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 CHARACTERIZATIONS OF AC*G n C,
 AC*GnCi, AC AND AC FUNCTIONS

 In connection with the study of AC* G functions, Lee Peng Yee introduced a
 condition which lies somewhere between AC and Lusin's condition (N), and it
 is called the strong Lusin condition. This condition also appears in Bordaon's
 Lemma 2 of [4]. (In [7] Lee and Vyborny mentioned that this condition was
 also studied by Kurzweil, J arnik and Schwabik.) Denoting this condition by
 Yd o, we show that Ypo = AC* G DC on a closed interval.

 There are also given several characterizations for the classes AC*GnC^ AC
 and AC. For these tasks we have developed a study of various interesting con-
 ditions, such as: VB,VB,VB*, VB* , AC, AC, AC* , AC* ,AC**, AC** , ACp# ,
 AC D# , AC no , AC Do , AC n , AC D<Yn#%Y p& ,Yno <Y po<Yn%Y p (ACp o and
 AC d were introduced by Gordon in [4]).

 1. Preliminaries

 For convenience, if T is a property for functions defined on a certain domain,
 we will also use T to denote the class of all functions having this property. We
 denote by C the class of all continuous functions. We denote by Ā the closure
 of the set A. Let 0(F; X) denote the oscillation of F on the set X.

 Definition 1 Let F : [a, b] - » M and let P be a subset of [a, 6]. F will be said
 to be TG on P , if P can be expressed as the union of a countable sequence of
 sets Pi, over each of which F satisfies property T.

 Definition 2 Let F : [a, b] - ► M and let <p ^ X Ç Y Ç [a, 6]. Let

 Í2(F; Y AX) = sup{|F(t/) - F(x)| : x <y, x,y e Y and {x, 0};
 iî_ ( F ; Y A X) = inf {F(y) - F(x) :x<y,x,yeY and {x, y} Ci X ± 0};
 f 2+(F; Y A X) = sup {F(y) - F(x) : x < y, x, y G Y and {x, y} fi X ^ 0}.
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 Remark 1 If x,y € P, x < y, then

 0(F; [s,y]) < F(x) - F(y) + 2 fi+(F; [x,y] A (Pn [s,y])).

 Definition 3 Let P C [a, 6], x G P and /et F : P - > R. F ¿5 said to be Ci at
 x, if for each € > 0 there exists a 6(x) > 0 such that iî_(P; (Pn(x-{(x),x +
 £(x)) A {x}) > -e. F is said to be Ci on P if F is Ci at each x e P.

 Let Cd = {F : -F G Ci}. Clearly C = Cd H C¿ on P.

 Lemma 1 ([11], p. 236). Let F : [a, 6] - ► M. Then the set {x : F'(x) = +00}
 is of measure zero.

 Conditions VB,Vļļ, VB*. VB*

 Following Ridder (see [9], pp.235, 236, 251), it is natural to define conditions
 VB and VB*.

 Definition 4 Let F : [a, b] - ► M and let P be a subset of [a, 6]. F is said to
 be VB (respectively VB) on P , if there exists M G (0, +00) such that

 n n

 ^2 'F(bk ) - -F'(ofc) ļ < M ( respectively ^T(F(bk) - F(ak)) > -M),
 k= 1 k=l

 whenever {[afc,6fc]}, k = 1,2, ...,n is a finite set of nonoverlapping closed
 intervals with endpoints in P. F is said to be VB on P, if -F G VB on P.
 Clearly VB = VB n VB. We define VBG using Definition 1.

 Definition 5 Let F : [a, b] - ► R, P C [a, 6]. Leť V(F;P) = sup{£^ | F(bi) -
 F(ai) I : {[a¿,ó¿]}¿ is a sequence of nonoverlapping closed intervals, witha^bi G
 P}. If F e VB on P, then V(F;P) = inf {M : M is given by the fact that
 F G VB onP}. LetV_(F'P) = mí{¿fi(F(bi)-F(ai)) : {[a¿,6¿]}¿ is a sequence
 of nonoverlapping closed intervals , with a^bi G P}. If F e VB on P , then
 V (F; P) = inf {M : M is given by the fact that F G VB on P}.

 Definition 6 Let F : [a, 6] - ► M and let P C [a, 6], F is said to be VB * on P
 (respectively VB * on P) if there exists M G (0, +00) such that

 n n

 ^20(F; [afc,6fc]) < M ( respectively ^Í2_(F; [afc,6fe]A(Pn[afe,6fc])) > -M),
 fc=l fc=l

 whenever {[a/t, 6fc}, fc = 1, 2, . . . , n, is a finite set of nonoverlapping closed in-
 tervals with ak.bk G P. Let VB* = {F : -F G VB*}. Clearly VB* = VB* D
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 VB* . We define VB*G using Definition 1. Let V*(Fē, P) = sup{£V 0(F; [a¿,
 {[ai, &i]}i is a sequence of nonoverlapping closed intervals with a¿,6¿ G P}. If
 F € VB*, then V* (F; P) = inf {M : M is given by the fact that F e VB* on
 Pi-

 Theorem 1 Let F : [a, b] - > M, P C [a, 6], c = inf(P), d = sup(P). Then the
 following assertions are equivalent :

 (i) F e VB on P ;

 (ii) FeVBDVB onP;

 (iii) there exists M G (0, +oo) such that ^JļTj1 'F(xi) ~ F(xi-i)' < M, when-
 ever c = x o < £i < • • • < xn_i < xn = d and x¿ G P, i = 1, 2, . . . , n - 1;

 (iv) F G VjB on P U {c, d};

 (v) F is bounded and VB on P.

 Proof, (i) => (ii) is evident.
 (ii) => (i) There exists M G (0, +oo) which satisfies both definitions, VB

 and VB on P. Let {[afc,&k]}, k = 1,2, . ..,n, be a finite set of nonover-
 lapping closed intervals, a^,6jt £ -P- Let A' = {k : F(bk) > F(ak)} and
 A2 = {k : F(bk) < F(ak)}. Then Ai U A2 = {1,2, ...,n}. We have
 Eke* WO - FM) < M and ZkeAaCW - F(«k)) > -M. Hence
 ELi If(60 - ^(«01 < 2M- Thus FzVBon P.

