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ON pB-CONTINUOUS FUNCTIONS

Abstract

In this paper, the authors obtain several characterizations of 8-
continuity due to Abd El-Monsef et al. [1] and show that almost quasi-
continuity in the sense of Borsik and Dobo$ [3] is equivalent to §-
continuity.

1. Introduction

As a generalization of semi-continuity [6] and precontinuity [8], Abd El-Monsef
et al. [1] defined B-continuous functions. Quite recently, Borsik and Dobos [3]
have introduced the notion of almost quasi-continuity which is weaker than
that of quasi-continuity [7] and obtained a decomposition theorem of quasi-
continuity. In this paper, we obtain several characterizations of §-continuity
and show that almost quasi-continuity is equivalent to 8-continuity.

2. Preliminaries

Throughout the present paper, X and Y always mean topological spaces.
Let A be a subset of a topological space X. The closure and the interior
of A are denoted by Cl(A) and Int(A), respectively. A subset A is said to
be semi-open [6] (resp. preopen [8], f-open [1] or semi-preopen [2]) if
A C Cl(Int (A)) (resp. A C Int(Cl(4)), A C Cl(Int(CI(A)))). The family of
all semi-open (resp. preopen, B-open) sets of X is denoted by SO(X) (resp.
PO(X),B(X)). The complement of a semi-open (resp. preopen, B-open) set
is said to be semi-closed [4] (resp. preclosed [5], B-closed [1]). The inter-
section of all semi-closed (resp. preclosed, §-closed) sets containing a set A is
called the semi-closure (resp. preclosure, g-closure) of A and is denoted by
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sCl(A) (resp. pCl(A),BCl (A)). The union of all semi-open (resp. preopen,
[-open) sets contained in A is called the semi-interior (resp. preinterior,
S-interior) of A and is denoted by sInt (A) (resp. pInt(A), SInt(A)).

In [2], among others, the following properties were established:

Lemma 2.1 (Andrijevié [2]). Let A be a subset of X. Then
(a) BCI(A) = AUInt(Cl(Int (4))),
(b) BInt(A) = ANCl(Int(Cl(A4))),
(c) sCl1(A) = AUInt(Cl(A4)),
(d) sInt(A) = ANCl(Int(A)),
(e) sInt(Cl(A)) = Cl(pInt(A)) = Cl(Int(C1(A))),
(f) sCl(Int(A)) = Int(pCl(A)) = Int(Cl(Int (A))).

3. Almost quasi-continuity and A-continuity

Definition 3.1 A function f : X — Y is said to be S-continuous [I] if
f~Y(V) € B(X) for every open set V of Y.

Definition 3.2 A function f : X — Y is said 1o be almost quasi-contin-
uous [3] at a point z of X if for each neighborhood V of f(z) and each
neighborhood U of z, the set f~1(V)NU is not nowhere dense. A function is
said 1o be almost quasi-continuous [9] if it has the property at every point
of the domain.

First, we obtain characterizations of almost quasi-continuous functions.
Theorem 3.3 The following are equivalent for a function f: X =Y :

(a) f is almost quasi-continuous at a point z of X.

(b) For each neighborhood V of f(z) and each neighborhood U of z, there
ezisls a nonemply open set G such that G C U and G C CI(f-}(V)).

(¢) For each neighborhood V of f(z), there erists U € SO(X) containing z
such that U C C1(f~1(V)).

(d) for each neighborhood V of f(z), z € Cl(Int(CI(f-*(V)))).

(e) for each neighborhood V of f(z), there ezxists U € B(X) containing z
such that f(U) C V.
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PRrooF. (a) = (b): Let U be any neighborhood of z and V any neighborhood
of f(z). Then f~}(V)NInt(U) is not nowhere dense and hence we have

0 # Int (Cl(f~1(V)NInt(U))) C Cl(Int(V)).

Put G = Int (C1(f~1(V)NInt(U)))NInt (U). Then G is a nonempty open set
such that G C U and G C CI(f~}(V)).

(b) = (d): This is obvious.

(d) = (a): For any neighborhood U of z and any neighborhood V of f(z),
we have z € Cl(Int (C1(f~1(V)))) and hence

0 # Int(U)nInt(Cl(f~1V)))
= Int[Int(U)NCL(f~1(V))] C Int (CL(U N f~1(V))),

where we used the fact that if G is open, then GNCl(4) C ClI(G N A) for
every subset A. Therefore, f~}(V)NU is not nowhere dense.

(e) = (c): For each neighborhood V of f(z), there exists Uy € B(X)
containing z such that f(Up) C V. Put U = Cl(Uo). Then we have U €
SO(X) and z € U C CI(f~1(V)).

(¢) = (d): Let V be any neighborhood of f(z). There exists U € SO(X)
containing z such that U C Cl(f~1(V)) and we obtain

z € U c Cl(Int(U)) c Cl(Int (C1(f~1(V)))).

(d) = (e): Let V be any neighborhood of f(z). Then z € f~1(V'). Now put
U = BInt (f~1(V)). Then it follows from Lemma 2.1 (b) that z € U € B(X)
and f(U)C V.

Remark 1 In [3, Remark 2], it is stated without the proof that (a) and (b) in
Theorem 3.1 are equivalent for each other. Moreover, the referee pointed out
that Theorem 3.3 (d) was used in the definition of almost quasi-continuity by
Neubrunnovd and Saldt [9].

Theorem 3.4 A function f: X — Y is almost quasi-conlinuous if and only
if il is B-continuous.

ProoF. The proof follows from Theorem 3.3 (d).

Theorem 3.5 The following are equivalent for a function f: X — Y.
(a) f is B-continuous;
(b) for each subset A of X, f(BCl(A)) C Cl(f(A));
(c) for each subset B of Y, BCI(f~*(B)) C f~*(CI(B));
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(d) for each subset B of Y, f~'(Int(B)) C BInt (f~(B));
(e) for each open set V of Y, f~1(V) C sInt(CI(f~-1(V)));
(f) for each open set V of Y, f~(V) C Cl(pInt (f~1(V)));
(g) for each subset B of Y, Int(pCl(f~1(B))) C f~(CI(B));
(h) for each subset A of X, f(Int(pCl(A))) C CI(f(A));

(i) for each subset A of X, f(sCl(Int(A))) C Cl(f(A));

(§) for each subset B of Y, sCl(Int (f-(B))) C f~}(CI(B)).

ProoF. The proof is obtained by using Lemma 2.1 and is left as an exercise.
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