function.

For this purpose define gp : [0, +00) — R? by

Qo ify=0
Go(y) = (of +y,08 +(y) ifye(0,e)]
(a} +y,a9) ify € [e2, 5;
I} if y € [§, +00).
Clearly
(32) 9o = Jo © d(To, ).

Since ¢ is continuous, we may assert that go|(o,+0) i continuous. By the
continuity of z — d(zg, ), equality (32) implies (31). Consequently we shall
show that

(33) go is a quasi-continuous function.

Since R?\{zo} is open, it suffices, to establish the quasi-continuity of this
mapping at the point zg. Let §;,62 > 0. Then % < min{é;, 62} for some
ko € N. It is easy to check that ay, = (af + £,0a3) satisfies the condition
ak, € K(ag,62) N go(R?). Let zk, € g5 (ak,)- Then zx, € K(z0,61)\{Zo}-
Consequently, by (31), go(V) C K(ag,2) for some neighborhood V of the
point zg, such that V' C K(zg, §1) which completes the proof of (33).

Now we prove that gp is a Darboux function. To this end we shall first
prove that

(34) Jgo possesses the Darboux property.
To prove (34) it suffices to show that

(35) the set go(Je,) is a connected set for any &g € (0, +00),
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where J, = [0,&0] and o € (0,+00). We shall show that
(36) o € go(Jeo \{0}).-

For this purpose consider a sequence {&x}k=1,2,.. where & = £ for k € N.
Without loss of generality assume that & € (J,\{0}) N (0,¢&2) for £ € N. Ob-
viously p(&) =0 for k = 1,2,.... Consequently the sequence with the general
term (o + &k, a3 + (&k)) is contained in the set go(Je,\{0}) and converges
to ap, which completes the proof of (36). Since §o(Je,\{0}) is connected and
by the evident equality go(Je,) = Go(Je, \{0}) U {0}, (36) implies (35) which,
in turn, implies (34).

Now let C € R? be an arbitrary connected set. Then the set d(zo,C) is
connected and by (32), go(C) = Go(d(xo,C)). This means, by (34), that go(C)
is a connected set. The Darboux property of the function go has finally been
proved.

It can easily be seen that go is a function with finite variation. For sim-
plicity set § = &, — 581 =£- %52. Then 6 € (0,e1). Let t be an arbitrary
continuous function. We shall show that ¢t ¢ K(go,6). Assume to the contrary
that

(37) t € K(go,96).
Set
AL () ={(&n) eR*:n>0a) — (1 -6)}
and
A0 ={En eR* 1< a3+ (a1 - O)}-
Obviously Az (6) U A% (6) = R%. Without loss of generality assume that
t(zo) € AL, (6). Since t is continuous, we infer that
(38) t(K(zo,6")) C Ag, (6)
for some &' € (0,6). Let k; be a positive integer such that

262

(39) 1+ 4k,

<é

and let z, be a point such that d(z,,z¢) = l—_f_‘ffk—l. Then (39) implies that
Tk, € K(z0,6’). Thus by (38), we have t(zy,) € A5 (6). On the other

hand (37) implies that t(zk,) € K(go(zk,),6). By the definition of g, we get
9o(zk,) = (a? + %o, 08 + 61). Hence t(zk,) ¢ A3, (6). This contradiction
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proves t ¢ K(go,6). It is easy to verify that K(go,6) C K(fo,€). Therefore
the porosity at fo is at least

2

Im
ool
U]

=1.