 (i) => (iii) Let M G (0, +00) be a constant given by the fact that F G VB
 on P. Let xo G P. Then for each x G P we have |F(x) - P(xo)| < M. Hence
 F is bounded on P. Since F(c) and F(d) are real numbers, it follows that F
 is bounded on P U {c, d}. Let a G (0, +00) such that |P(x)| < a, for each
 x G P U {c, d}, and let c = xo < x' < • • • < xp_i < xp = d, xi, . . . , xp_i G P.
 Then we have

 p- 1 p-2

 J2 w*i+i) - - ^(«0)1 + E - F(^)i
 2=1 1=1

 +|F(xp) - P(xp_i)| < 2a + M + 2a = 4a + M.

 (iii) => (i) is evident.
 (iii) => (iv) follows by the definition of VB.
 (iv) => (v) Let M G (0, +00) be a constant given by the fact that F G VB
 on P U {c, d}. Let x e P. Then -M < F(x) - F(c) and -M < F(d) - F(x).
 It follows that F(c) - M < F(x) < M + F (d), for each x G P. Hence F is
 bounded on P.
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 (v) => (iii) Let M G (O, H-oo) be a constant given by the fact that F is
 VB on P, and let a G (0, H-oo) such that 'F(x)' < a, for each x e P. Let
 c = xo < xi < • • • < xn_i < xn = d, Xi G P, i = 1, 2, . . . , n - 1. Let A' =
 {i G {2, 3, . . . , n - 2} : P(x¿) - F(x¿_ i) > 0} and A2 = {î G {2, 3, . . . , n - 2} :
 F(xi) - F(xi- 1) < 0}. Then A''JA2 = {2, 3, . . . , n - 2} and Aif)A2 = 0. We
 have F(xn_2) - F(xi) = ^¿(F^-F^)) = £i€Ai IFfoJ-Ffo-OI-
 Ei€A2 - F(xi- 1)|. It follows that ZÎJo 'F(xi+i) - F(Xi)' = |F(xO -
 F(x0)| + |F(®„) - F(x„_i)| + EEiV(*i+i) - F{xi)' <4 a + F(xn_i) -
 F(x i) - 2 (F(xi) - F(xi.l)) < 6a 4- IM.

 Theorem 2 Let F : [a, 6] - * M, P C [a, 6]. Tfte following assertions are
 equivalent:

 (i) F G VB* on P;

 (ii) there exists M G (0, -boo) such that Ylk= i(F(xk) ~ F(ak)) > -M and
 £fc=i (F(bk) - F( Xfc)) > -M, whenever {[a*;, 6fc]}, k = 1, 2, . . . , n, is a
 finite set of nonoverlapping closed intervals , with G P and Xk €
 [a/c,bfc];

 (iii) there exists M G (0, +00) such that [afc> A W,6fc}) >
 - M, whenever {[afc,6jt]}, fc = 1,2, . ..,n, is a finite set of nonoverlap-
 ping closed intervals, with ajk,6j t G P.

 PROOF, (i) => (iii) => (ii) are evident.
 (ii) => (i) We may suppose without loss of generality that c¿k =

 n_(F;[ofc,6fe] A (Pn [ofc,6fc])) < 0, whenever {[a*, è*]}, * = 1,2, . . . ,n are
 as in (i). Then there exist x¿, yk € [a^, 6¿], < y k, such that at least one of
 them belongs to P and |ajt > F(yk) - F(xk)- We consider only the case when
 all Xk € P (the other situations are similar). Clearly [xfc,6fc], fc = 1,2, ... ,n,
 are nonoverlapping closed intervals, with xk,bk € P. Hence by (ii), it follows
 that I £2-i afc > SLi^faO - F(xk)) > -M.

 Theorem 3 Let F : [a, 6] - ► M, P C [a, 6], c = inf(P), d = sup(P). Then the
 following assertions are equivalent:

 (i) F 6 VB * on P;

 (ii) F e VB* on P;

 (iii) F £ VB* n VB* onP;

 (iv) F 6 VBnVB* on P;

 (v) Fe VBnVB* onP;
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 (vi) F G VB* on PU {c, d};

 (vii) F G VB * on P and F is bounded on P.

 PROOF. By Theorem 2, (i), (ii), VB* C VB on P.
 (i) (ii) See [11] (p.229).
 (i) => (iii) => (iv) => (v) are evident.
 (v) => (i) Clearly -F G VB n VB*. We show that - F G VB*. Let

 {[ûfc,&jfc]}, k = 1,2, be a finite set of nonoverlapping closed intervals
 ak, bk G P. Let Mi, M.2 G (0, +oo) be constants given by the facts that - F G
 VB on P and -F G VB* on P, respectively. By Remark 1, 0(- F; [ak,bk])<
 -F(afc)+F(6fc)+2fi+(-F; [ ak , bk] A(Pr[ak, bk)). Hence ££=1 0(-F ; [akj bk ]) <
 M1 + 2M2 and -Pg VP* on P. It follows that F e VB * on P.

 (ii) =*► (vi) Let F e VB* on P. Then F e VB * on P. Hence F e VB * on
 PU {c, d}.

 (vi) => (iv) Let F G on P U {c, d}. Then F G VP on P U {c, d}. By
 Theorem 1, (iv), (i), F G VB on P.

 (ii) => (vii) Let F € VB* on P. Then F is bounded on P and F G VP"
 on P. Hence F G VP* on P.

 (vii) => (iv) Let F G VP* on P, F bounded on P. Then F G VP on P.
 By Theorem 1, (v), (i), P G VP on P.

 Theorem 4 Let F : [a, b] - > M, P C [a, 6]. T/ien VP* C VB*G on P.

 Proof. If F is bounded on P, see Theorem 3, (i), (vii). Suppose that F is
 not bounded on P and let Pn = {x G P : |P(z)| < n}, n = 1,2, . . . . Then
 P = UPn and P is bounded on each Pn. Hence F G VP* on each Pn. It
 follows that P G VB*G on P.

 Theorem 5 Lei P : [a, 6] - ► M, and let P be a closed subset of [a, 6]. Then
 the following assertions are equivalent :

 (i) P G VB*G on P;

 (ii) For each perfect subset S of P there exists a portion S H (c, d), such that
 F G VB* on S H (c, d);

 (iii) F G VB*G on each Z C P, whenever 'Z' = 0.

