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STRONG DENSITY TOPOLOGIES WITH
RESPECT TO MEASURE AND CATEGORY

In [2] the notions of Z-density point and strong Z-density point of a plane set
have been introduced and studied in comparison with the one-dimensional case.
Moreover, the topologies, called Z-density topology and strong Z-density topology,
associated with Z-approximately continuous functions and strong Z-approximately
continuous functions respectively, have been introduced and investigated. In par-
ticular, the problem of finding the coarsest topology under which Z-approximately
continuous functions are continuous has been solved. That topology has been
called the deep Z-density topology.

. An essential role is played in this question by a Lusin-Menchoff theorem in the
sense of category.

A similar problem concerning the coarsest topology under which all strongly
approximately continuous functions (with respect to Lebesgue measure) are con-
tinuous, is unsolved.

The strong density topology, i.e. the topology associated with strongly approx-
imately continuous functions, is not the coarsest topology under which all strongly
approximately continuous functions are continuous (see [3]).

For this purpose, a topology d which is strictly coarser than the strong density
topology and which also makes continuous all strongly approximately continuous
functions, has been introduced in fact in [3]. It is unknown whether or not the d
topology is the coarsest topology under which all strongly approximately continu-
ous functions are continuous.

In this paper the deep strong Z-density topology is studied and the question
if it is the coarsest topology under which all strongly Z-approximately continuous
functions are continuous is solved with negative answer (see th. 6).

At the same time it is proved that a Lusin-Menchoff theorem doesn’t hold
either for the deep strong Z-density topology (see th. 5) or for the d topology (see
remark 2).

Throughout the paper S will denote the class of plane sets having the Baire
property. Z will denote the o-ideal of sets of R? of the first category.
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We shall say that a property holds Z-a.e. in X if it holds for all points of X
except a set of the first category. The symmetric difference of the sets A and B is
denoted by AA B. For A,B€ S A~ B will always mean AA B € T.

X 4 Will mean the characteristic function of the set A. The euclidean distance
in R? will be denoted by p.

For n,m € N and A € S we put (n,m) - A = {(nz,my) : (z,y) € A}.

Def 1: (0,0) is a strong I-density point of A € S if and only if for every
increasing sequences {k.}nen and {kl}.en of natural numbers there exist sub-
/ " -
:eq;ences {kr,}pen and {ky }pen for which {x (k) A2 )-Anl=1172 },en converges to
-a.e.

Def 2: A point (z¢, yo) is a strong T-density point of A € S if and only if (0,0)
is a strong I-density point of the set A — (zo,y0) = {(z — z0,¥y —¥0) : (z,y) € A}.

Def 3: A point (zo,yo0) is a strong Z-dispersion point of A € S if and only if
(zo,Yo) is a strong I-density point of R* — A.

For A € S p,(A) will denote the set of all strong Z-density points of the set A.
For A, B € S the following properties hold (see [2] th. 3’):

1. p,(4) ~ A

2. If A~ B, then ¢,(A) = ¢,(B)
3. vs(0) =0, pi(R?)=R?

4. ps(AN B) = ps(A) N s(B).

Def 4: A point (zg, yo) is a deep strong I-density point of A if and only if there
exists a set B, open in the natural topology, such that B D R? — A and (xo,yo) is
a strong I-dispersion point of B.

The following result holds (see [1], lemma 1.5):

Lemma 1: If (zq,yo) is a deep strong I-density point of the set A € S, then
(z0,Yo) is a deep strong I-density of A in the direction of z and y-axes.

Let 77 denote the topology introduced in [2] as the family of sets A € S such
that A C p,(A). Denote by 7, the family of sets A € S such that each point of A
is a deep strong Z-density point of A. We omit an easy proof of the following:
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Theorem 1: 7, is a topology (on the plane) coarser than T3.

Observe that the set A = R? — {(0,+00) x {0}} € 7. Since (0,0) cannot be
a deep strong Z-density point of A (by Lemma 3), A ¢ 7,.

Lemma 2: If A € 7,, then A = G, U P;, where G, is an open set and P, is a
nowhere dense set.

Proof. It is obvious if A = 0. If not, let (zo,yo) € A. Then there exists a closed

set F' C A such that (zo,y0) € ¢,(F). Thus ﬁ‘;é 0. Let G =;1 and P, = A— ;1
Since P, C Fr(G,), P, is nowhere dense.

Lemma 3: If A = G, U P;, where G, is an open set, P, is a nowhere dense
set and A C yp,(A), then R?> — A = G, U P,, where G; is an open set and P; is a
nowhere dense set.

Proof: It is similar to the proof of the analogous lemma 3 of [2].