2 lim sup
e—0t
The proof of the case when fj is a constant function has been completed.
Now proceed to the second stage of the proof of the theorem. Let f : RZ2 — R?
be continuous with finite variation, taking at least two values, and let € € (0, 3).
Then fp is not constant. Hence

there exists a point o such that, for any neighborhood

(40) U of zo there is a point zo € U such that fo(zo) # fo(z0)-

Put fo(zo) = a0 = (a},af) and 7 = §. Then 7 € (0,1). Let 7/ =7 — % >0
and let 11 = 7' — ’3—2 > 0. Moreover set T, = -‘4—57\/7(2—7). It is not
difficult to see that 7 + 72 = (7). Let ¢ be the function defined by ¢(¢) =
T1sin 722 for £ € (0, o). If £ € [7',7), then set k¢ = [’T‘_’;] where [a] denotes
the greatest integer < a. Let 9 be the function defined by
_ !
2k§(k§+1)ﬂ_[§_7'(k§ 1)+
T—7 ke

(e) = | for e e r',7)
and let

ho(€) = (o + £ cosy(€), o + Esiny(€)) for £ € [/, 7).

We shall prove that hj is a continuous mapping. Set

o
(41) ak=T—TkT fork=1,2,...
and
(42) Ji = [ak, agy1) for k=1,2,....

It can be proved that if £ € Ji, then k = k¢ for k =1,2,.... By the definition
of the function 1, we conclude that

(43) for a fixed k € N the function 1, is linear and v, (Jk) = [0, 27).

Let k € N be fixed. Then (43) implies that the functions & — a+¢ cos(¢)
and £ — a9+¢ sin(€) are continuous on Jx, and moreover lim,_, ag,, €08 P(&) =

cos Y(ag+1)- Thus the function £ — o +¢€ cos ¥(€) is continuous for & € [/, 7).
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Analogously we establish the continuity of the function & — a3 + & siny(€) for
€ € [/, 7). These results imply that hg is continuous on [/, 7).
Now define ho : [0,7) — R? by

Qo if Y= 0
holy) = { (8T a5 +9(y) iy € (0,7
0 (o +y, o) if y € [z, 7]
o(v) ifyelr,7)

and hY : R? - R? by

PN ho(d(ao,z)) if z € K(ap,T)
ho(z) = {:z: if z ¢ K(op, 7).

It is easy to see that

(44) h§ |k (ao,r) = ho © diK(a0,m) (@0, °)-
Note that '
(45) EOI(O,T) is a continuous function.

By (44) and (45) as well as by the definition of hf, we infer that
(46) RO |R2\ (S(a0,7)Ufao}) 1S @ continuous function.
Analogously to the proof of condition (34) we can show that
(47) ho is a Darboux function.

We shall now prove that

if C ¢ K(ap,7) or C C R?2\K(ay,7), and if C is connected,

(48) then hg(C) is also a connected set.

Indeed this fact, in the case when C C R?\ K(ay, 7), follows immediately from
(46). So assume C C K(ap,7). Then d(ap,7) is an interval contained in
[0,7). By (44) and (47), h{(C) = ho(d(ao, C)) is a connected set completing
the proof of (48).

Next we prove that

(49)
if C is a connected set such that C N K(ag,7) # 0
and C\K (a0, 7) # 0, then hg(C N K(ap, 7)) D
hg(C N K(ap,T)) U S(ag, ) and hy(C N K(ag, 7)) is a connected set.
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Indeed by the assumptions on C, we deduce that

(50) J =d(ao,CNK(ap, 7)) = [a,7)
Hence by (44) and (47),

(51) hg(C N K(ap,T)) is a connected set.

Let z € S(ap, 7). Then z = (af + Tcos ¥, a3 + Tsiny,) where ¥, € [0,27).
Note that limg_, ;o ax = 7 (cf. (41)). Without loss of generality assume that
ax > a (cf. (50)) for each £ € N. By (43) ¥, = ¥(&;,x) where &, x € J (cf.
(42)) for k € N. Consequently &, € J for k € N and the sequence with the
general term zF = (a + &, x cos¥,, a3 + &, x siny,) converges to z. By the
definition of J, we infer that &, » = d(aq,zr) where zx € C N K(ap,7) and
k € N is arbitrary. Also limg_, 400 hg(zk) = 2. The proof of the inclusion of
(49) is complete. From this inclusion and the definition of hy we can assert
that

0(C N K(ap,T)) C hg(C N K(ao,)) C hY(C N K(ap,T)).

