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ARCWISE ALMOST CONTINUOUS
FUNCTIONS

In this paper we introduce the property of the arcwise almost continuity
and investigate relationships between the notions of almost continuity
and arcwise almost continuity.

1. Introduction.

The notion of almost continuity introduced by Stallings [7] has been investi-
gated in many directions, in particular to generalize the Brower fixed point
theorem. In this paper we introduce the property of the arcwise almost con-
tinuity. (Note that an analogous notion of the arcwise Darboux property was
introduced by Pawlak in [6].) We consider relationships between the almost
continuity and the arcwise almost continuity. In particular we give an example
of an arcwise almost continuous function from I? into I? with no fixed points
(such a function is not almost continuous). Following ideas from [5] we define
the notion of (K, G), pairs of topological spaces X, Y. For such pairs (.X,Y)
we give a method of construction of arcwise almost continuous functions from
X into Y. Moreover, we study several topological and algcbraic properties
of arcwise almost continuous functions analogous to that considered in [5] for
almost continuous functions.

We shall use the notation introduced in [5]. In particular, symbols X,
Y denote topological spaces, R denotes the real line and I denotes the unit
interval. The symbol A(X,Y’) denotes the class of all almost continuous func-
tions (in the sense of Stallings) from X into Y. Recall that f: X — Y is
almost continuous iff for any open set U C X x Y containing f, U contains
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a continuous function g : X — Y [7] (we consider a function and its graph
to be coincident). Note that f : X — Y is almost continuous iff it intersects
every blocking set in X x Y (see [3] or [5], Remark 1.1 (p. 464)). The sym-
bol Dp(X,Y) denotes the family of all functions having Pawlak’s property,
i.e. functions f : X — Y such that f(L) is connected whenever L is an arc
in X [6]. Note that if X is a Hausdorff space and Y is hereditarily normal,
then A(X,Y) C Dp(X,Y) (see [5], Theorem 1.2 (p. 472); unfortunately, the
assumption on X was omitted in that theorem.)

2. Basic properties.

A function f : X — Y is arcwise almost continuous (in the sense of Stallings)
iff f|L is almost continuous for each arc L € X. The class of all arcwise almost
continuous functions from X into Y will be denoted by A,(X,Y).

Note that [5], Theorem 3.4 (p. 480) implies the following characterization
of the arcwise almost continuity.

Remark 2.1 A function f: X — Y is arcwise almost continuous iff foh
is almost conlinuous for every homeomorphic injection h : I — X.

Example 2.1 There exists a topological space X such that

AX, D\ Aa(X,I) £ 0.

Indeed, let 7 be the topology on X = I U {2} defined by the following
condition:

e U € riff either U is open in the Euclidean topology on I, or U = {2}UV,
where V is an open neighbourhood of 1 in I

It is easy to observe that the function f: X — I defined by

f(x):{ 0 forz=1,

1 otherwise

is almost continuous (since each neighbourhood of f in X x I contains a con-
stant function g = 1), but f|I is not almost continuous. Hence f is not arcwise
almost continuous. 0

However, [5], Theorem 2.1 (p. 473) yields the following result.

Theorem 2.1 Suppose that X is a Hausdorff space. Then every almost con-
tinuous function is arcwise almost continuous.

From [5], Lemma 2.2 (p. 474) and Lemma 2.3 (p. 475) we conclude that
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Theorem 2.2 Suppose that A C R and Yy is a conver subset of RX. Then
A(A, Yo) = A(A, Yo).

Example 2.2 Let f : [-1,1] x R — R be Lipisiski’s function (see [5], Ez-
ample 1.7 (p. 472)). Then

f € Au[-1,1] x R, R)\ A([-1,1] x R, R).

Indeed, let L be an arc in [—1,1] x R — R. Then there exists a compact
interval J C R such that L C [-1,1] x J. By [5], Corollary 4.2,(1) (p. 487),
fl[=1,1] x J is almost continuous and so is f|L. a

Example 2.3 There erists f € A.([-1,1]%,R)\ A([-1,1]%,R).

