
 Real Analysis Exchange
 Vol. 18(2), 1992/93, pp. 400-408

 Zbigniew Grandet Department of Mathematics, Pedagogical University, ul.
 Arciszewskiego 22 a, 76-200 Słupsk, Poland

 FUNCTIONS WITH POINTWISE

 DISCONTINUOUS RESTRICTIONS

 Abstract

 The paper contains comparisons of classes functions whose restric-
 tions to some special sets of positive outer measure have continuity
 points, quasi-con tin uity points or are cliquish at some points.

 Let R denote the set of reals and N, the set of positive integers. A function
 / : X - ► R (0 7É X C R) is said to be quasicontinuous (cliquish) at a point
 X € X ([4], [6] (resp. [1])) if for every positive number r there is an open
 interval / C (s - r, x -f ?•) such that I fi X 0 and 'f(t) - f(x) ' < r for every
 t E I OX (resp. ose / < r on 7 fi X).

 Let m (resp. me) denote Lebesgue measure (resp. outer Lebesgue measure)
 in R. Denote by C(f),Cq(f) and respectively Cc(f) the set of all continuity
 points of a function / : X - ► R, the set of all quasicontinuity points of / and
 the set where / is cliquish. Let c 'A denote the closure of a set A , intx the
 interior in X ^ 0 and for Y C X (Y ^ 0) and / : X - ► R let f'Y denote the
 restriction of / to V. Put

 Ax = {X C R : rne(X) > 0},
 A2 = {X 6 Ai : X is an Fc-set}i
 A3 = {X G A' : me(/ fi X) > 0 for every open interval I with /nX^0},
 A4 = ^30^2,

 As = {X 6 Ai : X is closed};
 Ae ~ A^ D A3 i

 A7 = {X C R : X is countable and cl A' € ^5}, and
 Aq = {X C R : X š's countable and cl À' G -¿e}-
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 In this paper I compare the following families of functions:

 Hj = [f: R - R; C(f'X) ¿ 0 for every X G Aj)t
 Hjq = {/: R R; Cf(/|X) # 0 for every XeAj),
 Hjc = {/ : R - ► R; Cc(f'X) ^ 0 for every X G j4¿},
 //0;- = {/ : R - ► R; int* C(f'X) ¿ 0 for every À' G Aj },

 = {/ : R - ► R; int* Cq(f'X) ¿ 0 for every X G Aj) t and

 Hoje = {/ : R - ► R; int* Cc(/|A') ^ 0 for every Ar G Aj },

 ¿=1,2,. ...8.

 The family #6 was introduced in [3] and the families H 1,7/2 were introduced
 and investigated in [2], where it is proven that H' - H 2.

 The following remark is obvious.

 Remark 1 The following inclusions are true

 H0j C Hj, Hojq C Hjv Hojc C HjCi Hj C Hjq C Hjc and Hoj C Hojq C
 //o¿c /or¿ = 1,2,. ..,8. Hi C HS C Hą C H*. Hlq C HZq C HAq C
 //6ç. Hlc C #3c C //4c C Hqc Hoi C i/03 C //<m C //oe- #01* C H03g C
 Ho4q c #06ç- //oie C Hqsc C #04c C //o6c* H' = #2 C //5 C H$. H 'q C
 #2Ç c JZ5, c #6*. tfic c H%c c #5c c ď6c. Ho C HąC Hz. H2q C C
 H$q. Hnc C Hąc C H$c.

 Theorem 1 We have Hou = #02c = #05c = //o7c ^ Htc ^ //le = //2e =
 H$c § #30 = Hąc = //6c = #8c = H 08c = //(tác = //(Me = //o3c-

 Proof. The inclusions Hoic C //o2c C //o5e follow from Remark 1. We will
 show that Hqsc C //o7c C //oic- Let / G //ose and let X G ^7. Then cl A' € As
 and there is an open interval I such that /f Ici X ^ 0 and /fiel X C Cc(f |cl X).
 Consequently, / 0X^0 and I Ci X C Ce(f'X). This proves the inclusion
 //o5e C Hqt c Now let / € //o7c and let À' € A'. There is a countable set
 Y C X such that

 (1) ci({(<, my, t e y}) d {(<, /(O); < 6 x }.