The above fact and (51) implies that hJ(C N K(ao,T)) is a connected set.
Therefore the proof of condition (49) is finally complete.

Now let C be a connected set with CNK(ap, 7)) # 0 and C\K(ap, ) # 0.
Let {B;}+er be the family of all components of hg (C\K (o, 7)) = C\K (o, 7).
Assume in addition that C is an arc. First establish that

(52) BiNnhy(CNEK(ap,7)) #0fort € T.

For simplicity set H = C\K(ap, 7). By the assumptions on C and by the
theorem of Janiszewski, we infer that B; N Clg(C\H) # @ where t is a fixed
element of the set T. This implies B; N K (g, 7) # 0. Since B;N K (ag,7) = 0,
we have B;NS(ap, 7) # 0. By the last condition and the two evident inclusions
h8(C N K(ap,7)) D CN S(cp,7) and B; C C and since t € T is arbitrary, we
infer (52).

Clearly h{j(C) = h§(CNK (ap, 7))UUseTB;. The above condition as well as
(51) and (52) prove that hg(C) is connected in the case when CNK(ap,7) # 0
and C\K (ap, ) # 0. This fact and (19) allows us to conclude that

(53) the function hy possesses the Darboux property.
Since fo is continuous , we see that the image of any arc under f; is ar-

cwise connected. Hence by (53), the function hg = h{ o fo is a Darboux
transformation. Now we shall prove that hy is quasi-continuous. Since fy



560 ANDRZEJ RYCHLEWICZ

is continuous, (46) implies that hogz\ £71(S(a0,m)U{ac}) 1S continuous. Conse-

quently since R?\ f3"*(S(0,T) U {a0}) is open, it suffices to consider the set
fo(S(ao,7) U {ap}). We shall show that

(54) ho is a quasi-continuous function on the set f; *(ao).

Let z; € fy 1(cxo) and let 6;,82 > 0. It must be shown that there exists an
open set V such that

(55) VC K(.’El,él) and ho(V) C K(ao,az).

Evidently f;*(S(ao,7)) is closed, and z; ¢ f5 '(S(ag,)). Therefore §; may
be chosen so that

(56) o 1(S(a, 7)) N K(z1,6,) = 0.

If fo is a constant function in some neighborhood V' of z;, then V = V' N
K(z,,6,) satisfies (55) (since ho(V) = {ao}). Consequently assume that there
exists no neighborhood of z; in which the function fy is constant. Then there
exists =} € K(z,6;) such that fo(z]) # fo(z1) = ao. Let do = d(ag, fo(z}))-
Then dy > 0. Since d(ay, fo(z})) = 0 and since the function = — d(ao, fo(z))
is continuous, we infer that

T2

(57) d(ao, fo(Tk,)) = %o

for some point zx, € K(z1,61)\{z1}, where ko € N is chosen so that
(58) 0< ;—2 < min(do, 2).
0

Since (p(%) = 0, from the definitions of hy and hg, and also from (57),
0
we conclude that ho(zk,) = (a‘l’ + ;—z, ag) and as can easily be checked,
T2

d(ag, ho(zk,)) = o Consequently by (58)

(59) ho(:l:ko) € K(ao,52).
Note that zx, € K(z1,61). Thus (56) implies that zx, ¢ f5 '(S(ag,7)). From
(57) and (58), we infer that zx, & f5 (o). Thus (the set R?\f;!(S(ao,) U

{a0}) is open) zy, is a point of continuity of hg and by (59), there exists an
open set V satisfying (55) proving condition (54).