Indeed, let Ag = {0} x[-1,1], A; = {(z1,22) € [-1,1])%: z; #0and z, =
sin(1/z)} and A = Ag U A;. Note that A is a continuum and for each arc
L € [-1,1]? only the following cases are possible: L C Ag, L C A, or card(L\
A) = 2%, Let (Lg)a<2~ be a sequence of all arcs L C [-1,1]? such that
L ¢ A For each @ < 2% let hy : I — L, be a homeomorphism. Let
(Fa)a<2+ be a sequence of all minimal blocking sets F' in Ix R. Fix a bijection
p:2Y — 2% x 2¢ = (i1, p2) and set

[{a = {(31,32,33) € L%(") xR: (h;ll(a)(zl’z2)’23) € F(p?(a)} )

(Note that for each f < 2, {K, : ¢1(a) = B} is a blocking family in Lg x R,
see [5], p. 466.)
Now choose (inductively) a sequence (z4, Ya, Za)a<2+ Of points such that:

(1) (za) Yo 2q) € Ky for a < 2¢,
(2) (zayYa) € Afora<2v,

(3) (za+Ya) # (zp,yp) for  # B.
Set

i if(z,y)€4;,i=0,1,

flz,y) = { 2o if (z,y) = (2a,¥a), @ < 2,
0 otherwise.

Then f € As([~1,1)% R). Indeed, suppose that f is not arcwise almost con-

tinuous. Then f|L, is not almost continuous for some a < 2*. Thercfore,

fohs, & A(LR) and (f o hg) N Fs = @ for some B < 2¥. Let v = ¢~} (a, B).

Then f N K, = 0, contrary to (z+,y,2y) € fNK,.
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Moreover, since rng(f|A) = {0, 1}, [5], Theorem 1.7 (p. 468), yields that f|A
is not almost continuous. By [5], Theorem 2.1 (p. 473), f is not almost con-
tinuous, either. O

By [5]), Theorem 1.7 (p. 468) and Brown’s Theorem [2] (see [5], Theo-
rem 1.10,(4), p. 471), we conclude the following relations.

Theorem 2.3 Assume thatY is a hereditarily normal space. Then
(1) Ad(X,Y) CDp(X,Y),
(2) Bi(X,Y)NAs(X,Y)=Bi(X,Y)NDp(X,Y).
Remark 2.2 If f € As(X,Y) and Xo C X then f|Xo € Aa(Xo,Y).
Remark 2.3
(1) If f € Aa(X,Y) and g €C(Y, Z) then go f € As(X, Z).

(2) IfY is a Hausdorff space, f € C(X,Y) and g € A(Y,Z), then go f €
AJ(X,2).

(3) IfY is a Hausdorff space, f : X — Y is a continuous injection and
g € Aa(Y, Z) then go f € Aa(x, Z).

PrOOF. The statements (1) and (2) follow from [5], Theorems 3.3, and 3.5
(p. 480), respectively. To prove (3) note that f|L is a homeomorphic injection
for every arc L C X and we can apply [5], Corollary 3.1 (p. 480). 0

[5], Theorem 4.4 (p. 486), yields the following fact.
Remark 2.4 Assume that fi € A(X,Y) and f2 € C(X,Z). Then
f1Df2 € AJ(X,Y x 2).
Suppose that X and Y are topological spaces and L is a family of all arcs
in X. We say that (X,Y) is an (K, G), pair (arcwise Kellum-Garret pair) iff

there exists a system {F}Lec of families of blocking sets such that

(1) foreach L € £, Fi is a blocking familyin LxY (i.e. foreach f ¢ A(L,Y)
there exists a set F' € L which is blocking for f),

(2) card(dom(F)) > 3 ;. card(FL) for each F € Jy ¢ FL-
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The family F = |Jp ¢ Fr will be called the blocking family for the pair (X,Y).