Def 5: A point (zo,y0) is a deep strong I-density point of A € S in the
direction of z-axis (y-axis) if and only if z¢ (yo) is a deep I-density point of the
set

{t €ER: (t7y0) € A} ({t €ER: (woat) € A})l

Lemma 4: Let (0,0) be a deep strong I-density point of A € S. Then,
for each P C R? — A we have: (x) for any increasing sequences {nm,}men and
{km}men of natural numbers, there exist subsequences {nm,}pen and {km,}pen
such that for each rectangle (a',b') x (a",b") C [—1,1)? there exist a rectangle
(¢,d') x (c",d") C (a’, ") x (a”,b") and a natural number r € N such that:

L. U2, ((nmps km,) - P) N ((¢,d') x (", d")) = B;

2. U, ((nmy,1) - P)N((c,d’) x {0}) = 0;

3. U, ((1,km,) - P)N ({0} x (c",d")) = 0.

Proof: Suppose that the above statement is not true. Then there exist P C

R? — A and two increasing sequences {nm,}men and {km}men such that for all
subsequences {nm,}pen and {km,}pen there exist a rectangle (a’,d') x (a”,4") C

1The definition of deep Z-density point of a set on the line is, with obvious changes, similar
to the def. 4 (see also [6], def. 6).
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[—1,1]? such that for each r € N and for each rectangle (¢/,d") x (¢”,d") C (a’, ") x
(a”, ") we have not 1. or not 2. or not 3. .

There are two possibilities: for each r € N the set US2, ((nmy, km,) - P) is
dense in (a’, ') x (a”,b") or for some ro € N U2,(("m,, km,) - P) is not dense in
(a’, ") x (a",b") for r > ro.

In the first case, if B is an open set which contains P, then for each r € N the
set U2, (nmy, km,) - B is residual in (@', %) x (a”,b"), a contradiction.

In the second case there exists (aj,d}) x (a¥,d}) C (a’,¥') % (a”,b") such that
U2 ((Rmps km,) - P N ((af, b)) X (af, b)) = @ for each r > ro. Therefore for each
(c,d) x (c",d") C (a},b}) x (af,b]) and for each r > ro 1. holds. If the set
Us2,(nm,, 1) - P is dense in (aj,d]) x {0} for each r > ro, then for any open
set B O P and for each r € N U2, (nm,,1) - B is residual in (af,d]) x {0},
a contradiction by Lemma 1. Then the set U3, ((nm,,1) - P) is not dense in
(a1, b)) x {0}, for some r; > ro. Consequently, there exists (a3, b3) C (ay, b)) such
that U2, ((Rm,, 1) - P) N (a3,b5) x {0} =0 for r > 1.

Thus for any rectangle (¢’,d") x (¢",d") C (a},by) % (af,dy) and for r > r; 1.
and 2. hold.

Therefore, for each r > r; and for each (¢/,d’) x (¢”,d"”) C (a}, by) x (af, by) we
get U2, ((1, km,) - P)N ({0} x (c",d")) # 0. Thus, for each r > r U2, (1,km,) - P
is dense in {0} x (af,b]) and U32,(1,km,) - B is dense in {0} x (af,b]), for any
open set B D P, a contradiction by Lemma 1.

Theorem 2: Let A € S such that R — A = G U P, where G is open (in the
natural topology) and P is a nowhere dense set, and let (0,0) € A.

Then (0,0) is a deep strong I-density point of A if and only if the condition
(%) of the lemma 4 is satisfied (for the set P).

Proof: Since P C R?— A and by lemma 4, it is obvious that, if (0,0) is a deep
strong Z-density point of A, then P satisfies the condition (*).

Conversely, if the condition (*) of the lemma 4 is fulfilled, we shall construct
an open set B D R? — A such that (0,0) is a strong Z-dispersion point of B.

With the denotation of lemma 4 we are looking for a set B, such that B, O P
and (0,0) is a strong Z-dispersion point of B;. The requested set B will be B; UG.

In order to do that, let (z,y) € P. Put

Bx’y = (z - 6zvy’m + 53,3!) X (y - 6.1.‘,y7y + 63-3/)’
where 0 < 6., < min{p?*((z,0),(0,0)),»%((0,y),(0,0))} if =z # 0 and y # 0,

0 <62y < £*((0,0),(0,y)) if z =0 and 0 < 6, < p*((2,0),(0,0)) if y = 0.
Let By = U(s,y)ep Bz,y- Obviously B, is open and B; D P.
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Let {nm}men and {km}men be arbitrary increasing sequences of natural num-
bers. Let {nm,}pen and {km,}pen be the subsequences of {nm}men and {km}men
from the condition (*) of lemma 4. We shall show that lim, sup((nm,, km,) - B1) N
[-1,1]% is a nowhere dense set and, consequently, that (0,0) is an Z-dispersion
point of B;. Let (a,b') x (a”,b") C [-1,1]2. From condition (%) there exist
(c',d") x (",d") C (a',b') x (a”,b") and r € N such that 1., 2. of lemma 4 are
satisfied. We shall prove that lim, sup((rm,, km,) - B1) N ((¢',d') x (¢”,d")) = 0.

