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On Limits of Quasicontinuous, Simply Continuous
and Cliquish Functions

Let X be a topological space and Y be a metric space (with metric d).
A sequence (fy), fn: X — Y quasiuniformly converges to f : X =Y, if it
pointwise converges to f and for every € > 0 and for every natural number
m, there exists a natural number p such that for all z € X:

min {d (fm+l(w)’ f(:l:)) (AR d(fm+p(m)’ f(:l:))} <e
If F C YX, wedenote by U(F), D(F), and P(F) the collection of all uniform,

quasiuniform, and pointwise limits of sequences taken from JF, respectively.

A function f : X — Y is quasicontinuous if f~1(V) C Cl Int f~1(V) for
each open set V in Y; f is simply continuous if f~1(V) is a union of an open
set and a nowhere dense set for each open set V in Y; f is cliquish if for
each £ € X, for each € > 0 and each neighborhood U of = there is an open
nonempty set G C U such that d(f(y), f(z)) < € for each y, z € G.

Denote by @), S, K, and B the set of all functions which are quasicontin-
uous, simply continuous, cliquish, and having the Baire property (with X as
the domain and Y as the range), respectively. Evidently, @ C K C B and
@ C S C B. In [5] it is shown that if X is a Baire space and Y is a separable
metric space, then S C K.

It is well-known that U(Q) = @, U(K) = K and P(B) = B. In [1] it is
shown that D(K) = K for a Baire space X. In [2] (also [4]) it is shown that
for X =IR™ and Y = R we have P(Q) = K and P(K) = B.

Theorem 1 Let X be a Baire space and (Y, d) be a separable locally compact
metric space. Then P(S) = B and U(S) = K.

Theorem 2 If X =Y =R, then D(Q) = K.

Therefore, for real functions of a real variable we obtain the following
complete description (where the inclusions are proper):
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Theorem 3 Let X =Y =R. Then Q = U(Q) C S C K = U(K) =
D(K) = U(S) = D(S) = D(Q) = P(Q) C B=U(B) = D(B) = P(B) =
P(K) = P(95).

By [3] every cliquish f : IR — R is a sum of 4 quasicontinuous functions
and by [6] (also [4]) every cliquish function f : R™ — IR is a sum of 6
quasicontinuous functions.

Theorem 4 Every cliquish function f : R™ — R is a sum of 4 quasicon-
tinuous functions and it is a sum of 2 simply continuous functions.
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