Suppose that (X,Y) is an (K,G), pair, Lisan arcin X, h:I— Lisa
homeomorphism, f: L — Y and F C L x Y. It is easy to observe that F
is a (minimal) blocking set for f iff F = {(z,y) € IxY : (h~(z),y) € F}
is a (minimal) blocking set for foh in I x Y. Thus if Y is a non-degenerate
convex subset of R¥, then card(dom(F)) = 2“ for each blocking set F and
card(FL) = 2v for each L € L (cf [5], Proposition 1.1,(2), p. 466). Moreover,
in this case we can take the family of all sets of the form {(z,y) € L x Y :
(h=!(z),y) € F}, where F is a minimal blocking set in I x Y, as the family
F1. The union | J ¢ Fi of such families 1 we shall denote by K and call the
family of minimal blocking sets for (X,Y). Note that dom(F) is a connected
subset of an arc L for each set F' € K which is blockingin L x Y (thus dom(F)
contains an arc). The foregoing gives the following class of examples of (K, G)q
pairs.

Proposition 2.1 Suppose that Y is a conver subset of a space R* and X is
a lopological space with card(L) < 2¥, where L denotes the class of all arcs in
X. Then (X,Y) is an (K,G)q4 pair.

Corollary 2.1 If X is a second countable Hausdorff space and' Y is a convez
subset of R then (X,Y) is an (K,G), pair.

Lemma 2.1 Suppose that (X,Y) is an (K,G), pair, A is a subset of a Haus-
dorff space X and Y is a convezr subset of a space RE. If A satisfies the
following condition:

(i) ifL isan arcin X and h: I — L is a homeomorphism then h=1(L\ A)
is bilaterally c-dense in itself (in I),

then

(i1) there ezists a function g : X\ A — Y such that fU g is arcwise almost
continuous for each arcwise almost conlinuous function f : A —'Y and
rng(g|L) =Y for each arc L ¢ A.

PrRoOOF. Obviously we can assume that Y is non-degenerate. Suppose that
(X,Y) is an (K, G), pair with the family K of minimal blocking sets, and £
is the family of all ares in X. Since (X,Y) is an (K, G), pair, either £L = 0
or card(L) = 2. Since in the first case A,(X,Y) = YX, we shall consider
only the second case. Arrange all arcs L ¢ A in the sequence (Lq)a<2e and
all elements of Y in the sequence (15)a<2+. For each a < 2% let (Fq g)g<c2v
be a sequence of all sets F € K which are blocking in L, x Y and such that
dom(F) is contained in the closure of no component of intr_ (L, N A). By (i),
card(dom(F)\A) = 2¥. Fix a bijection ¢ : 2¥ — 2x2¥ x2¥, o = (@0, p1, P2).
For each a < 2 choose (inductively) (za, Yo) such that:
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(1)
To € Lw(a) \UCIL"(,)(J),
J

where J is a component of intr, ., (Lpy(ay N A),
(2) if po(a) = 0 then yo = ta,
(3) if po(@) = 1 then (2a,Ya) € Fy,(a),ps(a)s

(4) z4 # zp for a # B.
Now defineg: X\ A —Y by

_ Yo =24, a<?2¥
9(z) = { yo otherwise.

Let f: A — Y be an arbitrary arcwise almost continuous function. Let L
be an arc in X and let F be a minimal blocking set in L x Y. Then either
dom(F) C clr(J) C A for some component J of int (LN A), or L = L, and
F = F,p for some a,f < 2%. In the first case F is blocking in ¢l (J) x Y
and therefore f N F # 0. Otherwise (z,,y,) € FNg for v = ¢~1(1,aq, ).
Thus FN(fUg) # 0, and consequently (f Ug)|L is almost continuous. Hence
fUg € Au(X,Y).

Now suppose that L is an arcin X, L ¢ A and y € Y. Then y = t5 for
some f < 2. Then L = L4 for some a < 2¢ and ¢(Zy(0,a,8)) = y- Thus
rng(g|L) =Y for each arc L ¢ A. O

Recall that each almost continuous function f : X — X has a fixed point
whenever X is a Hausdorff space with the fixed point property ([7], cf [5],
Theorem 1.1 (p. 464)). The next example shows that the analogous property
does not hold for arcwise almost continuous functions.