Suppose the contrary. Then there exists (z’,y’) € lim, sup((nm,, km,) - B1 N
((¢,d") x (¢",d")) and, consequently, there exists a subsequence {(nm,,, km,, )}sen
such that for each s € N (z',y') € (nm,,,km,,) - Bi. Then we can construct

a sequence (,,Ys)sen of points of P such tha.Pi’; for each s € N we have that
(z',y') € (nmp.’ kmp.) (%5 = bzy,905 Ts + bz0y,) X (Ys — Oz0,300 Ys + 62,0, )-

Obviously {(z,,ys)}sen tends to (0,0).

Suppose that there exists a subsequence {(z,,,ys,)}ren of {(Zs,¥s)}sen such
that, for eachr € N z,, # 0 and y,, # 0. Since z’ is also of the form z’ = np,,, - z}
and y' = km,, -y,, where z; € (25 —6z,,y,,¥s +6z,,4,) and y; € (ys— 62,5, Ys +6z,,4.)
for every s € N, we have for any r € N

Ia:, - nmp,r x’rl < |$f,' - :t,,.l 5’:8'13”" < Iz"‘

|n'mp,,. x’rl - Izarl - Ia"’rl - |$3rl

|2

= |$3r|’

So {nm," Z,, }ren tends to z'.

Analogously we can prove that {km,, ys, }ren tends toy’. Thus, (nm,, ,km,, )
(zs,,Ys,) € (¢',d') x (c",d") for sufficiently big r € N, but that contradicts 1. of
the condition ().

Suppose now that there exists a subsequence {(z,,,¥s,)}ren Of {(Zs,¥s)}sen
such that y,, = 0 for each r € N, then, as above we may conclude that
{nmy,, s, }ren tends to z’ and, consequently, that n,,, z,, € (¢,d’) and y,, =0
for sufficiently big r € N.

Therefore (nm,, s,,¥s,) € (¢’,d’) x {0} but this contradicts 2. of condition ().

Suppose, finally, that there exists a subsequence {(zs,, ys,)}ren such that z, =
0 for each r € N. With analogous argument we obtain a contradiction too.

Def. 6: We say that (0,0) is a strong Z-density point of A € S with respect to
the first quarter of the plane if, for all increasing sequences {nm, }men and {km}men
of positive integers, there exist subsequences {nm,}yen and {km,}pen for which
{x (nraprbmg)- A0 },en converges to 1 I-a.e.

Def. 7: Wesay that (0,0) is a strong I-dispersion point of A € S with respect
to the first quarter of the plane if and only if (0,0) is a strong I-density point of
R? — A with respect to the first quarter of the plane.
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In the standard way we extend the above definitions to the points different
than (0,0). Analogous definitions can be formulated for the remaining quarters.

The set of strong Z-density (Z-dispersion) points of the set A with respect to
the first quarter is denoted by ¢F*+(A) (¢¥F+(A)). For the remainig quarters we

use the symbols o7+ (A), 977 (4), 97~ (A), (¥77(A4), ¥77(4), ¥57~(4)).

Lemma 5: Let G C R? be an open set. Then (0,0) € v}+(G) if and only
if for eachn € N there exist k € N and a real number § > 0 such that for any
h,h' € (0,6) and ¢,¢' € {1,...,n} there are j,j' € {1,...,k} such that

cnlG= 1)k+1—1h (i — 1)k+]] [(z—l)k+]—1h, @=Dk+41
nk k nk

Proof: Similar to the linear case (see [5], th 1.)

Def. 8: We say that f : R? — R is strongly T-approximately continuous if f
is continuous with respect to the topology 7.

Theorem 4: If f : R? — R is a strongly T-approximately continuous function
and (a, B) is an open interval, each point of the set f~1((e, 3)) is its deep strong
Z-density point.

Proof: It suffices to show that if f(0,0) > 0, then there exists a closed set
T C f~*((0,+00)) such that (0,0) is a strong Z-density point of T. Choose p € N
for which f(0,0) > %. Then, (0,0) is a strong Z-density point of f‘l((%,+oo)).
Since f ‘1((%, +00)) has the Baire property, it can be expressed in the form F A E|
where F' is closed and F is meager on the plane. Obviously (0,0) is a strong
Z-density point of F'. Thus, by lemma 5 we may assume that for eachn € N
the numbers k and é are such that for any h,h’ € (0,6) and 4,7’ € {1,...,n} the

numbers jo and j§ € {1,...,k} are chosen in order to have
[(t—l)kﬂo—lh (i- 1)k+1 ] [(z—l)kﬂo W (i’—l)k+j6h,lcF
nk ’ nk ’