 Proof, (i) <=> (ii) See [11] (Theorem 9.1, p. 233).
 (i) => (iii) is evident.
 (iii) => (ii) Let 5 be a closed subset of P. Let Z C S be a G^-set, such that

 'Z' = 0 and Z = S (this is possible, indeed: let Z' = {x G 5 : x is a rational
 number or x is an endpoint of some interval contiguous to P} = {xi, £2, • • •}•
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 Gj = UjLi(xi - 27T T^i + 2 3Tt)» J =_1,2,... . Let Z = Then
 Zi C Z, |Z| = 0 and Zi = 5. Hence Z = S). Since F G VB*G on Z, there
 exists a sequence of sets {Z¿}, z > 1, such that Z = U^Z* and F G VP* on
 Z¿. By Theorem 3, (i), (ii), F G VB * on Zi. By the Baire Category Theorem
 (see [11], p. 54), there exists an open interval 7, such that <ļ> ^ I fi Z C Z¿, for
 some i. It follows that F G VB* on I fi Hence F G VB* on I fi Z. But

 7nS = /nZc/nZ. (Indeed, let xq e I DZ and suppose to the contrary that
 xo ^/nZ; then there exists S > 0 such that (xo - <5, xo + <5) H (a, b) D Z = 0;
 let 6' = min{<5; xo - inf(J); sup(Z) - xo}; then (xo - ¿i,xo + ¿i) D (a, 6) n Z =
 (xo - 5i, xo 4- <5i) fi Z = 0, a contradiction, since xo G Z.) Hence F G VB * on
 Jn 5.

 Conditions AC, AC, AC* , AC* , AC** , AC**

 Definition 7 Leż F : [a, 6] - ► R, P C [a, 6]. F żs said to be AC (respectively
 AC ) on P , if for each € > 0, there exists a 6 > 0 such that Ylk= 1 1 ^(Pk) -
 F(ak) I < e (respectively Ylk=i(F(bk)-F(ak)) > -e), whenever {[ak,bk]}, k =
 1, 2, . . . , n, is a finite set of nonoverlapping closed intervals, with a^, 6fc € P
 and 5Zfc=i (bk - a>k) < 6- Let AC = {F : - F G AC}. (AC, AC - Ridder's con-
 ditions, see [9] p. 235, 236). We define ACG . ACG and ACG using Definition
 1.

 Definition 8 Let F : [a, b] - > ffi, P C [a, 6]. F ¿s said to be AC' (respectively
 AC' ) on P, if for each e > 0, there exists 6 > 0, such that I F(bk) -
 F(afc)| < e (respectively J2k=i(F(bk)- F (ak)) > -e), whenever {[afc,òjt]}, k =
 1,2, set of nonoverlapping closed intervals, with G P U P+, bk G
 PUP_ and 5Z£=i (bk - a&) < 6, where P- = {x € P : x is a left accumulation
 point} and P+ = {x e P : x is a right accumulation point}. F is said to be
 ĀČ' on P if -Fe AC on P.

 Definition 9 Let F : [a, 6] - ► Ä, P C [a, 6], c = inf(P), d = sup(P). F
 25 sazd to be AC * (respectively AC* ) on P, if for each e > 0 there exists a
 6 > 0, such that Ylk=i 0(F; [^fc, bfc]) < £ (respectively £]£=i 0-(F; [a&, 6/«] A
 (Pn [ûfc,6fc])) > -e), whenever {[afc,Ďfc]}, fc = 1,2, ...,n, zs a finite set of
 nonoverlapping closed intervals, with ak,bk G P and - ajt) < <5. Leí
 AC* = {F : -F G AC*}. (AC*, AC* - Ridder's conditions, see [9], p. 251).

 If in addition F is bounded on [c,d], then we obtain the conditions : 6AC*,
 6 AC* , 6 AC* . We define AC*G, AC*G,ÃC*G,6AC*G,òAC* and bĀČ*G us-
 ing Definition 1.

 Definition 10 Let F : [a, 6] - ► K, P C [a, 6], c = inf(P), d = sup(P). F żs
 said to be AC** (respectively AC**) on P, if for each e > 0, there exists a
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 6 > 0, such that Ylk= i 0(F; [ak.bk]) < £ (respectively Ylk= i ^-0^5 A
 (Pn [afc,6jt])) > -ej, whenever {[a^, 6fc]}, fc = 1,2, zs a finite set of
 nonoverlapping closed intervals , with PC i [ofc,6fc] ^ 0 and Ylk=i(bk - a>k) < S.

 LetÃC ** = {F:-Fe AC**}. We define AC**G,AC**G and~ĀČ**G using
 Definition 1.

 Remark 2 In [6], Lee introduced a condition called AC** . We do not know
 if it is equivalent to our condition AC** . However, Lee1 s condition AC** G is
 equivalent to our condition AC**G (see Theorem 3 of [6] and our Corollary
 !)■

 Remark 3 Let F : [a, b] - ► R, P C [a, 6]. Then we have:

 (i) AC = AC DĀČ onP;

 (ii) AC* = AC* D ĀC* onP;

 (iii) AC**AC**nĀČ ** onP;

 (iv) AC' C AC and AC' C AC on P;

 (v) AC** C AC* C AC and AC** G C AC* G c ACG on P;

 (vi) AC** C AC* C AC and AC**G C AC*G C ACG on P.

 Definition 11 (Saks, [10], p. 128). Let F : [a, 6] - ► iř, P C [a, 6]. F ¿s said
 to be N-°° on P, if 'F{{x G P : (F'P)'(x) = -oo})| = 0. Let N+°° = {F :
 -F G N-°°}. Let N°° = N~°° n N+°°.

 Theorem 6 Let F : [a, b] - ► M, P C [a, 6].

 (i) If P+ = [a, 6) and P_ = (a, 6], and F G AC7 on P, then F G AC on
 [a, 6];

 (ii) If F'-p e Ci on P and F G AC on P, then F € AC' on P;

 (iii) If F e AC on P, then F'p G C¿ on P;

 (iv) AÇ = VB D N~°° n Ci on [a, 6].

