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NOTES ON NONNEGATIVE
CONVERGENT SERIES

The starting-point of this paper is the following well-known statement:

oo
If a; is convergent, where a; > 0 for
g
i=1

[e o] .
3
every i, then E a¥T is convergent, too. ... (%)
=1

We will investigate instead of the sequence of exponents { } another strictly

increasing sequence, {c¢;}, assuming ¢; > 0 and ¢; — 1. First we give a
necessary and sufficient condition for the validity of the analogue of (*). Then
- assuming that this condition is satisfied - we fix the sum of the original series
and consider the supremum of the sums of the transformed series, so a function

f is defined:

[e <] e o]

f(S) =sup {Eaf‘ :Ea,- = S} ,

i=1 i=1
and we investigate the properties of this function further on. The next question
is: when is this supremum a maximum? We will find that f(S) is a maximum
either for all S or for S < S with some Sy > 0 depending on the sequence
{ci}. We derive equations for f and f’ in the maximum case (S < Sp), and
infer that f is linear for S > Sp;. We also prove results about the behavior of
f(S) near 0 and near co. In the last part of the paper we return to the special
case: ¢; = T-:Tl' We give upper and lower estimates for f(S) in this case.

Theorem 1 Let {c;} be a strzctly increasing sequence of positive numbers,

i — 1. Set m(z) = 372, 7% and L = limsup;_ o, i1=¢. The following
four conditions are equivalent:
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(1) If 352, ai is convergent (a; > 0 for all i), then so is y ;2 af'.
(i) There exists a positive zo such that m(zo) < oo.
(iii) L < co.

(iv) There is a constant ¢ such that ¢; > 1 - 5(i=2,3,...).

If these condilions are satisfied, then
sup {z > 0: m(z) < 0} = -}:

ProoF. (ii) = (i). Assume that zo > 0 and m(zo) < oo. Let a; > 0 and
Y2, ai < 00. We need an upper bound for a§‘. For every i we have either
af' < La;, or af* > Z-a;. In the last case zo > a}=¢ or z;:l‘_‘ > af*. This
means that for all i, a{* < zl—oa.- + z(’,_'-';‘-, and so

Za“ < —Za. + m(zo). (1)
i=1

By our assumptions the right-hand side of (1) is finite and so (ii) implies (i).
(i) = (ii). In order to prove (i) = (ii) we need a lemma.

Lemma 1 If (ii) is not true (that is, for all positive z,m(z) is divergent),
then for any positive S and M there erists a sequence {a;}, a; > 0 such that
Sie1ai=Sand Y2 af > M.

PRrROOF. Observe that the inequality z¢ > Kz (K is a positive number) is
valid, if 0 < z < 2; = (&) ™. Then

Sae S ()T (1) e e (4) =

i=1

Hence there is an ig > 0 such that 3", z; < § < Y004 2. Let a; = g,
if1 <i<ig, Gigg1 =S — E,_l z;, and a; = 0, if i > i3+ 1. Obviously
2,_1 a; = S and 0 < a; < z; for all i, hence af' > Ka; by the choice of z;.
Therefore 372, af* > KS. K may be chosen to be M/S, which proves the
lemma. O

Now we prove (i) = (ii) of Theorem 1. Assume that (i) is true but
(ii) is not. Let S and M be positive numbers. In view of Lemma 1 there
are series {an;};2), ani > 0 (where n = 1,2,...) with 372  an; = 2, and
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fop a2 nM. Let Ay =Y an;. (These sums are finite, since an; < 2%.)
It is easy to see that 3°72) A; = 372, & = S. On the other hand 32 lA‘"
is divergent. Indeed, for arbltrary n obviously 4; > an; and so A" > agi,
hence Y ;2 Af > 372, a5k > nM. As nM can be arbitrarily large we have
found such a convergent senes that the transformed series is divergent, and
this contradicts our hypothesis.

For the proof of (ii) <= (iii) and the last assertion of the theorem we need
two further lemmas.

Lemma 2 Let z > 0 and m(z) < oo. Then zL < 1.

