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 PROPERTIES OF A GENERALIZED
 STIELT JES INTEGRAL DEFINED ON

 DENSE SUBSETS OF AN INTERVAL

 1. Introduction

 For real-valued functions / and g with domain including a closed interval
 [a, 6], we investigate an integral of / with respect to g defined on certain dense
 subsets of [a, 6] (A = {M : a and b belong to M and M = [a, 6]}). This
 concept was defined independently by Coppin [2] and Vance [4]. In 1972, we
 [1] showed the following: Suppose / and g are functions with domain [a, 6]
 and M belongs to A. Then / is <7-integrable on M and f'M and g'M have no
 common points of discontinuity if and only if for any countable member M'
 of A which is a subset of M, / is ^-integrable on M* .

 2. Preliminary Definitions, Theorems and Notation

 Herein, all functions are real- valued functions.
 Throughout this paper, [a, b] denotes a closed number interval and A de-

 notes the set of all subsets of [a, 6] whose closure is [a, 6] and which contains a
 and 6. In general, an interval (or an interval of M) is a set [c, d'jn = [c, d' fl M
 where M is a member of A, [c, d] is a subinterval of [a, 6] and c and d belong
 to M.

 Two intervals, A and B , are said to be nonoverlapping if and only if AH B
 does not contain an interval. A nonempty collection of intervals is said to be
 nonoverlapping if and only if each two distinct members of the collection is
 nonoverlapping.

 *The author was partially supported by the O'Hara Chemical Sciences Institute at the
 University of Dallas. He expresses appreciation to the Department of Mathematical Sciences
 at the United States Air Force Academy for the use of its library during the author's tenure
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 If M is a member of A, then D is said to be a partition of M if and only
 if D is a finite collection of non-overlapping subintervals of M whose union is
 M . By E(D) we mean the set of end points of members of D . J D' is said to
 be a refinement of the partition D if and only if D' itself is a partition of M
 and E(D) Ç E(iy). We say that 6 is a choice function on D if and only if S
 is a function with domain D where ¿(d) € d for each d in D.
 By the notation, £(/, <7, D , 5), we mean

 £(/, 9, D,6)= £ M'p, q]M)) ■ [g(q) - y(p)].
 «J' [p,í)M€Ô

 where D is a partition of a member of A, 6 is a choice function on D , and /
 and g are functions with domain including U D.
 Suppose that M is a member of A and / and g are functions with domain

 including M. Then / is said to be ^-integrable on M if and only if there
 exists a number W (called "an integral of f with respect to g" and denoted
 by fM fdg) such that for each positive number e, there is a partition D of M
 such that

 |IV-E(/,(7,D',6)|<£
 for each refinement D' of D and each choice function 6 on D' .

 The following Stieltjes analogues will be used at various points in this
 paper. No proofs of these theorems are given because of similarity to their
 Stieltjes counterparts.

 Theorem 2.1 If f and g are functions with domain including M G A and
 each ofW' and W2 is an integral of f with respect to g on M, then W' = Wo.

 Theorem 2.2 If f and g are functions with domain including M a mem -
 ber of A and f is g-integrable on M, then f'M and g'M have no common
 discontinuities on either side of any member of M .

 Theorem 2.3 Suppose f and g are functions with domain including M a
 member of A. Then the following two statements are equivalent :

 (a) f is g-integrable on M

 (b) If €> 0, there is a partition D of M such that , if D' is a refinement of
 D , then

 for each choice function 6 on D and each choice function 6' on D'.
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 3. Results

 The proof of the following theorem is made easier by using the Cauchy criterion
 of limits. From McLeod [3], we see that limr- ,(/i|M)(s) exists if and only if
 for each e > 0 there exists some a > 0 such that |/*(*i) - h(x 2)) < e for all x'
 and £2 in (s - a, * + or) fl A/. If we add the requirement that xi < z < *2, an
 equivalent statement results that serves our purposes very well.

 Theorem 3.1 If f and g are functions with domain including JliU{:} where
 z belongs to [a, 6] - M and M is a member of A, and f is g-integrable on M,
 then f'M or g'M has a limit at z.