 Proof, (i) is evident.
 (ii) Suppose that F G AC on P. For e > 0, let 6 > 0 be given by the

 fact that F is AC on P. Let {[ak,bk]}, fc = 1,2, be a finite set of
 nonoverlapping closed intervals, with ak G P U p+, bk G PU?_, such that
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 fe - ûife) < <5. We may suppose without loss of generality that F(bk) <
 F(ak)i for each k = 1, 2, . . . , n. Let A' = {k : ajt, bk G P}. Clearly

 (1) £(F(6fc)-.F(afc))>-e.
 k€Ai

 Let A2 = {k : ak e P, òfc G P_ ' P}. Since F e Ci on P, there exists
 ik G (ak,bk) H P, such that P(tfc) < P(fyt) +e/2k. Hence

 (2) ]T (F(bk) - F(ak)) > £ (F(tk) - F(ak) - e/2k) > -2s.
 keA2 k€A2

 Let A3 = {k : ūk e P+ ' P,bk G P}. Since F G Ci on P, there exists
 Sk G ( ak , H P, such that F(ak) < F(sk) + e/2k. Hence

 (3) y. - F(a*v > E (*w - - £/2" ) > -2e-
 k€A^ k£Aļ

 Let A4 = {fc : ak & Pjbk P}. Since P G C¿ on P, there exist ak < Sk <
 tk < bk,Sk,tk G P, such that P(afc) < F(sk) +e/2k and F(tk) < F(bk) + e/2*.
 Hence

 (4) 53 (F(6fc) - F(afc)) > £ (F(ifc) - F(sfc) - £/2fc) > -3e.
 A:€A4 k€A4

 By (1), (2), (3), (4), it follows that Ylk=i(F(^k)-F(ak)) > -e-2e-2£-3£ =
 -8s, hence F G AC'o n P.
 (iii) is evident.
 (iv) See [3] (Corollary 5, p.398).

 Theorem 7 Let F : [a, b] - ► M, P C [a, 6]. Then we have:

 (i) AÇ* C and ¿C*G C VB*G on P;

 (ii) bAC* C VB* and bAC*G C VB*G on P;

 (iii) AC* G = bAC* G on P.

 Proof. Let c = inf(P), d = sup(P).
 (i) For e = 1, let <5 > 0 be given by the fact that F G AC* on P. Then

 P G VJ3* on / HP with constant 1, whenever I is an interval, with I n P ^ 0
 and |/| < (5. By Theorem 4, P G VB* G on P fi J. Since P can be covered
 by a finite sequence of nonoverlapping intervals i = 1, 2, . . . ,p, | J¿| < it
 follows that F G VB*G on each P fi Ji. Hence F G VB*G on P.
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 (ii) Suppose that F is bounded on [c, d'. By Theorem 3, (i), (vii), F e VB*
 on P n Ji. Let M > 0, such that 'F(x)' < M on [c, d]. Then V*(F'P) <
 ELi V (F> Pr]Jk) + 2Mp < +00. Hence F G VB* on P.

 (iii) bAC* G C AÇ*G = AÇ*G n VB*G = (AC* n VB*)G c bAC*G.
 These follow by (i), and the fact that any function which is VB* on a set E,
 is bounded on the interval [inf(jB),sup(£?)].

 Theorem 8 Let F : [a, 6] - > M, P C [a, 6]. The following assertions are
 equivalent:

 (i) F G bAC * on P;

 (ii) F G bAC * on P and F e Ci on P.

 Proof, (i) => (ii) follows by definitions.
 (ii) => (i) Since F G bAC * on P, by Theorem 7, (ii), F e VB* on P. By

 Theorem 3, (i), (ii), F e VB* on P. Since F e bAC * on P, it follows that
 F e_AC on P. By Theorem 6, (ii), F e AC' on P. We show that F G AC
 on P. For e/2, let <5 > 0, be given by the fact that F e AC' on P. Let
 {[cfc,dfc]}, k = 1,2, . . . , be the intervals contiguous to P. Since F e VB* on
 P, there exists a natural number p, such that Efclp+i 0(F; [e*;, dfc]) < e /2. Let
 7j = inf{<5 : di - ci; d<i~ C2, • • • , dp - Cp}. Let {[a¿,6¿]}, i = 1, 2, . . . , n, be a finite
 set of nonoverlapping closed intervals, with ai,bi G P and E™=1(frt - ai) <
 Tj. We may suppose without loss of generality, the following nontrivial case:
 ai G P and bi & P ' P_, for each i = 1, . . . ,n. Then there exists a natural
 number such that bi = d Clearly G P U P_ and < d^ = 6¿.
 Then £*=i(P(dfcJ - F(cfcJ + F(cfci) - F(o¿)) > -e/2 - e/2 = -e. Hence
 F G AC n on P, and by [2] (see Proposition 2), F G 6AÇ* on P.

 Theorem 9 Lei F : [a, 6] - > M and let P be a closed subset of [a, 6]. Then the
 following assertions are equivalent:

 (i) F G AC G n Ci on Pj

 (ii) F e Ci on P, and for each perfect set S C P there exists a portion
 S fi (c, d) such that F G bAC * on S O (c, d);

 (iii) F e Ci on P and F G AC* G on Z, whenever Z C P, 'Z' = 0.

 PROOF. By Theorem 7, (iii), AC* G = bAC* G on P. Now the proof is similar
 to that of Theorem 5, using Theorem 8 instead of Theorem 3, (i), (ii).

 Theorem 10 Let F : [a, 6] - ► M. Then Ci fi VB* G O N~°° C AC* G on [a, 6].
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 Proof. Let F e Cif) VB* G n N~°° on [a, b'. Then by Theorem 3, (i), (ii),
 there exist Pn = Pn, n - 1,2,..., such that [a, 6] = U Pn and F G Ci fi VB *
 on Pn. Let Fn : [a, 6] - * P, such that Fn(x) = F(x ), x G Pn, and Pn is linear
 on the closure of each interval contiguous to Pn. By [3] (see Proposition 2),
 Fn G Ci on [a, 6]. Clearly Fn G VB on [a, 6]. By [1] (see Lemma 2, p.432),
 it follows that Fn G iV~°° on [a, 6] (similarly to Theorem 6 of [1], p.433). By
 Theorem 6, (iv), Fn G AC on [a, 6]. Hence F G AC DVB* on Pn. By [2] (see
 Proposition 2), F G AC * on Pn. Thus F G AC* G on [a, 6].