Now, fix n € N and let k and § be with the above meaning. For any m,m’ €
N, i,i’ € {1,...,n} and j,5' € {1,...,k}, by P:;:v“ we denote the set of all points

(h, h' ) € R? for which the following conditions hold
. . m . . m-—1
((z—l)k+]—1) 5 < h<((z—.1)k+]—1) 5,

Gi—1Dk+J G—Dk+7

(' — Dk + 5 —1\™ . (@ =Dk+5—1\™""
<

( G-k+y ) S P <\mmoRes ) °
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Thus, for any i,¢' € {1,...,n} and 5,5’ € {1,...,k} we have U, US_,
PR = (0, 6)2

Let n € N, 4,i € {1,...,n}, 4,5 € {1,...,k} be fixed. Put u = (: — 1)k +
J, w'= (' = 1)k + j' and define HJ}, ;. as the closure of the union

[> 2] [o o] u—

k] x [ Lw —hl
mL=Jl mt’il (h'h,)g;nii’;ij [ nk nk "nk

We shall show that Hf};; C f~*([%,+o0)). To this end, let (zo,y0) € HJjj

Then there are sequences {z,},en and {y.}.e ~ tending to zo and yo, respectively,
)
such that, for each s € N there are m,,m; € N and (k,,h;) € Pp;i such that

z, € [%52h,, %h,) and y, € [ Yoip), Wkl

Before getting f(zo,y0) > ’1; we need to construct a subsequence {h,, }ren
of {hs}sen and a sequence {a,},cn of real numbers different than 0, convergent
to 0 such that for each £ € N there exists t € {1,...,2nk} such that for all

z € {1,...,£} and for almost all r € N we have

(t—1)+2z-1 (t=Di+z [
[“"°+ okl ot T myalS h"

(if a, < 0, the endpoints of the interval on the left-hand side in this inclusion must

be written conversely; this remark should be also repeated further in the proof).
Consider some cases. First assume that there is a subsequence {m,, },en of

{m,}sen tending to infinity. Put a, = h,, for r € N. Then for all r € N, we have

u u (u—1\mr"1
< < — < —
O_z"_nkh"_nk( u ) J

so lim, h,, = lim, z,, = 0. Hence we have o = 0.
Put t=2u—1. For1 € N and for any z € {1,...,£} and r € N, we get

[(t—l)l+z—lhm(t—1)l+zh"] _

2nkl 2nkl
u—1 =2z2-1 u—1 z
[( nk + 2nkl ) h"’( nk + 2nkl> h"] c
u—1 u
TRE e g

which has been desired.
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The remaining case is when {m,},en contains a constant subsequence. For
simplicity assume that all terms m, are equal to m,,. Consider the first subcase

when there exists s, € N such that zg € [“'1 hsy Shs ] forall s > s,. Forr € N put

hs, = hs,4r and choose a, # 0 such that o+ a, € [“'1 s,y aphs, | and lim, a, = 0.
Let € N and put t = 1. Then for any z € {1,...,!} and r € N we get

[370 + ar, o+ —=a,| C [$07 To+ ar] C [ nk Or’ htr .

2nkl 2kl nk

The remaining subcase means that there is a subsequence {h;, },en of {hs}sen
such that zo ¢ [“ Lh,., nkh,,] for all » € N. We may assume (choosing a sub-
sequence if necessary) that either o < “'1 t="h,, forallr € N or .'co > h,, for
all r € N. Consider for example the first situation. Since zo < lh,, < z,,
for all » € N, we have that lim, -‘ﬁl—h,, = zo. Then thereis a r, € N such that

“Lh, —xzo < & (l‘—l-)mm 6 for each r > r,. Define a, = 2 (%“Tl-h,, - a:o) for

u —

r € N. Let £ € N and put t = nk+1. Since in this case (%)mm 6 < h,,, we have

okl m Tt 5

mo+(1+z_1>a wo+(l+L)a]C
2nkl) " 2 2nkl) "
[ 1 1 1

Laio + Ear,$0+ (5 + 2n_k) ar] C

u — 1 u—1 1 fu—1\T
| nk B kh"+_k-( nk) 6]C
u— 1 u—1

| nk hars nk

[$0+(t—1)l+z—1 (t—l)l+zar]=

hs, + kh" .
Analogously, we show that there is a subsequence {h",rq }een of {h) }ren and

a sequence {b,},en of real numbers different than 0 convergent to 0 such that for
each £ € N there exists ¢ € {1,...,2nk} such that for all 2’ € {1,...,{} and for
almost all ¢ € N we have

' _ ' _
#-1Dl+=z lbq,yo-l- 1)l+z] [ %

Yo+ okl Skl B> nk ore | -

From the above facts it easily follows that for any £ € N and 5 > 0 there are
@rg, by € (—1,0) U (0,7) and ¢, ¢’ € {1,...,2nk} such that for all 2,2’ € {1,...,£}
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we have

(t—1)l+z—1 (t— 1) +2
l“ LI T B = ]
H-Dl+2-1 t-1)+2
[”° P e vt T | ©

u—1 u -1, 4,
[Wh"q’ﬁh"c] % [ nk h"q kh"q] CF.