Example 2.4 There ezists f € Ao(I2, I?) such that f(z,y) # (z,y) for each
(z,y) € P (thus f is not almost continuous).

Indeed, let Ag = {0} x I, A; = {(z,|sin(1/z)]): = >0} and A = AU A;.
Define fo : A — I by:

_ 1 ifz € A,
fo(z)-{o if z € Ay

Obviously fo is arcwise almost continuous. By Lemma 2.1 (p. 512), there
exists an arcwise almost continuous function f; : I> — I such that f;|A = fo
and rng(f1|L) = I for each arc L C I>\ A. Now dcfine fa : I2 — I as follows:

0 ifz = 0’
fa(z,y) = { |sin(1/z)| ifz >0,
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and set f = f1Afs.
We shall verify that f is arcwise almost continuous. Fix a homeomorphic
injection h : I — I2. Then

(1) F = h~1(Ao) is a closed subset of I and (f o h)|F = (1,0).

(2) If J is a component of I\ F then (f; o h)|J is almost continuous and
(fa o h)|J is continuous. Hence (f o h)|J is almost continuous.

(3) Suppose that a € F is the left end point of some component J of the
set I\ F. Then there exists a sequence (I,,), of pairwise disjoint closed
intervalsin J \ h~1(A,) such that I, \, a and rng((f20h)|I,)) C [0,1/n)
for n € N. Since rng(h|I,) is an arc in I? \ A, there exists t, € I, such
that (fioh)(t,) = 1. Thus(1,0) € C*(foh,a). Similarly,ifa € F is the
right end point of some component J of J \ F then (1,0) € C~(foh,a).

By [5], Lemma 4.1 (p. 486), we conclude that foh is almost continuous. Thus
f is arcwise almost continuous.

Now assume that f(z,y) = (z,y) for some (z,y) € I?. Evidently, z # 0,
so f(z,y) = (fi(z,y),|sin(1/z)|). Thus z = fi(z,y) and y = |sin(1/z)| and
consequently, (z,y) € A; and fi(z,y) = 0, a contradiction. O

Proposition 2.2 Assume that (X,Y) is an (K,G), pair, X is a Hausdorff
space and Y = R*. Then for every normal subspace A of X the following
condilions are equivalent:

(i) each arcwise almost continuous function f: A — Y can be extended to
an arcwise almost continuous function f* : X — Y,

(i1) each continuous function f : A — Y can be eztended 10 an arcwise
almost continuous function f* : X — Y,

(#17) if L is an arc in X and h: I — L is a homeomorphism then h=1(L\ A)
is bilaterally c-dense in itself (in I),

(iv) there ezists a function g : X \A — Y such that fUg s arcwise almost
continuous for each arcwise almost continuous function f : A — Y and
rng(g|L) =Y for each arc L ¢ A,

(v) there ezists a function g: X\ A — Y such that fUg is arcwise almost
continuous for each arcwise almost continuous function f : A — Y.

PRrRooF. The implications (v) = (i) = (ii) and (iv) = (v) are obvious.
(iit) = (iv) follows from Lemma 2.1 (p. 512).
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(i) = (i1i) Assume that L is an arc in X, h : I — L is a homeomorphism
and h~!(L \ A) is not bilaterally c-dense in itself (in I). By [5], Theorem 2.3
(p. 476), there exists a continuous function fo : h=}(L N A) — Y which
cannot be extended to an almost continuous function defined on whole I. Let
f be a continuous extension of fo o h=! on whole A. Suppose that f* is an
arcwise almost continuous extension of f on whole X. Then f*|L is almost
continuous and, by [5}, Theorem 3.4 (p. 480), f* o h is almost continuous, too.
Since

(f* oA"Y (LN A) = (foh)|h"Y(L N A) = folh=}(L N A),

f* oh is an arcwise almost continuous extension of fy on whole I, a contradic-
tion. O

Corollary 2.2 Suppose that L is an arc in a Hausdorff space X, Y = RF
and (X,Y) is an (K,G), pair. Then for each f € As(L,Y) there ezists
f* € Ai(X,Y) such that f*|L = f.