 Remark 4 In [ 10 1, Saks showed that C n VB*G D N~°° C AC* G on [a, b'.

 The Condition Monotone*

 Definition 12 Let F : [a, b) - > M, P C [a, 6], c = inf(P), d = sup(P). F is
 said to be left increasing* (respectively right increasing *) on P, if F(x i) <
 F(x 2), whenever c < x' < x^ < d and x' G P (respectively 12 G Pj. P
 25 sażd to be increasing * on P , z/ it is simultaneously left increasing * and
 ńght increasing * on P. If F(x 1) < P(x2), we obtain conditions strictly left
 increasing *, stńctly ńght increasingly strictly increasing *. Similarly we define
 conditions left decreasing *, ńght decreasing *, eżc. PTe de/îne decreasing
 stńctly decreasing*G , etc. using Definition 1. Clearly monotone * = monotone
 on [a, 6].

 Theorem 11 P : [a, 6] - ► R, P C [a, 6]. If f'x) < 0 on P then F is
 stńctly decreasing *G on P.

 Proof. See [11] (the proof of Theorem 10.1, p. 235).

 Derivation Bases

 Definition 13 ([8], pp. 99, 101). Let P C [a, 6] and let 6 : P - ► (0, +00).

 (i) Let jSf[P] = {([y,z];x) : [y,z] C (x - <5(x),x + <5(x)),x G P} and
 jD^[P] = {/?^[P] : 5 : [a, 6] - ► (0,+oo)}. D#[P' is called the sharp derivation
 basis on the set P. If 6 are constant functions, then we obtain the uniform
 sharp derivation basis U& [P] on the set P.

 (ii) Let ßß[P] = {([2/, z];x) : x G P and x G [y, z] C (x - <5(x),x + <5(x))}
 and let D°[P] = {/?¿[P] : 6 : [a, 6] - ► (0, +00)}. D°[P] ś's called the ordinary
 derivation basis on the set P. If 6 are constant functions, then we obtain the
 uniform ordinary derivation basis U°[P] on the set P.

 (iii) Let ßs[P] = {([î/i*]; s) : x G P, y = x or z = x, and [î/,z] C (x -
 <5(x),x + <5(x))} and let D[P' = {/?¿[P] : 6 : [a, 6] - ► (0, +00)}. D[P ] is called
 the derivation basis on the set P. If 6 are constant functions, then we obtain
 the uniform derivation basis U[P] on the set P.
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 Lemma 2 ([ 5], p. 83). Let 6 : [a, 6] - ► (0, +oo). Then there exist a partition
 cl - X Q ^ X j ^ ^ oc y i - 6 and G ļx ¿ _ ļ , , % - 1,2,.. >, ti ^ such that
 [x¿-i,x¿] C (ti - <5(£¿),í¿ + ¿(*i)), 2 = 1,2, . . . ,n.

 Conditions ACD # , , ACd, . . .

 Definition 14 Leč F : [a, b] - ► Ä, P C [a, 6]. F zs said to be AC D# on
 P, if for every € > 0 there exist r¡ > 0 and 6 : P - > (0, +oo), sz/c/i that
 Sr=i (F(di) ~~ F(ci)) > ~£> whenever [c¿,d¿], i = 1,2, are nonoverlap -
 ping closed intervals , with Y17=i(^í~cí) < ^ anc^ (I0»» <^¿]; ^i) € /^[P]- F zs said
 to be ACd # on P if , -F e AC D* on P , i.e., ¿"=1(F(d¿) - F(c¿)) < £. Le¿
 ACD# = i4Cx>#rii4Cx)# onP, ie., ^ILi < £ • IfweputD0 and
 ßß instead of D* and ßf , we obtain conditions AC Do , AC no , ACno on P. //
 we put D and ße instead of D # and ßf , we obtain conditions ACD , AC d , AC#
 on P.

 Remark 5 Let F : [a, 6] - > K, P C [a, 6].

 (i) ACjjo C AC do = ACd ûnd ACjjoG C ACpoG = ACdG on P.

 (ii) AC ¡jo C AC £io - AC and AC^jo G cz AÇ_j^oG = AC_qG on P.

 (iii) AC p# C i4C¿)0 and AC D* C ACDo on P.

 (iv) Conditions AC o o and ACd have been defined by Gordon in [Ą].

 Lemma 3 Let F : [a, 6] - ► M, P C [a, 6]. The following assertions are equiv-
 alent:

 (i) F G ACd* (respectively F G AC D* ) on P;

 (ii) For eac/i e > 0 there exist 77 > 0 and S : P -> (0, +00) such that
 EiLi V(F'> [Ci, d*]) < e (respectively Th=1V(F; [ct,dť]) > -e), when-
 ever [ci,d¿], ż = 1,2, ...,n are nonoverlapping closed intervals , with
 E"=i(ái - Ci) <T] and ('ci,di];ti) € /J*[P].

 PROOF, (i) => (ii) For e > 0, let 77 > 0 and 6 : P -> ( 0, +00) be given by
 the fact that F e ACD # (respectively F € ACD#) on P. Let ([c¿, d¿]; t¿) G
 ßflP], i = 1,2 , . . . , ri, such that [c¿, d¿], ż = 1, 2, . . . , n are nonoverlapping
 closed intervals, with Ya=i(^í ~ cí) < V- Let [c¿j, d¿j], j = l,2,...,fc¿,
 be a finite set of nonoverlapping closed intervals contained in [c¿, d¿] . Then
 ([Ci,j,ditj];ti)€ß*[P], i = l,2,...,n, j = 1,2,. . .,fc¿. Since E"=i
 c¿j) < Tļ, it follows that Er=1 - F(ci,j)' < £ (respectively
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 HUE?! i(F(dij) - F(aj)) > -e). Hence EJLiWfe.*]) < e (respec-
 tively £"=1 Z(F;[c¿,d¿]) > -s).
 (ii) => (i) For e > 0 let 77 and S be given by (ii). Let {[c¿, di]}, i = 1,2,..., n,

 be nonoverlapping closed intervals with - c¿) < rj and ([o¿, G
 /?f[P]. Then £"=1 'F(dì) ~ ^(cOI < Y,?=iV(F', [c»>d»]) < e (respectively
 £?=i (F(di) - F(ci)) > £?=1 V(F-, M]) > -s).