 Since V G ^7 and / G //o7c> there is an open interval I such that / fi Y ^ 0
 and /ny C C'cCfly). Fix x G /fiy, r > 0, and an open interval J containing
 x. There is an open interval K C / H J such that K fl Y ^ 0 and ose / < r/2
 on K H y . By (1), ose / < r/2 < r on A' fi X. Thus / n y C Cc(/|X). Since
 Ce(f'X) is closed in X , we have /HA' C Cc(/|A'). This proves the inclusion
 Hq7c c Hole So, //oic = Hq2c = //o5c = //o7c-
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 Let F C [0, 1] be a nowhere dense set belonging to Aq. In each component
 In of the set R'F we find a Cantor set F„ of measure zero. Let Fn = FnfiUFn,2,
 where all sets Fn> i, Fnt 2 are disjoint non Borei, dense in Fn . Let

 fix' ^ ' = J !/n for * € Fn.i, "EN fix' ^ ' = ļ 0 otherwise '
 and

 X v _ / 1 for X e Fnt 1, n G N
 0W _ - ļ 0 otherwise

 Then / 6 H'e' #05ci f G Hsc ' #7c> and g' Hec ' #5c- The proof of the
 inclusion Hjc C H$c is similar as the proof of the inclusion i/o7c C Hou> So,

 by Remark 1, Hoīc £ #7c ^ #5c-
 Now we shall prove that H'c = #2c = #5c- By Remark 1, H'c C Hņc C
 H&C Let / G H5c and let A G -4!. Then cl A' G Ah and Cc(f'c'X) ¿ 0. If the
 set Cc(/|cl X) is dense in the set /fiel X for an open interval / with ID X ^ 0,
 then /fiel AT C Ce(f 'clX) since the set Cc(/|cLY) is closed. Consequently, in
 this case I fi X C Cc(/|X). Assume that the set Cc(f |cl A) is nowhere dense
 in clA' Then

 clX'Cc(/|clX)= (J (A. nel A'),
 n6 N

 where /n are mutually disjoint open intervals such that In fi cl X ^ 0 for
 n G N. Since /|cl X is not cliquish at any point u G cl A' ' Cc(f |cl A'), we have
 m(/n fi cl X) = 0 for n = 1,2,.... Thus there is a point x G X fl Cc(f |cl X)
 and the restricted function /|A' is cliquish at x. So Cc(f'X) ^ 0 and the
 equalities H'c = #2c = H 5c are proved.

 For the proofs of the remaining equalities we remark that the inclusions
 H3c C H4c C #6c, #03c C 04c C Hoec and Hoje C HŘC for j = 1,...,8
 follow from Remark 1. Let / G #6c and let A' G ^3- Then clA € As
 and Cc(f'c'X) = clA' Consequently, Cc(f' X) = A and / G #03c- So the
 inclusion Hec C #03c is valid, and #3C = Hąc = #6c = #03c = #04c = #06c-

 Analogously, if / G #6c and A G -4s, then cLY G Ae and Cc(f'c'X) =
 clA' Thus Ce(f'X) = A and / G #08c- So //ßc C Hose C tfsc- Suppose
 that there is a function / G //ge ' #6c- Then there is a set A G Ae such that
 Cc(f I A) = 0. There is a countable set y C A' such that (1) is satisfied. Since
 / G Hsc , the set Cc(/|y) is nonempty. If x G Cc(/|y), then ar G A' and by(l),
 x G Cc(/|Y). This is contrary with the equality Cc(f |A) = 0. So Hgc C #6c
 and the proof is completed.

 Theorem 2 We have

 Hoi = #02 = #05 = Hoi q - Hoiq - Hosq = H 07 = #07f = #7 = #7f
 HQZ = //Q4 =: #06 = #08 = #8 =: #03ç = #04? = H 06ç = H oSq = #8ç-
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 Proof. The inclusions #01 C #02 C #05» #01$ C #02$ C #05 qi #03 C
 # 04 C #06» #03f C #04$ C #06f> #0; C #0;ç for j = #07 C
 #7, #08 C #8, #07* C H7q and Hogq C #8$ follow from Remark 1.