Proposition 2.3 Suppose that (X,Y) is an (K,G), pair, AC X and Y is
a non-degenerale convezr subset of a space R¥. Then the following conditions
are equivalent:

(7) each function g : X \ A — Y can be eztended to an arcwise almost
conlinuous function f* : X — Y,

(i7) card(ANL)=2¥ for each arc L in X,

(717) there ezxists f : A — Y such that fUg is arcwise almost continuous for
everyg: X\A—Y.

PROOF. (i) = (if) Assume that card(A N L) < 2¢ for some arc L C X. Fix
Yo,¥1 €Y such that yo # 1, zo € L\ A and define g: X\ A — Y by

_J w ifz==z,
9(z) = { y; otherwise.

Suppose that g* € A4(X,Y) is an extension of g. Then g*|L is almost contin-
uous and 2 < card(rng(g*|L)) < 2¢ (so rng(g*|L) is not connected), contrary
to [5], Theorem 1.7 (p. 468).

(7¢) => (iii) Arrange all arcs in X in the sequence (Lq)a<2+«. For each
a < 2% let (Kq,8)p<2« be a sequence of all minimal blocking sets in Ly x Y.
Fix a bijection ¢ : 2¥ — 2% x 2%, For each a < 2* choose (Zq,Ya) € Ky(a)
such that z, € A and z, # z5 for a # §. Set

S ya fz=z4, <2
f(=) = { yo otherwise.
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Then
fUg € Ai(X,Y)

for each g : X \ A — Y. The implication (i#7) => (i) is obvious.
m]

Corollary 2.3 For each A C R and non-degenerate conver subsel Y of a
space RF the following conditions are equivalent:

(i) each g :R\ A — Y can be ertended to g* € A,(R,Y),
(i7) A isc-dense in B,

(i41) there erists f : A — Y such that fUg € A,(R,Y) for each g : R\A —
Y.

Corollary 2.4 LetY be a non-degenerate conver subset of a space R¥, M C
X and (X,Y) be an (K, G), pair. Then the following conditions are equivalent:

(i) M isa(g,Aq(X,Y))-negligible for some arcwise almost continuous func-
tiong: X — Y (see [1], [4], or [5], Theorem 8.3 (p. 513)),

(i) L\ M is c-dense in L for each arc L C X.

3. Limits and operations.

Similarly to [5], Lemma 5.1 (p. 489) and Propositions 5.1 (p. 490), 6.1 (p. 494),
6.2 (p. 498) and 6.4 (p. 505), respectively, we can prove the following results.

Lemma 3.1 Suppose that (X,Y) is an (K, G), pair, F is an infinite blocking
family for (X,Y) and & < X = card(F). Then there ezists a partition of X
into k many sels Xo (a < k), such that card(dom(F)N X,) > A for each
a<kand FEF.

Proposition 3.1 Suppose that (X,Y) is an (K,G)q pair, F is an infinite
blocking family for (X,Y) and (X,=) is a direcled set such that card(F) >
card(X). Then each function f : X — Y is a discrete limit of a net (f,)sex
of arcwise almosl continuous functions from X into Y.

Proposition 3.2 Suppose that (Y,+) is a topological group, (X,Y) is an
(K,G)q pair with an infinite blocking family F and X is a family of functions
from X into Y such that k = card(X) < A = card(F). Then the following
condition holds:

o there erists g: X — Y such that g+ f € A(X,Y) forall fE X.
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In particular, each function f from X into Y can be ezpressed as a sum of
two arcwise almost continuous functions from X into Y.

Proposition 3.3 Suppose that either F = R or F is the field of all complex
numbers, (X, F) is an (K,G), pair with an infinite blocking family ¥,V is a
unitary vector space over F, dim(V) > 1 and “. ” is a scalar product in V.
Then each function f : X — F can be ezxpressed as a scalar product of two
arcwise almost continuous functions f1,fo: X — V.