 Lemma 4 Lei F : [o, b] - ► R, P C [a,b]. The following assertions are equiv-
 alent:

 (i) F € AC do (respectively AC po ,) on P;

 (ii) For each e > 0 there exist t) > 0 and 6 : P - ► (0, +oo), such that
 £"=i A {^}) < £ ( respectively £"=1 Ū-(F; [c», d¿] A {í¿}) >
 -e), whenever [c¿,d¿], i = 1,2, ...,n, are nonoverlapping closed inter-
 vals, with £"=1(d¿ - Ci) <V and ([c¿,di];í¿) e /3°[P].

 Proof, (i) =» (ii) For e > 0 let > 0 and 6 : P - ► (0, +oo) be given by
 the fact that F e AC d o (respectively F € AC Da ) on P. Let ([cj,d¿];t¿) €
 /3¿[P], i = 1,2, such that [c¿,d¿], i = 1,2, are nonoverlapping
 closed intervals, with £™=1(d¿ - c¿) < r?. Then £"=1 fi(P; [ci,d¿] A {t¿}) =
 £?=i sup{|P(x¿)-P(í¿)| : Xi € [c¿,d¿]} < e (respectively £"=1 Q-(F; [c¿, A
 {fi}) = £"=i inf{P(y») - P(ť») and F (ti) - F(x¿) : c, < x» < í¿ < y¿ < d¿} <
 £).

 (ü) =► « £?=i |P(di)-P(ci)| < ELidWJ-FWI + TOJ-Fíc,)!) <
 2£?=iíí(F;[ci,dj] A {*<)) ^ 2e (respectively £"=1(F(d¿) - F(c¿)) =
 EU(F(di) - F(ti) + F(U) - F(d)) > 2£"=1 fi_(F; [a, di] A {í¿}) > -2e).

 Theorem 12 Let F : [a, 6] - * M, P C [a, 6]. Then we have:

 (i) AÇ" = ACrr „ on P;

 (ii) AC" = ACvo on P.

 Proof, (i) For e > 0 let r¡ > 0 be given by the fact that F £ AC" on
 P. Let {[a¿, òj]}, i = 1, 2, . . . , n, be nonoverlapping closed intervals such that
 [a¿,&¿] n P 0 and £?=1(&t - o») < V- Let 6 : P -* (0,+oo), <5(x) = tj.
 Let U € [o¿, í>i] n P. Then [a¿, 6¿] C [č, -r),ti + r¡] and £"=1 fi- (F; [a¿, 6¿] A
 {U}) > £"=1 fi-(F; [a¿,í>i] A P) > -e. By Lemma 4, P € ACr,o on P.
 Conversely, for e > 0, let r¡ and 6 be given by the fact that F G AC (jo on
 P. Let ¿i = m'm{r¡, 6}. Let [oí,6¿], i = 1,2, ... ,n, be nonoverlapping closed
 intervals such that [a¿,6¿] fi P 0 and £™=1(ó¿ - a¿) < <5i. Then we have
 £"=i fi- (F; [CUM] A P) = £2.i inf{P(y¿) - F(U) and F(tt) - F(zf) : a¿ <
 Xi < U <yi< bi, U 6 P} > -e.
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 (ii) is evident.

 Conditions YD # , Yd o , Yd, . . .

 Definition 15 Lei F : [a, 6] - > JR. F zs said to be Y_D # on [a, 6], z//or eac/i
 Z C [a, 6] luzi/i |Z| = 0, and for each e > 0, there exists 6 : Z - ► (0, +oo),
 such that ^LiCF^d») - F(ci)) > - £> whenever [c¿,di], z = 1,2, ...,n; are
 nonoverlapping closed intervals and ([c¿,d¿];t¿) € í1 ¿5 said to be Y D #
 on [a,b]_if -F e YD # on [a, 6], i.e., ~ -F(ci)) < £. Lei VD# =
 yD# nyD# on [a, 6], i.eůf £"=1 I F(<h) - ^(c*)l <e> _

 If we put D° and instead of D# and ßf , we obtain conditions Y_Do,Y _ dq

 and Ydo on [a, b'. If we put D and ßs instead of D # and ßf , we obtain
 conditions Y_D , Y d and Yd on [a, b'.

 Remark 6 Let F : [a, 6] - ► M. Then we have:

 (i) Yd o = Yd on [a, 6];

 (ii) yDo = on [a, b];

 (iii) yD# C yDo andY_D # C yDo on [a, 6].

 (iv) yDo was defined by Lee Peng Yee in [6], but he called it " the strong Lusin
 condition ". This condition also appears in Lemma 2 of [Ą].

 Lemma 5 Let F : [a, Ď] - ► M. The following assertions are equivalent :

 (i) F G Yd* (respectively F € Y_D# ) on [a, b);

 (ii) For each Z C [a, 6], 'Z' = 0, and for each € > 0, there exists 6 : Z - >
 (0, +oo) such that V(F' [o¿, d»]) < e (respectively Y-iFì fei ¿»D
 > - e), whenever [c¿, d¿], ż = 1,2, ...,n, are nonoverlapping closed in-
 tervals and ([ci,di]'ti) € ßf[Z].

 Proof. The proof is similar to that of Lemma 3.

 Lemma 6 Let F : [a, 6] - > R. The following assertions are equivalent:

 (i) F e YDo (respectively F e Y_D 0 ) on [a, 6];

 (ii) For each Z C [a, 6], 'Z' = 0, and for each e > 0 there exists 6 : Z - ► Ä+,
 such that ^(i71; [c¿, d»] A{£¿}) < e (respectively YlZ= i ^-(F; [c¿, d¿] A
 {¿i}) > - e), whenever [c¿,d¿], ż = 1,2, . . . ,n, are nonoverlapping closed
 intervals and ([ Ci,di];£¿ ) G /?£[£].
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 Proof. The proof is similar to that of Lemma 4.

 Theorem 13 Let F : [a, b] - > K. Then we have:

 (i) Yd o € VB*Gr'CinN-°° on [a, 6];

 (ii) yD# cFBnC¿n N-°° on [a, 6].