CONTINUOUS AND QUASI-CONTINUOUS FUNCTIONS 561

Now we shall show that
(60) ho is a quasi-continuous function on the set fy*(S(ao,7))-

Let z € f3'(S(c0,7)) and let 61,62 > 0. It must be shown that ho(V) C
K (ho(z),62) for some open set V' C K(z,6;). With no loss of generality
assume that

(61) by <11
By the definition of the function fy, we infer that
(62) fo(K(z,61)) C K(fo(z),62) = K(ho(z), b2)

for some 6] € (0, 6;). Note that if there is a non-empty open set V' C K(z, 6})
such that fo(V) C R?\K(ap, ), then, by (62), ho(V) C K(ho(z),62). So now
assume that the image (under f) of each non-empty, open subset of the ball
K(z,6]) has a non-empty intersection with K (ao, 7). In particular by (62),
fo(2) € K(ap,7) N K(fo(x),82) for some z € K(z,67). The set fo(K(z,67))
is connected and contains fo(z) and fo(2). Since df = d(ao, fo(2)) < 7 and
since d(ao, fo(z)) = 7, by the continuity of the function & — d(ayo, fo(£)),

(63)  for d € (dg, T), there is 4 € K(x,67) with d(ao, fo(zd)) = d.

By condition (49) (for C = R?) and since ho(x) = fo(z) € S(ao,T), we
conclude that ho(z) € hy(K(cp,7)). Thus for some y we have
(64) y € hg(K(ao, 7)) N K(ho(z), ™ — dp)-
So d(a,y) € (dy, 7). By (63), d(o, fo(&)) = d(ao,y) for some £ € K(z,6}).
By (61) d(ao, fo(£)) € (7/,7). Thus the definition of hy implies hq(fo(£)) €
(',7). using (64) it follows easily that y € hg((7/,7)) and consequently y =
ho(d(ao,y)) = hy(fo(£)). By (61) and (64), y = ho(Z) € K (ho(z),82). Since
fo(£) ¢ S(ap,7) U{ap}, the element £ € K(z,6}]) is a point of continuity
of hg, which means that there exists an open set V C K(z1,6]) such that
ho(V) C K(ho(z), 62). This proves (60).

It is easy to see that

N 0 ify € K(ao,T)\ho(Rz)
holR2\ (K (a0,2)Nho(R2)) (¥) = Ni(y) ify € R2\K (a0, 7)
(o] I N

Since mo (K (ap,T) N ho(R%)) = 0 and since fo has finite variation, we infer
2
that hg also has finite variation. For simplicity set 6 = 7 — -:;— =T7- %1'2 > 0.

Then 6 € (0,7;). We shall show that
(65) t ¢ K(ho,b) for any continuous function ¢ : R? — R2.
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Assume to the contrary that, for some continuous function ¢, the relation
(66) t € K(ho,b)
holds. Set

~

B} (8) = {(6,n) e R?: n > a3 — (11 — §)}

and ) )
B;,(8) ={(¢n) eR?:n < a3+ (r1 — §)}.

Evidently, B, ) u B, (6) = R2. Without loss of generality assume that
t(zo) € B;o(é). Since t is continuous,

(67) t(K (z0,8")) C B3, (9)

for some &' > 0. Then by (40), there exists 29 € K(zg, i ) such that fo(zo) #
fo(z0). Note that the set 7 = fo([zo, 20)) is connected and fo(zo), fo(z0) € 7.
Choose k; € N such that

2T2
1+ 4k,

(68) < d(ao, fo(zo))-

The function y — d(ao,y) is continuous. Since ag = fo(zo) since fo(z0) € T
for

since 7 is connected and from (68), we conclude that d(ag, yk,) = T _:Z .
1
some Y, € T. The definition of 7 implies

(69) fo(zk,) = yk, for some zx, € [xo, 20) C K(zo,5").
In turn the definition of kg implies ho(zk,) = (ao + 2 al + 7'1) and
' V14 4k P

by (66), we infer that t(zx,) € K(ho(zk,),6). Therefore t(zx,) ¢ B;o(é).
However from (67) and (69) we easily conclude that t(zx,) € B, (). This
contradiction proves that (66) is false thereby completing the proof of (65).
It can easily be verified that p(ho, fo) < 27. Consequently the ball K ( fo,37)
contains a ball K (ho,8) such that K (ho,8) does not contain any continuous
function. Thus the porosity at the point fg is not less than the number

e 5. (8)

2. limsup 2 &
e—0+ €

wlm

_2
==
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