Proposition 3.4 Assume that (X,Y) is an (K,G), pair with an infinite
blocking family F and Y 1is a latlice. Then

L(A«(X,Y)) =YX,
More precisely, each function f from X intoY can be erpressed as

min(maz(fl ) f?)) ma:c(fa, f-i)):
where f1, fa, f3, f4 are arcwise almost continuous.

Corollary 3.1 Suppose that X is a second countable Hausdorff space,Y 1s a
separable normed space and f € YX. Then:

(1) f is a discrete limil of a sequence of arcwise almost conlinuous functions
from X into Y.

(2) f is a transfinite limit of a sequence of arcwise almost continuous func-
tions from X into Y.

(3) f is a sum of two arcwise almost continuous functions from X into Y.

(4) f = min(maz(f,, f2), maz(f3, fa)) for some arcwise almost continuous

functions fy, fa, fa, fa from X inlo Y.

For topological spaces X and Y let C4(X,Y’) denote the class of all arcwise
continuous functions, i.e. such functions from X into Y that f|L is continuous
for each arc L in X.

Theorem 3.1 Let X be a second countable Hausdorff space. Then:

(1) For each positive inleger k,
Ma(Aa(X,R¥) = Ca(X,RF).

(2) Mi(Aa(X,R)) = Ca(X,R),
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(3) Mum(Aa(X,R)) = M(X,R).

ProoF. (1) “C” Suppose that f & C,(X,Y). Let L be an arc in X such
that f|L is not continuous and let h : I — L be a homeomorphism. Since
foh & C(1,Y), [5), Corollary 6.3 (p. 497), vields foh + g ¢ A(I,Y) for
some g € A(1,Y). By Corollary 2.2 (p. 515), there exists g1 € A4(.X,Y) such
that g;|L = goh~!. Then (f+ ¢1)|L &€ A(L,Y), so f+ g1 & Aa(X,Y) and
therefore, f ¢ Ma(Aq(X,Y)).

“D” Assume that f € Co(X,Y), 9 € AJ(X,Y), L is an arc in X and
h:I — L is a homeomorphism. Then foh € C(I,Y), goh € A(I,Y) and
by [5], Corollary 6.3 (p. 497), (f +g)oh=(foh)+ (9o h) € A(1,Y). Hence
f + g is arcwise almost continuous.

The proofs of the equalities (2) and (3) are similar. O

4. Stationary and determining sets.

Suppose that £ is a family of all arcs in X and E C X. For each ordinal v let
L. be a subfamily of £ such that:

Lo={L€EL: card(L\ E) < 2¥},

Ly = {L €L: card (L\ (EUUUp<7 Cp)) < 2“’}.
Note that Lg C £, for # < v and if Lg = Lg41 for some ordinal B then
Ls = L, for all ¥ > B. Moreover, for any space X there exists a such that

Ly = Ly for all ¥ > a. The least ordinal a such that £, = Lo41 will be
denoted by A(g.x) and called the order of E in X. Obviously,

U £7 = ‘C'\(E;X) :
¥

Example 4.1 IfE = Ix[0,1), then Ag,py = 1.

Theorem 4.1 Suppose that X is a second countable Hausdor(f space and E C
X. Then the following conditions are equivalent:

(7) E is stationary for the class Aq(X,R),
(i) X\ULCE and L =L);,-

PROOF. (i) = (ii). Suppose that z € X \ (EUJL). Then the characteristic
function x{;) of {z} is arcwise almost continuous, x{(}|E = 0 and x{) # 0,
contrary to (7).
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Now suppose that M = L\ U1<A(s;x) Ly #®and

T =EULag,y, VX \|JL).
Then for each L € M we have:
(1) card(L\T) = 2¥,
(2) L\ T is “bilaterally” c-dense in itself (in L).

Let (La)a<2~ be a sequence of all L € M (this sequence may not be one-to-
one). For each a < 2 let (K4,8)p<2« be a sequence of all minimal blocking
sets in L, x R such that dom(Kq ) ¢ T (thus card(dom(Kq. )\ T) = 2¢).
Fix a bijection ¢ : 2 — 2% x 2% and z € X \ T. For each a < 2¥ choose
(Ta) Ya) € Ky(a) such that z, ¢ TU {2} and zo # zp for a # . Set

1 ifz=g¢
f(z)=< Yo fz=124a<2v
0 otherwise.