 Proof, (i) We show that F G Ci on [a, 6]. Let xo G [a, 6]. Then there exists
 <5(xo) > 0 such that Í7_ (jP; [u,v] A {xo}) > - £, whenever xq - <5(xo) < u <
 xo < v < xo + ¿(xo), u ^ v. Hence F £ Ci at xo-
 We show that F G VB*G on [a, 6]. By Theorem 5, (iii), it is sufficient to
 show that F G VB*G on each Z C [a, 6], whenever |Z| = 0. For e > 0, let
 <5 : Z - » (0, +oo), be given by the fact that F G Y_D 0 on [a, 6]. Let Zn = {x G
 Z : 6(x) > l/n}, n = 1,2, . . . . Then Z = UgjZn. Let Zn<i = ZnC' [±, ^).
 Fix n and z, such that Zn)i ^ 0. We show that F G ¿B* on Zn¿. Let
 [cjfejdfc], fe = 1,2, ... , n, be nonoverlapping closed intervals with endponts in
 Zn>¿. Let Xfc € [Cfe.dfc]. Then ([cfe,Xfc];cfe) and ([xk,dk];dk) belong to /$[Z„,ť].
 Hence Z7=i(F(xk) - F(ck)) > -e and ££=1(F(4) - F(xk)) > -e. By
 Theorem 2, (i), (ii), F G VB * on Zn,¿. By Theorem 4, F G VB*G on Zn¿.
 Hence F G VB*G on Z.

 We show that F G A/"-00 on [a, b]. Let E~°° = {x : F'(x) - - oo}. By
 Lemma 1 we have |F~°°| = 0. By Theorem 11, F is strictly decreasing*G on
 F"°°, i.e., E~°° = 'J^=lEn and F is strictly decreasing* on each En. Clearly
 'En' = 0. Let e > 0 and 6 : En - ► (0, +oo) be given by the fact that F G Y_D 0
 on [a, b'. For t G En let An(t) = {[F(v),F(t¿)] : t - 6(t) < u < t < v <
 t + 6(t),u ü}. Then F(t) G [F(t;),F(u)] and F(v) ± F(u) (since F is
 strictly decreasing# on En ). Let a > 0. Since F G C¿ on [a, 6], there exists
 t - 6(t) <ui<t<v'<t + 6(t), such that Í2-(F; [t,v i] A {£}) > -a/2 and
 śi_(F; [i¿i,í] A {t}) > e - a/2. But Œ_(F; [t,v i] A {£}) = F(vi) - F(t) and
 íi_(F; [ui,i] A {£}) = F(£) - F(ui) (since F is strictly decreasing* on Fn).
 Hence 0 < F(ui) - F(vi) < a. Let An = Ui€£nj4n(t). Then An is a cover
 in the Vitali sense of the set F(En). By the Vitali Covering Theorem, there
 exists a finite set of pairwise disjoint closed intervals , i = 1, 2, . . . , N,
 such that

 N

 (1) |F(£n)|<£|FM-F(<)|+£
 1=1

 For each i = 1,2 , . . . , iV, let U G En such that U - 6(ti) < Ui < U < Vi <
 ti + Sfa). Then F(u¿) - F(ui) > 0 and ^^(F^) - F(u*)) > -e. By (1),
 'F(En)' < 2e. It follows that |F(Fn)| = 0. Hence |F(F~°°)| = 0. Thus
 F G N~°° on [a, 6].



 CHARACTERIZATIONS OF AC AND AC FUNCTIONS 505

 (ii) By (i) and Remark 6, (iii), we need only to prove that F G VB on [a, b].
 Let e > 0 and t G [a, 6]. By Lemma 5, for Z = {¿}, there exists S(t) > 0 such
 that V(F ; [i¿, t;]) > -e, whenever [u,v] C (t - 6(t),t + 6(t)). Hence F G VB on
 [u, v]. By Theorem 1, (i), (iv), F G VB on [u, v]. By Lemma 2 there exist a
 partition a = xo < X' < • • • < xn = b and G [x¿_i, x¿], i = 1, 2, . . . , ti, such
 that [x¿_i,x¿] C (U - 6(ti),ti + 6( U )), i = 1, 2, . . . , ti. It follows that F G VB
 on [xí_i,x¿], i = 1,2, . . . ,n. Hence F G VB on [a, 6].

 Characterizations of AC* G fi C, AC? G fi AC and AC

 Lemma 7 Leí F : [a, b] - > M. Then we have :

 (i) .AC £ìO CI Y_£)0 071 [û, 6]/

 (ii) ACd# C H/}# 071 [ajb'-

 Proof. Let Z C [a, 6], |Z| = 0. Then Z = U^ĻļZn, where the sets Zn, n =
 1,2,. , are pairwise disjoint, and F G AC D o (respectively F G ACD*) on
 each Zn. Let e > 0. For each n there exist 6n : Zn - ► (0,+oo) and a pos-
 itive number r]ni such that Ef=i ^-(^5 [cn,i»dn,i] A {tn,¿}) > -e/2n (respec-
 tively > - £/2n), whenever [cn,¿, dn,¿], z = 1,2, . . . , s„,
 are nonoverlapping closed intervals, with E¿=i(^n,z ~~ Cn.i) < Vn and
 {[Cn,i,dnii',tn¿) G /?2n[Zn] (respectively ßfn[Zn]), see Lemma 3 and Lemma 4.
 For each n choose an open set C/n, such that Zn C Un and 'Un' < rjn. Let
 <5 : Z - > (0,+oo), 6(t) = min{¿n(t); d(t' R ' Un )}, t G Zn. Let [cj,dj], j =
 1,2, ... ,ra, be nonoverlapping closed intervals such that ([cj,dj]'tj) G /?J[Z]
 (respectively ßf [Z]). Let An = {j G {1,2, : tj G Zn}. Then
 £¿li ß-(f; [Ci,di] A {tj}) = n-(^5 a {tj}) > £^(-*/2») >
 - e (respectively Ejli > -£:)- By Lemma 5 (respectively Lemma
 6), F G yDo (respectively F G Zd#) on [a> &]•

 Remark T /ti Lemma 2 of [4], Gordon showed that ACpoG C Yb o.