Hence, by Lemma 5, we may conclude that (zq,yo) is not a strong Z-dispersion
point of F and then it is not a strong Z dispersion point of f~? ((%, +00)). Therefore

(z0, Yo) is not a strong Z-density point of f~1((—oo0, ‘1;)) Since f is T-approximately
continuous, it follows that f(zo,y0) > %, what proves the inclusion H% .. C
(5, +00))

Now, for m € N let D,, = [0, :‘]2 [0, m+_1]2 and T** = U=_,(Dm N
Un—l t=l Ut'=1 =1 J'=l u’]] ) U {(0 0)}

T+*+ is closed and T*+ C f~1([3, +00)). We shall show that (0,0) € pF+(T++)
with use of lemma 5.

Let n € N be arbitrary. Since (0,0) € ¥}*(R? — F), by lemma 5 we may
choose k and §. Put 6, = min{6,1}. Let h,h' € (0,6,) and 3,4’ € {1,...,n} be
arbitrary. Choose j,j’' € {1,...,k} by lemma 5. There are m,m’ € N such that

(h, k') € P*¥ii' By the definition of HZ,; ji» we have
1 2
il [t ] o er

what means that (0,0) € p}+(T+).
Analogously we can construct in the remaining quarters of the plane closed sets
T+-,T~%,T~", included in f~*([1,+00)) and such that

(0,0) € o7 (T*) N H(T™H) Ny ~(T77).
Put T =T+ UT+-UT-tUT . T is closed set included in f~1((0,+0o0))
and (0,0) is a deep strong Z-density point of f~1((0,+0o0)), which ends the proof.

Remark 1: The theorem above implies that the strongly Z-approximately
continuous functions are exactly the functions which are continuous with respect
to the topology 7,.

Next theorem shows that for the topology 7, the Lusin-Menchoff theorem
doesn’t hold.
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Theorem 5: There exist a set E € T, and a closed set F C E such that, for
each perfect set P such that F C P C E, there exists a point (zo,yo) € F which
is not a strong I-density point of P.

Proof. First construct a set E T,-open. In order to do that, for p € N and for
each odd k € {1,3,...,27 — 1}, denote by af the number 2. Define a sequence
{cn}nen as follows: if n < m and ¢, = a’;, ¢m = ab, for some p,q € N, k €
{1,3,...,2? — 1} and h € {1,3,...,27 — 1}, we have either p < q or p = q and
k < h.

Let {[an,bn]}nen be a sequence of closed intervals such that a; = %, b =1
and, for each natural n € N bny1 = 1a, and anyy = 3bnya.

Let D = U2, [an,bn] X {cn} and E = R? — D. Put F = {0} x [0,1]. Then
F C FE and F is closed. We shall show that E is an open set in the 7, topology.

Let (zo,y0) € E. If (z0,y0) € F, then there exists § > 0 such that zo & (-6, 6)
and there exists ng € N such that for each n > ng, [an,bs] C (—6,6). Thus
DN (((—o0, —6]U[8, +00)) X R) = UnZy[an, bn] X {en} N (((—00, —8]U[6, +00)) X R)
and (zo, Yo) EE‘.

Let (zo,y0) € {0} X [0,1]. We shall show that for eachn € N there exists § > 0
such that, for each (&, ') € (0, 6)%(0, §) and for each (3,7’) € {1,...,n}x{1,...,n}
there exists (7, j') € {1,2,3} x {1,2,3} such that

3¢—-1)+j5—-1, 3G—-1)+7J
[ 3n B, 3n hi x {yo} C E,

3¢'-1)+j5'-1, 3" -1)+ 4
3n W,y + 3n h

{0} x lyo+ '] C E,

3(z—1)+J—1h’3(z—1)+]h y
3n 3n

3! = 1)+ ' — 1 3(:' —1) + j
[yo+ (i ;+J W.oyo 4 -1+,
n 3n

Since {0} x R C E, the second condition is obvious for anyn € N, § > 0, ' €
{1,...,n}, j' € {1,2,3}, k' € (0,6) and y, € [0,1].

If yo = 1, since [0, +00) X [1,+00) C E, the conditions above are true. Assume
that yo < 1. Observe that if yo = cn, for some ng € N, then (R x {yo}) N D =
[@noy bno] X {cno}. Let 0 < §(zy40) < @no. It is obvious that if ¢, # yo for each
n € N, then (R x {yo}) N D = 0 and we put §(5,4,) = 1.