We shall verify that f|L is almost continuous for each arc L in X. Indeed, if
L g Mthen fIL=0. If L € M then L = L, for some o < 2¥. Now fix
a minimal blocking set K in L x R and consider two cases. If dom(K) C T
then since 0 € rng(K), (z,0) € K N f for some z € dom(K). If dom(K) ¢ T,
K = K, p for some 8 < 2%. Then (z4,y,) € fNK for ¥ = ¢~(a, 8). Hence
f is arcwise almost continuous.

Since f|[E =0 and f # 0, E is not stationary for the class A4(X,R).

(if) = (i) Suppose that f is an arcwise almost continuous function and
fIE = 0. Then, using [5], Theorem 8.1 (p. 512), by transfinite induction one
can easily prove that for each ordinal v, f|[L = 0 whenever L € £,. Thus
fIL = 0 for every arc L € £ and f|(X \UL) =0, s0 f = 0. Hence E is
stationary for the class A4(.X,R). a

The following lemma is obvious.

Lemma 4.1 Suppose that X, Y are topological spaces, Yo C Y and Z is
homeomorphic with Yo. If ® and ¥ are topological properties of functions
such that ®(X,Ys) C ¥(X,Y) and ¥(X,Ys) C ¥(X,Y), then

R(®(X,Y),¥(X,Y)) C R(®(X, Z), ¥(X, Z)).
In particular,
S(®(X,Y)) C S(®(X,2)) and D(®(X,Y)) C D@(X, Z))
(see [5], p. 511, for definilions).
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Corollary 4.1 Suppose thatY = R¥, X is a second countable Hausdor{f space
and E C X. Then the following conditions are equivalent:

(i) E is stationary for the class A,(X,Y),
(i) X\ULCE and L =L ,-

Proof. Lemma4.1 (p. 519) and Remarks 2.3 (p. 511), 2.4 (p. 511)
imply

5 (Al(X,Y)) C S (Aa(X,R)).

Thus, by Theorem 4.1 (p. 518) we deduce the implication “(i) = (i1)”.

(i7) = (i) Suppose that E is not stationary for the class A,(X,Y). Let
f € AdX,Y), fIE = 0 and f(zo) = yo # 0 for some zo € X. Let IV be
the one-dimensional subspace of Y, h : W — R be a homeomorphism such
that h(0) = 0 and let 7w : Y — W be the projection of Y onto W. Then
7w is continuous, mw(y¥o) = yo, h(yo) # 0 and, by Remark 2.4 (p. 511),
fi = hoxw o f € As(X,R). Since fi|E = 0, Theorem 4.1 (p. 518) implies
fi =0. But fi(z0) = h(yo) # 0, a contradiction. 0

Theorem 4.2 Suppose that Y = RF and X is a Hausdor{f space. Then the
only determining set for the class A,(X,Y) is whole X.

ProoF. Obviously, X is a determining set for A,(X,Y). Now we shall verify
the opposite inclusion. First suppose that Y = R. Let £ be the family of all
arcs in .X. Suppose that there exists o € X \ E. There are two possible cases.

(a) zo € UL. Then the characteristic function x{;,) of the set {zo} is
arcwise almost continuous, x{z,}|E = 0 and x{,) # 0. Thus E is not
determining for the class A,(X,R).

(b) zo € L for some arc L in X. Let h : I — L be a homeomorphism.
By [5], Theorem 8.2 (p. 512), there exist fo,90 € A(I,R) such that
[fo = go] = I'\ {h~'(z0)}. By Proposition 2.2 (p. 514), there exists
t: X\L — Y suchthat f=tU(fooh !)and g =tU(gooh~?)
are arcwise almost continuous. Moreover, f|E = g|E and f # ¢, and
therefore E is not determining for the class A,(X,R).

Now the theorem follows by Lemma 4.1 (p. 519) for each k. O
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