 Proof. Assume that / and g do not have limits at z.
 Then, there is k > 0 such that for each a > 0, we have

 (1) |ý(v) - </(u)| > k and 'f(x) - f(y)' > k

 for some ti, v, x , y in M where z - a<u<z<v<z + oc¡u<x<z<y<v.
 Because / is y-integrable and (1), there is a partition D of M such that

 (a) there is an element [ u , v]m of D which has the property that u < z < v
 and |ý(t/) - ý(v)| > k and there are elements x and y in M and between
 u < x < z <y < v such that | f(x) - f(y)' > fc,

 (b) ¿1 and 62 are choice functions on D which are equal everywhere on D
 except that ¿i([u,v]jt/) = x and ¿2([u, v]ji/) = y> and

 (c) I IM fd9 - £(/' 5)l < T where 6 = 61 ot 6 = S2.

 In (c), setting 6 = 6' and 6 = ¿2, and combining the two resultant inequal-
 ities, we obtain

 (2) l/(*) - f(y)' • ltf(v) - if(«)l < k2.

 But, (2) is in contradiction with (a). Therefore, f ox g has a limit at 2.

 Theorem 3.2 Suppose that f and g are functions with domain including M
 such that

 (a) f is g-integrable on M ,

 (b) M ' Ç M where Mł € A, and

 (c) if z belongs to M - M ' and e is a positive number , then there is an open
 interval s containing z such that 'f(x) - f(z)''g(v) - flf(u)| < c where
 each of u, v, and x is in s D M, u < z < v, and u < x < v.



 430 Charles Arthur Coppin

 Then f is g -integrable on M', and f fdg = f fdg.
 M M»

 Proof. Suppose c > 0. Since / is (/-integrable on M, there is a partition D of
 M such that, if D' is a refinement of £), then

 (3) I J fdg-Y,(f>9,D',6) '<c-
 M

 for each choice function 6 on D'.

 If E(D) Ç the proof is straightforward. Thus, let us suppose that an
 element of D has an end point not belonging to A/'.

 Suppose A = E(D) fl ( M')c which can be written as

 A =s {*l,*2i*3>." »**}•

 There is a collection G = {(**,-,$,•) : i = 1,2, . . .N) of disjoint open intervals
 each of which contains exactly one element of A , contains no point of E(D) fl
 AT, has end points in AÍ7, and, by hypothesis, if Xi belongs to A, then

 (4) l/(*)-/(*i)IW«)-i(«)l<2^
 for each t/,v and x in (r,*,s¿) fl M where u < X( < r, u < x < v for i =
 1,2,... ,N.

 Let D " denote a refinement of D such that

 E(D") = E(D) U{ri,si,r2,so,... ,rNisN}.

 Let P denote a partition of M ' such that E(P) = E(D") fl M'. Suppose
 that P' is a refinement of P . Let [cf-, cí,]a/' denote the element of P' such that
 Ci < Xi < di for i = 1, 2, . . . , N.

 From (4), since and Xļ are in (r,-,s,-) fl A/, we have

 (5) I f(x)[g{di) - ,(*)] - f(xiMxi) - g(a)) - f(xi)[g(di) - ,(*)]| < -L

 where x is any number in [c#-, di]'fiy i = 1,2,... , N. Since there are N elements
 in A , then, from (5) we have

 N N

 (6) I S 2 f(xi)[g(x¡) - 5(c, )]
 i=l 1=1

 N

 - 51 f(*i)W¡) - < Ļ
 i'=l
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 Now, let 6" be an arbitrary choice function on D' . In addition, let £>'"
 denote a refinement of D such that E(D"') = E(P') U E(D). Then, we have
 from (3)

 (7) 'J fdg-J2(f>9,D"',6')'<i
 M

 for a choice function 6 ' on D'" where 6'([P> q]m) = tfW') for each [p, q]m
 in P such that no point of A is in [p, q] and ó'([c,-, x,]m) = ¿'(fcti ¿ťW) =
 ar,-,s = 1,2,

 Combining (7) and (6), we have

 I J fd9-J2(f>9,P'6')'<<
 M

 for each choice function 6 ' on P' .

 Therefore, by definition, / is ^-integrable on M ' and, by Theorem 2.1,
 Jfdg= f fdg.
 M M '

 Theorem 3.3 Iff and g are real-valued functions with domain including [a, 6]
 such that f is g-integrable on some uncountable member of A, then f is g-
 integrable on uncountably many members of A.