 Let / € #05 and let X € A'. Then cLY G -A5 and there is an open
 interval I such that I Ci ci X ^ 0 and / O cl A' C C(f'c'X). Consequently,
 JflX / Í and I D X C C(/|X). This proves that / 6 #01. So #05 C #01
 and #01 = #02 = #05. The proof of the inclusion #05ç C #oi* is the same
 and hence Hoiq = #029 = #05?- Similarly we can prove that #05 C #07
 and #059 C #07*. So #05 C #7 and Hosq C #7$. Suppose that / € #7
 and A' € ^5. For an indirect proof assume that ii'txC(f'X) = 0. There is
 a countable set Y C A" ' C(f'X) such that condition (1) from the proof of
 Theorem 1 is satisfied. Then Y € A7 and 0 ^ C(f'Y) C C(/|A) contrary
 to C(f'Y) C Y C X ' C(f'X). So #7 C #05. The proof of the inclusion
 #7Ç C #05f is similar. So #05 = #7 and #05$ = #7^. Now we shall show that
 #06 = #06ç- It suffices to prove that Hoeq C #06- In the proof of this inclusion
 an idea from Natkaniec is used. (See [5].) Let / € Hoeq and let X £ Aß.
 Suppose that intjrC(/|A') = 0. Let In¿ = (( k - l)/2n, k/2n) for n = 1, 2, . . .
 and ¿ = 0, ±1, ±2, .... There are indices ni, k' such that fl JY) > 0
 and /m,*! H JY C C^/jX). Let x't' £ A' fi /m.fci be a point at which f'X
 is not continuous. Then a' = osc(/|A')(xi,i) > 0. There is an open interval
 J' such that £iti € «/1 C clJi C Inuk 1 and m(Ji) < m( X Ci Iniiki)/ 8. Let
 i/i = Jļ nintx({x € A'; | f(x) - /(«1,1)) < oi/2}). Then the set U' is open in
 X and xiti g U'.

 In the second step we consider open intervals /m+i.fca» /ni+i,fc2+i such
 that cllnitkl = c'Inļ + iļjC2 U cl -+-1 . If m((X ' cl U') fi Ini+l,k2+j) >
 0, j = 0 or 1, there is a point s2,j+i G (Jni+i,*2+; n (A' ' cl ř/i)) ' C(/|X)).
 For j = 0, 1 set a2josc(/|X)(x2j+i) and let

 t^2j = «/2, j flintx({x G A; 'f(x) - /(x2j+i)| < <*2, ¿/2}),

 where Jnj is an open interval such that xij £ cl Jo,;» ^2, i € «/2,; C cl J2J C

 Jm+i.fca+j» and m(J2j) < m(X fl Jn|+i,*3+;)/(2 -82). In the H1'* step we con-
 sider open intervals /n,+n,ibn> ^+«,*„+11 • • • 1 1ni+ntkn+2n-i such that c'InļļļSi
 = cl(Jni+n,* J U ... U cl(/ni+ntifcn+2n-i), and we find points

 n - 1 2' - 1

 *„ j+i € (/»,+„,*„+> n (X ' U (J cI ' <W)
 t=l ¿=0

 (whenever the last set on the right side is nonempty). Next we find open
 intervals Jn j = 0, 1, . . . , 2n-1 - 1, such that

 ^n,; + l £ Jn,j C cl C ^ni+n,Jbn+j >
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 Xiti £ cl Jnj for i < n and 1 < 2'

 and

 (2) m(JnJ) < m(X n • 8"),
 and set

 Untj = Jntj nintx({® € X' |/(x) - f(xnJ+ 1)| < ûnj/2}),

 where an¿ = osc(/|X)(xnt;+i) > 0. The possibility of finding such points
 Xntk follows from the inclusion X fl /nłl*i C Cq(f 'X) and from the fact
 that osc(/|X)(xn»iJ+i) = an«ij > 0. Observe that snj+i & Untj for

 = 0, 1, . . . , 2n - 1 and that for each

 n 2'-l

 i€l'UU dUi'k
 *=i *= i

 there is an index j < 2n - 1 such that |x - xnj+i ' < 2"n, Let

 (oo *'(J n = l 2"-l fc u = l M- / ' (oo *'(J u M- n = l fc = l /

 Fix X = xnj+ 1 where j < 2n, and an open interval I containing x. There are
 an open interval and a point xm¿/+i (m > n) such that

 € Jrnł+mt*m+;' C /.

 It follows from our construction and from (2) that

 m(/ny) > m(ini+m,k„+j' ny)
 oo

 > OX) - ^ ^(/ni+ro.fcm+j' H yY)/2* 1 • 8*
 * = 1

 = rï ~~ j -|-m,lřm ' H X)/15
 = 13m(/ni+mtjbm+;' fi A )/ 1 5 > 0.