PROOF. Let a; = z7=<. Then YR ai =20 27 = zm(z) < 0. So
there is a j such that 3772, ., @i < 3, and a k > j such that jai < }. Clearly

a; > az > ..., because m(z) < oo implies z < 1, and {%} is strictly
increasing. Fori > k we thus have ia; = jai+(i—j)ai < jar+ajy1+--+a; <
1, hence zil=¢ = (ia;)' % < 1. This proves that zL < 1. a

Lemma 3 Let L < 00 and 0 < z < ;. Then m(z) < oo.

PROOF. Let z < y < 4. Then L < -!1;, so there is a j such that i!-¢ < %
for i > j. Set ¢ = '“"' Since L > 1 (because i!=¢ > 1 for all i), we have

Inz<Inny<0, therefore g > 1. Clearly z = 39, and y"—l? < fori > j, so
eTE = %z'i'-l? = ;yr_’a < zz ? for ¢ > j, which proves that m(z) <oo. O

Now (ii) <= (i1i) is an immediate consequence of Lemma 2 and Lemma
3. The proof of (iii) <=> (iv) is left to the reader. The last assertion (i.e.
sup{z > 0: m(z) < oo} = £, if (i) - (iv) are satisfied, for example if L < o0)
also follows from Lemmas 2 and 3. a

We will always assume in the sequel that for the sequence {c;} the equiv-
alent conditions (i) - (iv) are satisfied. For a fixed sequence {c;} we define
f(S) =sup{X2,af : 3.2 ai =5} (S > 0). Observe that f(S) < oo by
(1). (Obviously f(0) = 0.) This function f will be investigated below.

We shall say that f(S) can be reached if there is a sequence {4;}, 4; >0
such that

EA, S and EA" = f(S). (2)

i=1

Theorem 2 Let p(z) = 3 ;2 1—_‘;3:1_.1?.. (forx >0) and S > 0. Then f(S)

i=1

can be reached if and only if there erists an £ > 0 such that p(z) = S. If
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f(S) can be reached, then there is only one sequence satisfying (2), namely

1
Ai = c,.r'—“z"-‘—c-', where p(z) = S.

PROOF. Assume first that S = p(z). Let gi(y) = y* — Ly (i =1,2,...). The

derivative of the ith function is g/{(y) = c;y®~! — 1. From this it can be seen

that in the interval [0, 00) the only maximum of g; is at A; = c}_'lE P By
the choice of z, Y io; Ai = S. Now we show that Y i2, Af = f(S). If the
sequence {A!} differs from {A;}, but 32, Al = S, then from the maximum-
property of the numbers A; we have A7 — 14; > A/% — 1A} for every i.
There is an i with A; # A}, and in this case the above inequality is strict and
S0 Y 2 AF =18 > T2, AP — 185, hence 372, Af > Y72, A’ So, indeed
{A:} is the only maximal sequence.

Assume now that f(S) can be reached with a sequence {4;}. Since S > 0,
there is an i > 1 with A; + A; > 0. Then the function h;(y) = y** + (41 +
Ai —y)% I[O,A;+A.] has a maximum at A, since otherwise Y 2, A{* could be
increased with a suitable change of A; and A; and without changing the sum
of the original series. The derivative of hi(y) is hi(y) = 1y ~! — ci(A; +
A; —y)e—1. We see that limy_o40 h!(y) = 00 and limy— 4,4+ 4,-0 hi(y) = —oo0,
hence h; has maximum neither at 0 nor at (4, + A;). In particular 4; =0 is
impossible. So hi(A;) = 0, hence c; A}*~! = ¢;A$*~!, and

Ai=cF [-C-I-A}-cl] . 3)
1

We have already seen that A; > 0. Consequently, A; + A; > 0 for all ¢, and
so (3) holds for all 4, including i = 1. Hence if we write z = c—l‘-A}"‘, then
S =Y 72, Ai = p(z), which proves the theorem. 0

The two series defining the functions

m(z) = f:l“_:i‘_‘and p(z) = ic;{:‘zzﬁ%

i=1 i=1

of Theorems 1 and 2 are equiconvergent for z > 0. Indeed,
T =1 (1))

and, as ¢; /1, (T /" 1. Therefore c}é?"z m(z) < p(z) < 1z m(z)