Now, let n be an arbitrary natural number. Put § = §(5,,,). Let (h,h’) €

(0,8)x(0,8) and (3, 4) € {1,...,n}x{L,...,n}. If [2EE0+2h Lh]AUR [a,,b,] = 0,

’] CE.
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then ([2242h, ih] x R)ND = @ and [X042h, $h)x [yo + AGE2R!, yo+ Lh/]C
E.

Therefore we put j = 3 and j' = 3. If [ﬂ%')ﬁh, %h] N U, [ap, by) # 0, for po
such that [gﬁf—l)ﬁh 'h] N [@pos bpo] # O and ap, € (%%‘)ﬁh, ih] then we have
bpot1 = Lap, < Lh. Therefore M2 _p, > (U2, ip _ b3z > b 5
and byy41 < -1':—}3+—h If by, € ['i%ﬂ_h ;h), then ag_; = 2b _>_ 8Dty
Therefore ap,—1 — -;i-h > ﬂ%)ﬁh - %h = %% > ;'—" > 0 and apy—1 > %h. If
ap, < XWH2h and by, > Lh, then [ag, bp) D [?1‘;;'_‘)_*:2],, %h] Thus for each
PEN, p# po, [apby] N [2E50E2h, ip] =9

Now we consider the closed interval [yo + &R yo + %h']. Ifcp, & [yo + E=Lp,
Yo + %h' , then we have [ﬂ"—aimh, %h] X [yo + ﬂ%ﬁh', Yo + %h'] ND = ) and we
put j =3and j'=3. Ifc,, € [yo + "'%lh’, Yo + ;‘;-h'], then there exists j5 € {1,2,3}
such that ¢,y & [yo + ﬁ_—1:%;'—'1“":lh', Yo + %‘ih'] and therefore [%%)ﬁh, ih] X
Lyo + W’z', Yo + %hjnD = (). Then we put j = 3 and j' = j}. Since

= 6(z0,3)> the first and the second conditions are true.

Now we’ll show that there exists a closed set T C E such that (zo,y0) is a
strong Z-density point of T', what is enough to conclude that E is open in the 7,
topology.

In order to do that, for simplicity, assume that (zo,yo) = (0,0). Let, for each
n € N, § > 0 such that for any (h,A’) € (0,6) x (0,6) and 7,4’ € {1,...,n} there
exists (4, ;') € {1,2,3} x {1,2,3} such that

- . - . _ _ o 9]
36—-1)+ lh,3(z 1)-|-Jh 3" -1)+ 4 lh,,3(z 1) 437 wl cE
3n 3n 3n 3n

3(i—1)+j—1, 3G —1)+j
[ - hy =——""Lh| x {0} C B,

{0} x [3(’ 1)“'"lh',3("'“1)+j'h']cE.

3n

For fixed n € N, § > 0 with the meaning a.bove, m,m' € N, (5,7 € {1,2,3,} x
{1,2,3},G,#") € {1,...,n} x {1,...,n}, let P™¥ii' be the set of all points (h, k') €
R? such that the following conditions hold simultaneously:

(5ot « e (s e
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3’ — 1)+ —1\™ ) (3(i'—1)+j'—1)"'"‘
< h : 8.
( 3 —1)+7") ) b= k< 3 —1)+ 5

Then for any (z i) € {1,...,n} x {1,...,n} and (4,5') € {1,2,3} x {1,2,3}
U, Ue_, PR = (0, 6) x (0,6).

For fixed n € N, (3,¢') € {1,...,n} x {1,...,n}, (4,5) € {1,2,3} x {1,2,3},
denote by HJ; ;. the closure of the set

[o o) o o) ,
U U U 3n 9 3nh_—h] [3n 9n 3nh 3nh]

m=1m'=1 (h,h')eP':i,::;ij'
where u = (1 — 1)3 + j, v’ = 3(i’ — 1) 4+ j'. We shall show that H},, C E. Let
(Zo,y0) € Hf ;. Then there are sequences {zs}sen and {y,},eN tendmg to zo
and Yo respectively such that, for each s € N there are m,,m} € N and (h,,h)) €
P37 such that (z,,ys) € [“-l by, by — b, | X [422R + L h), 2B — LAY,
If o =0and yo =0, it is obv1ous that (zo,y0) € E.
If zo # 0 and yo = 0, we may assert that there is no subsequence {m,, },en of
{m,}sen which is tending to infinity. If not, in fact, 0 < z,, < £h,, — &h,, <

&h,, < 2 (22)""7'6, for all r € N. So lim, h,, = lim, z,, = 0 and zo = 0, a
contradiction.