 Theorem 14 Let F : [a, 6] - > M. The following assertions are equivalent:

 (i) F G AC* G H Ci on [a, 6];

 (ii) F Ç: Ci on [a, 6], and for each perfect subset S C [a, 6] ¿Ziere existe a
 portion S Pi [c, dj, suc/i that F G 6AC* on 5 fi [c, d];

 (iii) F G Ci on [a, 6] and F G AÇ_*G, whenever Z C [a, 6], |Z| = 0;

 (iv) FeAC**G on [a, 6];

 (v) F G ACjjoG on [a, 6];
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 (vi) F € ACpoG on [a, 6];

 (vii) F e Y_d o on [a, 6];

 (viii) F e Ci n VB'G n N~°° on [a, b].

 Proof, (i) «=> (ii) <=> (iii) follow by Theorem 9.
 (i) => (iv) First, we show that if F 6 bAC* on P C [o, Ò] and F € Ci at
 each point of P, then F e bAC* on P. By Theorem 8^.F 6 bAC* on P. Let
 {(cfc,dfc)}, k = 1,2, . . . , be the intervals contiguous to P. For s > 0 let 6 > 0
 be given by the fact that F € bAC* on P. Let AT be a natural number such
 that ~Z,k>N+ i(d* - cfc) < Then

 (1) ^2 lck,dk] A {cjfe,dfc}) > -e.
 k>N+ 1

 Let rj > 0 such that rj < (dk - Ck)/ 2, k = 1, 2, . . . , N and

 N

 (2) ^(fi_(F; [ck,ck + ri} A {cfc}) + fi_(F; [dfc - 77,4] A {dfc})) > -e.
 k=l

 (this is possible since F G Ci on P.) Let <$i = inf {6, 77}. Let {[a¿,6¿]}, i =
 1, 2, . . . , n, be a finite set of nonoverlapping closed intervals such that [a¿, 6¿] fi

 P í 0 and - ai) < 6 1. Let a- =Jnf([a¿, ó¿] D P) and 6- = sup([a¿, bj' fi
 P). By (1) and (2), since F G bAC * on P, we have ^-(^5 [a¿> &*] A (P D
 [oiA])) > ELi «-OF; A (Pn [aí.òj])) + M a {<}) +
 EÎ.1 [6¿>6*] A > -£ - 2£ - 2e = -5e. Hence P G bAC** on P.
 By Theorem 7, (iii), AC* G n Cť = bAC* G n Cť C bAC**G.

 (iv) <=> (v) See Theorem 12, (i).
 (v) => (vi) See Remark 3, (ii).
 (vi) => (vii) See Lemma 7, (i).
 (vii) => (viii) See Theorem 13, (i).
 (viii) => (i) See Theorem 10.

 Corollary 1 Let F : [a, b] - ► M. The following assertions are equivalent:

 (i) Fe AC*GnC on [a, 6];

 (ii) F e C on [a, b] and for each subset S C [a, 6] there exists a portion
 S fi [c, d] such that F G bAC * on 5 fi [c, d];

 (iii) F eC on [a, 6] and P G AC*G on Z, whenever Z C [a, 6], |Z| = 0;

 (iv) P G AC** G on [a, 6];
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 (v) F G ACuoG on [a, 6];

 (vi) F G ACqoG on [a, 6];

 (vii) F G Yp o on [a, 6];

 (viii) F € C H VB*G n N°° on [a, 6].

 Remark 8 The equivalence between (i) and (vi) in Corollary 1, was already
 shown in [4] and /iff/.

 Theorem 15 Let F : [a, 6] - ► M. The following assertions are equivalent:

 (i) F G AC on [a, b';

 (ii) F e Ci on [a, 6] and F G AC on Z, whenever Z C [a, 6], 'Z' = 0;

 (iii) F G VB n N~°° fi C¿ on [a, 6];

 (iv) F G ACp o on [a, 6];

 (v) F € ACc/# on [a, 6];

 (vi) F G ACV*G on [a, 6];

 (vii) F € AÇd# on [a,6];

 (viii) F G AÇ.D#G on [a, &];

 (ix) F € yD# on [a, 6].

 Proof, (i) => (ii) See Theorem 6, (iii).
 (ii) =» (i) Let Z be the set of all rational numbers of [a, b'. By Theorem 6,

 (ii), F G AC' on Z. By Theorem 6, (i), since Z+ = [a, 6) and Z_ = (a, 6], F G
 AC on [a, 6].

 (i) <=> (iii) See Theorem 6, (iv).
 (i) => (iv) This follows by definitions.
 (iv) => (i) For e > 0, let r¡ > 0 and 6 : [a, 6] - > (0, -foo), be given by the fact

 that F G ACp o on [a, &]. Let [c*, cfe], fc = 1, 2, . . . , n, be nonoverlapping closed
 intervals, with Ysk=i(dk - c-k) < V- By Lemma 2, there exist a partition Ck =

 i < ••• < = djç and G - l? ^/c,i] C (í/c,¿ ~ł~
 í(íw)). Then ELi(m)-^(cO) = ELi
 hence F G AC on [a, 6].

 (i) (y) => (vi) =*► (viii) and (v) => (vii) => (viii) follow by definitions.
 (viii) => (ix) See Lemma 7, (ii).
 (ix) =*> (iii) See Theorem 13, (ii).
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 Corollary 2 Let F : [a, 6] - » M. The following assertions are equivalent:

 (i) F e AC on [a, 6];

 (ii) F eC on [a, 6] and F e AC on Z, whenever Z C [a, 6], 'Z' = 0;

 (iii) F e VB n iV°° D AC on [a, 6];

 (iv) F e AC do on [a, b];

 (v) F e AC u # on [a, 6];

 (vi) F e ACu#G on [a,ò];

 (vii) F e ACd # on [a, 6];

 (viii) F € AC d# G on [a, 6];

 (ix) F G yD# on [a, 6].

 Remark 9 TTie equivalence between (i) and (iv) in Corollary was already
 shown in [4] (the proof of Theorem 5).

 We are indebted to Professor C. E. Weil, who after many talks encouraged
 me to write this paper, during my state at Michigan State University (1991-
 92).

 Special thanks to Professor J. Marik and to the reviewers, who have care-
 fully read this paper.
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