 Proof. Suppose that / is ^-integrable on some uncountable member M of A
 and T is the collection of all members of A over which / is ¿r-integrable. If /
 is «/-integrable on M - {*} for each x G M, then T is uncountable.
 Let Q = {z : z £ M and f is not g - integrable on M - {z}} .
 If Q is void or countable, then T is uncountable. We show that Q cannot

 be uncountable.

 Assume that Q is uncountable. If z is a member of Q, then the property
 described in part (c) of Theorem 3.2 where M9 = M - {z} cannot be true of /
 and g at z. This means there is a positive integer n such that, if s is an open
 interval containing z, then

 l/(®)-/Wllff(")-17Í«)l > ^

 for some ti, v , and x in sfl M where u < z < v and ti < x < v. In fact, because
 Q is uncountable, we know that there exists some positive integer n where this
 inequality holds for infinitely many values of z. We denote this set by C.

 Let N denote a positive integer so that ^ > 1.
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 There is a partition D of M such that, if D' is a refinement of D, then

 (8) 'j 9,^,6)1 <l-
 M

 for each choice function 6 on D'. Since C is infinite, there is a member [c, d''f of
 D which contains infinitely many members of C. Let A denote a finite subset
 of Cfi(c,d) such that A has exactly N elements. Let A = {zi,z2,.. zn)
 where 2T1<Z2<Z3< ... < zat. And, let F denote a partition of [c, d''ļ
 such that F = {[c, ui]a/, («j, vi]a/, [n, u2]A/, . . . , [uat.vjv]*/, [»at, d]*/}. While
 constructing F, remembering the defining characteristics of C, we choose
 and Xi from M so that

 mxi)-f(zi)Mui)-g(vi)'>l
 n

 where it,- < z,- < vt- and ut- < X{ < Vi for i = 1, 2, . . . , N
 Let P denote a refinement of D such that

 E(P) = E(D) U {«i, vi,Uļ,

 Therefore, from (8), we have

 (9) 'Jfdg- £(/, g,P-F,6)-^2 f(r¡)[s(vi) - p(u,)]| < ļ
 M , = 1

 and

 /. N -
 (10) I / /. /¿í-£(/,p.P-F,í)-;£/(*Ol0(t*)-í(uO]l<¿

 ¿
 where 6 is some choice function on P - F, r,- = £»• and s,- = zt- if [/(x¿) -

 > 0 or r#- = Z| and = x( if [f(xi)-f(zi)]'g(vi)-g(ui)] <
 0. Combining (9) and (10), we have

 M N
 (11) 1 < £ M < J>(r,) - *(*)][/(»<) - /(«.)] < 1

 » = 1

 Obviously, the preceding is a contradiction and so Q is countable. Therefore
 T is uncountable.

 Corollary 3.4 Iff is g -integrable on a member M of A and no other member
 of A, then M is countable.
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 Theorem 3.5 If M is a countable member of A, then there are real-valued
 functions f and g with domain [a, 6] such that f is g-integrable on M and no
 other member of A.

 Proof. Suppose M is a countable set in A. Thus, we let M - {a, 6} =
 {>*itr2>r3. - } and r0 = 6.

 Let <f> and 9 denote functions with domain M such that <f>(a) = û(a) = 0,
 j>(b) = $(b) = 1, and

 (12) 0(rn) = ^2 f°r each r" in M - {°'è}
 ail p where rp<rn

 and

 (13) ¿(r„)= ^2 ^ for each rn in M - {a,b}.
 all p where rF<rn

 Clearly, both <t> and 0 are increasing functions. As a consequence, ^(r~),
 ^(rn ), 0(rñ) and Q{?n ) ex^st f°r eac^ positive integer n. From the definition
 of (f>i we know that | <1>(rn) - ^(r~)| = ~ and that </> is continuous on the right
 at each rn G M - {a, 6}. Likewise, From the definition of 0 , we know that
 |0(rn )-0(rn)| = 57 and that 0 is continuous on the left at each rn 6 M- {a, 6}.
 We know that 0 is continuous on the left at 6.

 Let / and g denote functions with domain the interval [a, b] such that

 -xv

 J'x)

 and

 / X f 0(x) if X belongs to M
 9'x) - ļ 2 if X belongs to [a,b] - M

 Suppose e > 0.
 There is a positive integer N such that ^ Let

 Q = {r,- : i is a nonnegative integer and » < N}.