Therefore {m,},en contains a constant subsequence. For simplicity assume
that all terms are equal to m,,. Suppose that there exists a subsequence {h,,},en
of {hs}sen such that zo ¢ [“‘1 hs,, 3nh,,] for all r € N. Then either z¢ < “‘lh
for all 7 € N or o > 3-h,, for all r € N (choosing a subsequence if necessary)
Consider, for example the first situation. Then, since zo < *= lh,, < z,,, for

all r € N, it follows that lim, %1h,, = zo and lim, (%2h,, + &h,) > 20+
= (552)"" 6> 0.

Since z,, 2 “1p, + g-h, for each r € N, we have that lim, z, >
lim, ("3;1 hs, + 5 h ) > z9, a contradiction. Thus, there exists s* such that, for
s>8* 29 € [“‘lh,, = ,] and (zo,0) € ["3‘: hsy 3=hs ] x {0} C E.

If zo = 0 and yo # 0, the proof is similar.

If zo # 0 and yo # 0, we may choose, as above, a subsequence {h,, },en of
{hs}sen, if necessary, such that there is r* € N such that, for each r > r*, zo €

""l L h,,] and we may choose a subsequence {h;_ }pe ~ of {h}_};en such that
there exists p* € N such that, for all p > p*, yo € [3‘—1-h' o ] Then choose

Y 3n sy
p > p* such that (zo,y0) € [“"lh 'l h! —h' ] C E. We have
H ., CE.

8rp ' 3n 3rp
1! 55’

8rp’ 3n Srp
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Now let D,, = [o 1’ — o, 5 +1] for m € N and let T+t = U=, (DN

Um, Ur, Upoy U, Ui, H,,,”.) U {(0,0)}. T+* is closed and included in E. We
shall show that (0,0) € p+(T*+). Letn € N, k=9, § >0, (h,h') € (0,6)X(0,6)
and 7,7’ € {1,...,n}. For some j,j' € {1,2,3} we have

,_

[3n ’3"] [ hsh]CE’
where u=3(: —1)+j and v =3(:'—1) +j"

Then

u—1

——h

[ 3n +
Moreover, if j; = 35 — 1, j; = 35’ — 1, then 5, j; € {1,...,9} and

[9(e—l)+11—1 9(i — 1)+th]

"3n

—h' —h’ 9nh] cCT*t.

In In

Q(i’— 1) +J{ - lh' Q(i'— 1) +j{h' C T++
In ’ 9n '

In a similar way we can construct closed sets T+, T-~,T~* in such a way that
(0,0) € @o(T), where T = T** UT+-UT-~ UT-*. Now let’s show that, if P
is a perfect set such that F C P C E, there is a point (zo,y0) € F which is not
a strong Z-density point of P. Suppose the contrary and let P a perfect set such
that FF C P C E and every point (zo,yo) € F is a strong Z-density point of P.

Let G = R?> — P. Then D C G and, for each n € N, there exists §, > 0 such
that [an, bs] X {€n} C [@n, bn] X [¢n—6n,cn+6,] C G. We want to show that F C D.
Let (zo,y0) € F and let v > 0. Since lim, b, = 0, then there exists no such that,
for n > no we have [a,, by] C (0,7). Therefore U2, [an, bs] X {ca} C (0,7) % [0,1].
Let n; > ng such that c,, € (yo — 7,y0+ v). Then we have

[anl, bn1]x {cnl} C (0’ 7)x(y0_7)y0+7) a'nda ((_7’ 7)x(y0_7’ y0+7))nD 76 m

Thus (zo,y0) € D.

Using this fact, we can define by induction a sequence {[ax, Bk]}ren of intervals
such that for each k € N [oks1, Br41] C [k, B), Br+1 — aksr < 3(Bx — ax) and for
each k € N there exists ny such that [ak, Bk] C [cn, — bnysCny + 6n,)-

Let yo € N3, [@k+1, Br+1]. We will show that (0,yo) is not a strong Z-density
point of P. Since yo € [ak, Bk] C [cn, — OnysCny + 6n,], for every k € N, we have
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[@ny> bni] X {¥0} C [@ny, b0, ] X [€ny = Enys Eny + 85 ] C G. Let S = U2, (an,, bn,) and
t = % For each subsequence {t,},en of {tr}ren We have (3,1) C U2, t, - SN

[0,1]. Moreover

oo

1.1 1
th-S=t: U(anrvbnr) Dtk (@nys bny) = b_(ib"k’bm:) = (5’ 1).
r=1 nk
Then 0 is not an Z-dispersion point of S. Thus (0,yo) is not a strong Z-
dispersion point of G and (0,yo) cannot be a strong Z-density point of P.

Theorem 6: 7, is not a completely regular topology on the plane.

Proof: We'll show that there exist a set D closed in the 7, topology and a point
(z0,y0) & D such that there is no strongly Z-approximately continuous function
f: R — R such that f(zo,y0) =1 and f(D) C {0}.