 Let Z = {x G Y' m(I fl Y) > 0 for each open interval I 3 x}. Then Z € Aç
 and xnj+i £ Z ' Cq(f'Z) for n € N and j < 2n contrary to / G #06*. So
 #06 = Ho6q-

 Now we show that Ho$q C #05. Let / € i/os# and let X £ As . If
 X € -Aß, then by the equality #06 = Hotq* there is an open interval / such
 that / flX / 0 and I O X C C(f'X). Suppose that X £ «4s ' Aß and that
 int x(C(f'X)) = 0. Let I be an open interval such that IC 'X ^ 0 and If)X C
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 Cq(f'X). Let Y = {x G X; m(J fi X) > 0 for every open interval J 3 x).
 Then Y £ Ae and m(X ' Y) = 0. Since X G A$ ' Ae and intx(C(/|X)) = 0,
 we can assume that the endpoints of the interval I belong to M' X and that
 cl (Xfi(/'Y)) = (Xn(I'Y))U(lnY). There is a sequence of disjoint nonempty
 open sets Un such that Un fi (X ' Y) is a nonempty closed set for n G N and
 ln(X'Y) = 'Jn(Unn(X'Y)). For every n the set Vn = C/nn(X'Y) is closed,
 Vn C Cq(f'Vn) and intvm(C(f'Vn)) = 0. So by Natkaniec's theorem ([5]) for
 n G N there is a nonempty closed set Wn C Vn such that int. wn(Cq(f'Wn)) = 0.
 Let W = V U (XLI Then W G A$ and intw(Cq(f'W)) = 0 contrary to
 / G #05ç. So //os = Hosq. The proofs of the inclusions Hoe C #03 and
 Hoeq C Ho3q are the same as the proof of the inclusion #05 C Hq'. So
 H 03 = -ff 04 = #06 and //o3ç = #04ç = #06ç- Since i/06 = #06*, we have
 //03 = H 04 = #06 = Ho3q = #04* = ^06ç- The proofs of the inclusions
 Hoe C ¿/g, #06f C Hgq are similar to the proof of the inclusion #05 C Hoi.

 Let / G Hg and let X G Ae. Assume that intx(C(/|X)) = 0. Let
 y CX ' C(/|X) be a countable set such that (1) from the proof of Theorem
 1. Then Y G As and there is a point x G Y at which the restricted function
 f'Y is continuous. Fix r > 0 such that r < osc(/|X)(x)/2. There is an open
 interval I 3 x such that 'f(t) - /(x)| < rf 2 for each ť G / 07. From (1) it
 follows that

 (3) I f(t) - f(x) I < r/2 for each point t G I H X.

 Since osc(/|X)(x) > 2 r, there is a point uG/OX such that

 l/(«) - /(*) I > 3r/4

 contrary to (3). So H s C #06 and #s = Hoe -
 For the proof of the inclusion #8$ C #06f we fix / G #8* and X G Ae. If

 intx (Cq(f'X)) = 0, then there is a countable set Y C X ' Cq{f'X) such that
 (1) can be proved from Theorem 1. Since Y E As and / G Hgęi there is a point
 x G V at which f'Y is quasicontinuous. From the inclusion Y C X ' Cq(f'X)
 and from the fact that x G Y there is r > 0 such that

 (4) ([* - r, x + r] n X) x ([/(*) - 2r, f(x) + 2r]) n {(*, /(«)); * € C(f'X)} = 0.

 Let I C (x - r, x + r) be an open interval such that / fl Y ^ 0 and

 (5) |/(0 - f(x) I < r for each tGlDY.

 Since / G Hsq C Hsc = #06c and X G -Aß, there is a point iG/fl C(f 'X)
 contrary to (1), (4), and (5). So Hoeq = Hsq. This implies that Hos C Hs C
 #06 and #08f C Hsq C Hoeq . The proofs of the inclusions #o6 C #08 and
 #06* C Hosq are similar to the proof of the inclusion Hos C Hoi. Thus

 H 03 - H 04 = /řo6 = #08 = #8 = #03ç = Ho4q - Hoeq = #08f = Hgq.
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 The function g from the proof of Theorem 1 belongs to Ho 6 ' Hoi • This
 completes the proof.