1}
proving the equiconvergence for z > 0. So if we define H = sup{z > 0 :

m(z) < oo}, then also H = sup{z > 0 : p(z) < o0}. (By Theorem 1,
H=1=/——=1—1=) Obviously 0 < H < 1. For 0 < z < H m(z)

IMSUp, _, o
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and p(z) are convergent, and for £ > H they are divergent. But we have
no information about the behavior of m(H) and p(H), they may be either
divergent or convergent. These two cases are:

Case 1 — m(H) and p(H) are convergent,

Case 2 — m(H) and p(H) are divergent.
Both cases are possible. An example for Case 1 is

_ In2
1+lni+Vini'
1

because then H = p—trrr = -;-, and

¢ =

m(z) =2 Z 14ls :i‘

3-1

som(H)=m(}) =237, %e"m < 0o. For Case 2 one can take ¢; = 7
(this case will be discussed later on).

Lemma 4 In Case 1 f(S) can be reached if and only if S < Sp, where Sp =
p(H). In Case 2 f(S) can be reached for all S.

PRroOF. In Case 1 p(H) = S is a finite number, and p is continuous in [0, H],
because here the series defining p is obviously uniformly convergent. So for
S < Sp there exists an z such that S = p(z). However, for S > So there is no
such an z because p is increasing. In Case 2 m(H) and p(H) are divergent.
The function p is continuous in [0, H), since for any 0 < zo < H, p is uniformly
convergent in [0, zo). On the other hand, p takes arbitrarily large values. Thus
in Case 2 for all S > 0, p(z) = S with some z. Now using Theorem 2 the
lemma is proved. O

We have seen (Theorem 2) that if f(S) can be reached, then

5= p(z)_zc % and f(s)—,(,)_zc T
i=1

Lemma 5 The series defining p(z) and z(z) are term by term differentiable
in (0, H).

PRrRoOF. It is easy to see that T_c > 1 for all # and 2~ > 1 for sufficiently
large i (since ¢; — 1). Obviously we may leave out a ﬁmte number of terms
of z(z), and so it suflices to prove the following statement:
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If F(z) = Y i2, biz%, where b; > 0, a; > 1, and F is convergent in
(0, H), then F(z) is term by term differentiable in (0, H).

By a well-known theorem it is enough to show that the series obtained by
termwise differentiation of F(z) is uniformly convergent in any interval (0, z),
where o < H. Let 2o < Ho < H. Since b;z% is a convex function for all i by
a; >1,sofor0< z < zg:

o bBHE = bzt bHE
< .
(b ) - Hy—=z Ho - zo

As 2, ,::_’_;o = y725; F(Ho) < oo, and this series is independent of z,
hence the series 52, (b;z%)’ is uniformly convergent in (0, zo), which proves
the lemma.

Theorem 3 In Case 1 for S < So and in Case 2 for all S:

F'(8) =

=;1:-, and so f(S):/‘ 1

p“(S) o P~ (y) %

ProoFr. By Lemma 5

1
’

0o
1 25 s
Zl(z)zzl—cici -zi_-'c_.
i=1

and -
)= ) ——c; 2T,
Y=Y e

' ! -1 S
and we see that ;,: =1 As f(S) = z(p"(S)), hence f'(S) = %}*
that is

, _1
f (S) p_l(s) - ; (4)
lim,_o f(S) = 0, therefore the improper integral fo ;»_-'T'jdy is convergent,

Lemma 6 f(S) — ]‘75 is an increasing function.