 If r,- is an element of Q, since 0 is continuous on the left at r,-, there is a number
 U of Af such that no element of Q is between U and r,-f ť,- < rf-, and

 |0(r) - 0(s)| < 6^C+ for all r and s in [<i,r,,]w.
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 Let D denote a partition of M where

 E(D) =QU{fl,6}U {U : i is a nonnegative integer and i < N}.

 Suppose D' is a refinement of D. Let c and d denote any two consecutive
 elements of Q U {a} with c < d = r,-, U is as described above, and s is the
 largest member of E{Df) which is less than d. The following four inequalities
 hold:

 (14) |<¿(*)[0(^)-0(c)]-¿(x)[0(s)-0(c)]| = |¿(z)||0(t,) - 0(s)|

 < 6 (N + 2)

 where x is any element of [c, U]m .

 (16) l^(d)-i(5)]|<^i-^
 where u is any element of [5,

 (17) l^(¿)-^0]l<6(jvT2)
 where v is any element of [ť,-, ¿'m-

 (is) w*)!*« - 0(C)] - £ wpw - «(«on <

 where the sum is taken over all [r, w'm in D' where c < r < w < s, and 2 is
 any member of [r, w)m>

 Adding (14), (16), (17) and (18) we have

 1 53 *(«)[*(«) ~ ~ H MyWiw) - ^('')]l < 2^e+ + [ <¡>(d~ ) - <t>(c)}

 where the first sum is taken over all [p, q]'f in D such that c < p < q < d and
 x is any element of [p, q]'f, and the second sum is taken over all [?*, w]m in D'
 such that c < r < w < d and y is any element of [r, w)m> Therefore,

 I £ <j>{x)[0(q) - 0(p)] - £ MM") - 'Ml < ' + £[*(*-) * ¿W

 where the first sum is taken over all [p, q)sf in D where x is any member of
 [p, q]'f, the second sum is taken over all [r, w]m in D' where y is any member
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 of [r, iu]aí, and the third sum is taken over all consecutive c and d of Q. Note
 that

 5>(d-)-*(<o]+E¿ = i
 ¿=i

 and, therefore,

 where the sum is over all c and d of Q. Now,

 i E *(*)['<«) - « - E ¿(¡/M1") - *(r)]i < «

 where the first sum is taken over all [p,ç]m in D where x is any member
 of [p, q]'f and the second sum is taken over all [r, w)m in D' where y is any
 member of [r, w]m-

 What has been shown is that, if € > 0, there is a partition D oî M such
 that, if U is a refinement of D , then

 '¿2(f,g,D,6)-¿2(f,9,D',6')'<e
 for each choice function 6 on D and each choice function ó' on D'. Remember

 that f(x) = <¡>{x) and g(x) = 6(x) if x belongs to M. By Theorem 2.3 this
 means that / is ^-integrable on M .

 Now, we must show that / is not integrable with respect to g on any other
 member of A.

 Assume there is a member M 1 of A such that M ^ M' and / is ý-integrable
 on M There are two cases.

 Case 1. M1 contains a point not in M. Let A = M' - M. A is bounded
 below by a. Thus, let K denote the greatest lower bound of A . Since f(a) = 0
 and, by Theorem 2.2, both f'M' and g'M' cannot have right discontinuities
 at a, the number a cannot be a limit point of M' - M. Therefore, K > a.
 The members of M' less than K are members of M only. Thus, f'M'(x) < 1
 and g'M'(x) < 1 for each x in M' fl [a, K )

 Assume K belongs to M1. Let K £ M. Then f(I<) = g(K). We have that
 f'M' and g'M' are discontinuous on the left at A'. By Theorem 2.2 , / is not
 ý-integrable on M '. Now, let K 6 M. Then f'M9 and g'Af are discontinuous
 on the right at K . Again, by Theorem 2.2, / is not ý-integrable on M'.

 Now, assume K does not belong to M' by Theorem 3.1, / is not g-
 integrable on M ' for neither / nor g has a limit at K.

 Case 2. M ' is a proper subset of M. There is a positive integer N such
 that rjv belongs to M but not M'. Recollect that on il/, / and g are <ķ and 0,
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 respectively. Earlier, we learned that <t> and 0 do not have limits at r s- This
 contradicts Theorem 3.1. Thus, / is not g -integrable on A/'.
 Therefore / is not ý-integrable on any member of A distinct from M .
 Acknowledgment. The author wishes to thank the referees for their
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