 Theorem 3 We have

 (a) Hi = Hi C h3 = H< C tf6)

 (b) H3 C Hs,

 (c) Htl = i/2î C h3i = g = He,
 (d) H2l C Hiv

 (e) Hs' tf3í¿0,

 (f) = i/e, = i/ec,

 (g) Hļ C #5« § if Se,

 (h) Hie g #6,

 (i) Ht C C Hu,

 (j) Hz C #3î $ H3c.

 Proof, (a) By Remark 1, H' = Hļ C H3 C //4 C #6- The function </ from
 the proof of Theorem 1 belongs to H3 ' Hļ. Let f € H4 and let X 6 A3. If
 C(f'X) = 0, then X = U»=1AT„

 (6) Y = U~=1clA-„.
 Observe that for n € N

 (7) clXn C {* G V; osc(/|Y)(z) > 1/n}.

 Since X C Y C clX, since X G A3 and since Y is an F, set, Y € A4.
 Thus there is a point y G C(f'Y), in a contradiction with (6) and (7). So,
 H3 - Hą. Let (Gn) be a sequence of nowhere dense sets belonging to v4ß such
 that Gì n Gj = <b for t' ^ j ( i,j G N) and m(K ' U~=1Gn) = 0. Put

 , / » f 1/n for x 6 Gn, n G N
 - ļ 0 otherwise

 Since A is a Baire 1 function, h G H$. If ^(AKU^LjC/n)) ^ 0, then there is
 a point x G at which h' U£Ļļ Gn is quasicontinuous. Let x G Gno-
 There is an open interval I such that

 (8) h(t) > l/(2no) for each t G I Cl U^ĻļG„.
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 Let y G I ' UÍ5°=1Gn. Then y G C(h) and h(y) = 0 contrary to (8). So

 he H6'H4qC He' HA.

 (b) By Remark 1, H 2 C H*>. The function he # 5 ' H 2.
 (c) By Remark 1, H'q C H2q C Hzq C HĄq C H$q and He C H$q. Let

 / G H2q and let X e A'. If Cq(f'X) = 0, then A' = U¡5°=1An, where

 An = {x e A; X ¿ cl(intA ({ť G A; |/(ť) - /(*)| < l/n})), n G N.

 If y„ = cl An and V = U^LjVn, then Y is an Fa- set and

 V„ C {* G y ; X ¿ Cl(inty({ť G y; 1/(0 - /(*)| < 1/n})).

 Consequently Y e A2 and Cq{f'Y) = 0 contrary to / G H2q. So = i/2f
 The proof of the inclusion Hą9 C H zq is analogous. So Hzq = Hiq. The
 function g from the proof of Theorem 1 belongs to H$q ' H2q. The function h
 belongs to H$q ' H'q. Let / G Hee and let A e Aq. There are open intervals
 Jn, n G N, such that for n G N

 /nflA^0, cl/n+i C /n, the diameter d(In) < 1/n, and ose / < 1/n on In.

 Then fl^Lļ/n is a singleton set. {x} C A and / |A is continuous at x. So
 Hqc C #6 and consequently Hçc = .He* = H$. This finishes the proof of (c)
 and proves (f).

 (d), (e) and (g) The function h belongs to #5 ' Hzq C H$q - 'H2r By
 Remark 1, Ü2q C H$q. Let F C [0, 1] be a nowhere dense set belonging to
 Aq. In each component In (n G N) of the set R ' F we find a Cantor set Fn
 of measure zero and two non Borei sets Fn> 1, Fnn such that Fn = Fn> 1 U Fn,2
 and Fn,i fl Fn, 2 = 0. There are two disjoint sets Ńi, N2 such that N = Ni UN2
 and both the sets UneNi-fn and Un€N3-řn are dense in F. Put

 1/n for x e Fn,i, nGi^i
 l(„' _ J 1 - 1/n for x e Fn.i, n e N2

 ~ 1 for x e Fn, 2, n e N2
 0 otherwise

 Then fc G i/sc ' #5$ • The inclusions #5 C #5ç C H$e follow from Remark 1.
 (h) By Theorem 1, J/5c C H6c = #6-
 (i) By Remark 1, H' C Hiq C #ic. The function Jfc belongs to i/ic ' H'q.
 (j) By Remark 1, Hz C #3^ C //3c. The function h belongs to Hzc ' Hzq.

 Problems. Are the following equalities true?

 (aO Hx = Hlq.

 (aa) Hz = Hzq.

 (aß) H$ = H$q.
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