PROOF. Let 0 < S; < S2. We want to prove that f(S2)— 452 > f(S1)— 451,
or M > ‘ . Let HI' > H. As it was seen, there is a maximum of the
2

function g.-(y) =ys - F‘,—y at yy =¢; " H'7% and gi is strictly increasing in
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[0, yi]). Consider a sequence {a;} for which 3"72, a; = S1. As Y 52, v = p(H'),
ie., Yoo, v is divergent (H' > H), and Y2, a; < 00, so there are infinitely
many integers 7 so that a; < y;, and if these indices are {1y, 13,...,1,...}, then
> beq (viy — ai,) is divergent. Therefore for some ko > 0, Z:° L Wi —ai) <
S -85 < E"““ (¥i, — ai,). Now let af, = y;, for 1 < k < ko, let a} =

fkg+1
S2 =51 + iy — Z‘.ﬂ (af, —ai,), and put a} = a; for all other indices.
From these def‘nitions z,_la = S3. If @} # a;, then a; < a} < y;, and
hence a'ft _cF al > a"" - F a; for all i. We have from this E._l a’i’ —
S2 > >0 f' — 717 S1. So we have found for all sequences {a;} wnth
E, 21 @i = 51 such a sequence {a}}. IIence a similar inequality is true for the

suprema: f(S2) — g7 S2 > f(S1) — 77 S1. This may be written in the form
-"—(%—)-#2 > ﬁ-, As this is valid for all H' > H, so also for H, which proves
the femma. a

Lemma 7 f(S) is a concave function.

ProoF. We want to prove: if ay,a2 > 0, a; + a2 = 1, and S5;,S2 > 0, then
f(al.S'l + 023'_)) > alf(Sl) + azf(S'_)). Let Z'C:l a; = S) and E:l b; = S,.
We define a new sequence, {d;} : di = aj1a; + azb;. The function z¢ is
concave, so di' > aaf’ + agb“ and for the sums Y 72, di = 2151 + a25,,
while 72, df' > o 2, 216 taay oy bf' Since for arbltrary {a;} and {b;}
with sums S; and S, respectively, there is such a sequence {d;}, therefore for
the suprema the required inequality holds. a

Now we can describe f(S) in the case when f(S) can not be reached.

Theorem 4 In Case I for S > So f(S) is linear: f(S) = %S+ f(So) - 7 So-
Also in Case 2 lim,_ o L%:El = %

PRooF. By Lemma 6 it is clear that for S > So, f(S) > %S+ f(So) — 5
The converse inequality is a consequence of Theorem 3 and Lemma 7. Indecd
by Theorem 3 lim,_,,_0 f'(S) = Iim...,o_o-l- = ﬁ, and so, because f is

concave, for S > Sq, ﬁ%;&&l ot f(S) < S+ f(So) — S0, which

glves the first assertion. The second assertlon results from L’ Hopltal s rule, as

in Case 2 lim,_ oo f'(S) = lim, oo 1 s = ’H a
Remark 1 lim,_¢ Jg(ﬂ = 1. Indeed, this statement follows from

L’hépital’s rule, as llm,_.o —Js(c—ls)_-,- = 1; in lerms of z this limil is easily ob-
tained using f'(S) = L and taking instead of p(z) the leading term of the series
for p(z). On the other hand obviously f(S) > S for all S > 0, because for
ay =S, a2=a3=---=0 we have Y ;2,a; =S and Y;2, af' = S, and by
Theorem 2 {a;} can not be a mazimal sequence.
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Now we turn to the special case of ¢; = T-:-—n Then m(z) = Y72, PAC .

S i, =, and this is convergent for 0 < z < 1. So statement (*) is contained
in Theorem 1 as a special case. Obviously we have H = 1 here. m(1) is
divergent, therefore this case belongs to Case 2, so f(S) can be reached for all
S, and

=]

s=p(z)=§(d-_l).-+ 1, () = 2(2) = Z( )

By (1), we have for f(S) the following upper bound where zg is an arbitrary
number from (0,1) : f(S) < ?S., +Y i zh =< - + 722, It is easy to verify
that the minimum of the right-hand side, as a funct:on of zo, is S+2V/S (this
value is taken at zo = l—% ). Hence f(S) < S+ 2V/S is the best estimation
obtained in this way. Now we prove a better result.

Theorem 5 Ifc¢; = m, then f(S) < S+ VS forall S > 0.