Let D be the set defined as in the proof of the theorem above. Let (z¢, yo) be a
point of {0} x [0,1]. Suppose that there is a strongly Z-approximately continuous
function f such that f(zo,y0) =1 and f(D) C {0}.

Let A = {(z,9) : f(z,5) > 1} and B = {(z,3) : f(=,4) < }}. Then (z0,50) €
A and A € 7,. Thus there exists a closed set P C A such that (zo,y) is a strongly
T-density point of P. Therefore there exists [a, b] C [0, 1] such that {0} x [a, b] C A.

Let n be a natural number. If (z,y) € [an, bn] X {cn}, (Where [an,bs] X {c.} is
such that D = U2, [an, bn] X {cn}), then (z,y) € B and (z,y) is a strong Z-density
point of B. Thus there exist 02,y such that, for every h, b’ € (0,4,,,) and for every
i,i € {1,...,n}

Now we define by induction sequences of sets {[an,, bn,]X{cn,}}ren, {[@p, Bpl} N

and of points {(zf,...,z5)},en such that, for every p€ N and i € {1,...,2°7} we
have
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i) (er,81) C (a,d)
il) Bpt1 — apt1 < 3(Bp — ap)
iii) [etpt1, Bpra] C [ap, Byl
iv) [ap, Bp] = [cn, — 8, Cn,), where § = min{8p, ,--- 608, c0, }
V) [@npp1y bnpa] X {€n,} C (0,an,) X (a3, Bp)
Vi) [@ny,bn,] X {€n,} C (0,400) X (a,b)

vil) zf € (a,,, + 51(bn, — Gn,), Gn, + 25(bn, — a,,,)).

For p =1, let n; € N such that [ay,, bs,] X {cn, } C (0,4+00) X (a,d) and choose
&} € (@ny, any + 5(bn, — an,)) and 73 € (an, + 3(bn, — an,), bny).

Put [a,41] = [cn, — 6,¢ny), where 6 = min{é,; ., 6., }. Assume, by in-
duction, that there exist [an,, bn, ], Cn,, [k, Bk] and 27, ..., z}, satisfying 1), ii), iii),
iv), v), vi), vii), for all p < po. We want to show that there exist [an, ,bn, ],
Crpy s [Qnpy s By, ) and 23°, ..., 253, with properties i), ii), iii), iv), v), vi) and vii).

For this purpose, let [a,, ,bs,] and c,, such that [an, ,bn, ] X {cn,} C
(0,@npy_y) X (@po-1, Bpo—1) and let, for eachi € {1,...,27}, 27 € (an,, + ;%}(b,,m -
aﬂpo)’ Anp, + 2+o'(b"ro - an,,o))-

Let 6§ = min{6,,,i»o'c"wo yenes 6,30'%’0} and put [apy, Bpy] = [Cny, — 6%, Cnp, ), Where
6* is a positive number less than § and such that ii) and iii) are satisfied.

If y* is such that {y*} = N2, [y, By), we have y* € (a,b),(0,y*) € {0} x(a,b) C
A. Then (0,y*) € A.

Let k be an arbitrary natural number. Then there exists pp such that, for each
P> po,bn, < } and p > 2k. Moreover, there exists p; such that c,, € (y*,y" + %)
for every p > p.

Let p > max{p1, po}. Put h = by, h’' = c,, — y*. Then (h, k') € (0, %) x (0, %)-
Put : = ¢ = 2 and fix j,j' € {1,...,k}. Since p > 2k, there exists £ € {1,...,2°}
such that zf € (a,,, + izrklb,,,,a,., + -ﬁ-b,.,) and 5,::1»,%’ > cn, — Y*.

Let t suchthat 0 < ¢ < §p,, and 62, +1<an,+ ebn,. Put ¢/ = L(ca, —y*).
Then t' < é.p,c,, -

Thus, for each m,m’ € {1,...,n,}, the set

m-—1

] r_1 °
I= (a;‘l’+ t,zf + nﬁt) X (c,,, - ;l-t’, Cnp — m t') N B# 0.

P P P nNp
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Consequently, the intersection

i—1 j
(ars + Loty + 3500, %

1 j'=1 1 g
* - o * el J n — * B
(y +(2+ 5 )(cn, ¥"),y +(2+2k)(c, y))n

includes I and then it’s not empty.

In conclusion, we may assert that for each k € N there exist h,h’ € (O, ;1;) such
that for each j,j' € {1,...,k} we have

i) (i)
((2+ TR ACRETY L R
* 1 j, -1 1, * 1 j’ ! _
Then (0,y*) is not a strong Z-density point of the set A and that is in contra-

diction with the fact that (0,3*) € A.

Remark 2: It is obvious that D is closed in the d-topology (see [3]). Then an
analogous proposition for strong (ordinary) density holds, i.e. the Lusin-Menchoff
theorem for d-topology is not true.
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