Proor. By Remark 1 lim,_¢ 168) = 1, because now ¢; = 1. From this

) 3
we have lim,_¢ (L\S/?i = 1. If we prove that %5?2 is a strictly decreasing
function, it will follow obviously that A%i < 1,0 f(S) < S+ VS for

S > 0. So now we show that the function ¢(S) = %s)-i is strictly decreasing.
Applying f'(S) = F'—“‘l—(lﬁ (Theorem 3) we obtain

9= -1) 8- o]

It suffices to prove that

1
2(m-1)s-f(5)+s<o. (5)

o [ o\ N
We know that § = ©2, () 2%, J(9) = £2, () 2, = =
p~1(S), and so (5) can be written in the form
“ .
) z' <0,

-8 L

. .o\ i+1 . ; . 1
or Y2, [2 (;—;—l) - ('—:1-)' - (;ﬁ)‘] < 0. We show that every coeffi-

.\ i+1
cient is negative for i > 1 (for ¢ = 1 the coefficient is 0). Indeed, 2 (-+l) -
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('~ (i) = (o) [ - 1] - () = 2 (o)™ - ()] <

;i\ i_1yi-1 e
0, because | —— <lc (i , and so the proof is finished. (]
t+1 e 1

Theorem 5 is interesting only for small numbers &, because for large num-
bers we finally prove a stronger result.
Theorem 6 Ifc; = +1,
ing, and lim, oo (f(S)—S—1InS) = 1+ K, where K =

then the function f(S)— S—- InS is sirictly decreas-
!—l £+l [(x+l e] :

= -
ProoF. We have seen that S = p(z) = 2,_1 ,"'zl-c-. Using that ¢/~ <

< cx:‘; we obtain %E.-=lcs'z"_°-‘ <S< Z ol P Substituting ¢; =
m we have

L en 12 1) golgvum 1 2
eitl T e|l-z -z e’ Tel-z
and e
z - i <eS(l-z) <z W)
-
If S — oo, then z — 1 and 1= — oo. So by (7)
’lir{.lo eS(l-z)=1. (8)

On the other hand, from (6) S < ;1— <l andsol-1-2% <0

el-z!
However, [f(.S') ln S] =1_1- —, and we obtain the first assertlon
of the theorem. If S — oo then

llmS(—--l)=lim(§—- ):-l- 9)
$—+00 8§—00 T €

by (8). Therefore we shall consider the difference f(S) — 2 instead of the
difference f(S) — S.

f(S)‘é = gzi [(i—lil)i— (iil)m] =.§:’i (TJ:_I)Ti_l

i=1

1 2 &1 i o] .
- ZZH +Zi+l[(i+l) _Z]”' (10)
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Now
1= z¥ 1 — z' 11 1
zz‘ﬂm = :5[””‘[; T]—‘z““;‘"l-z
1 1 1 1 1
= —-=4+ lnS+zln-(—l—:;)§+;; 3)]“ (ll)

We know that if S — oo, then (TZI?E — e, hence %l“(ﬁﬁ — 1. On the
other hand l—i—z — 00, and so the last summand tends to 0. Finally, we obtain

from (11) lim, .o [% Yoiea ﬁ_lf ~1m S] = 0. Applying this, (9) and (10) we
get

Jim [f(S)—-——-S-—-lnS Zzt-i-l(({f:_l)'—%)]:& (12)

N\
The series Y22, 31 [(-—L-) - %] is convergent, because

(H-;l) ) %] +5 [% ) (:i 1)”1]

Uy oy oo
i+1|\i+1 e i+1
_ 1
T oei(i+ 1)’
and so ) -
= 1 i\ 1 <!
K"".z:;i+l (i+l) e z:(

+0)
If S — oo, then £ — 1 and obvxously i1 :::".H [(c+l) - %] - K. It
follows by (12) that lim, e (f(S) - S—-1InS) = L + K. a
Remark 2 We can obtain both upper and lower estimates for f(S) from The-

orem 6. For example, if S > 1, then we have 1 + K < f(§)-S-1InS <
f(1) =1, and by Theorem 5 f(1) < 2, so for S > 1

S+:mS+I+K<f(S)<S+ IS +1
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