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 Some Remarks on Sup-Measurability

 It is well-known that the superposition of two (Lebesgue) measurable
 functions need not be measurable. In particular, consider superpositions of
 the form F(x , f(x)) which play an important role in differential equations.
 We say that F : IR2 - ► IR is sup-measurable if x ■- ► F(x, f(x)) is measurable
 for any measurable (or, equivalently, Borei) function / : 1R - ► IR. One can
 easily find a measurable F which is not sup-measurable; it suffices to take
 a nonmeasurable set H C IR and, for a fixed measurable / : IR - ► IR, define
 F as the characteristic function of the graph Gr(f'H). Grande and Lipiński
 [1] and, independently, Harazišvili (Georgia, USSR) observed that, assuming
 the Continuum Hypothesis (CH), one can construct a nonmeasurable set
 E C IR2 which meets the graph of any Borei function / : IR - ► IR on a
 countable set. Thus the characteristic function of E is nonmeasurable and

 sup-measurable. The analogous result holds for category. We extend that
 construction to more general cases and replace CH by a weaker assumption.

 We consider cr-ideals of subsets of IR. For any <r-ideal X we always assume
 that IR ^ X and either J = {0} or J contains all singletons. Let S{T) be the
 cr-field generated by sets from X and all Borei sets. For two <7-ideals X and
 J , we denote

 I ® J =■ I E C 1R2 : 3 a Borei B D E such that {x e IR : Bx £ J } G Cj ,

 where Bx = {y G IR :< x, y >6 B}. Then I ® J forms a cr-ideal called the
 Fubini product of Z and J .

 We shall let c denote the cardinality of the continuum and shall let

 non(J) = min{|E| : E C IR and E ^ J}.

 We say that an F : IR2 - y IR is S(I) -sup-measurable if a; i - »- F(x,f(x )) is
 5'(X)-measurable (i.e. the preimage of any open set belongs to S(T)) for any
 Borei / : IR - ► IR.

 Our generalization of the theorem of Grande and Lipiński is the following
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 Proposition 1 There exists an F : IR2 - ► {0, 1} such that

 • F is S (X) -sup-measurable for each X with non(X ) = c.

 • F is not S(X <8> J) -measurable for any X ^ {0} and J ^ {0}.

 Letting L denote the <r-ideal of all Lebesgue null sets, this yields

 Corollary 1 If non(L) = c, there exists an F : IR2 - > {0,1} which is sup-
 measurable and not (Lebesgue) measurable.

 Recently, that result has been improved by Marcin Penconek from War-
 saw University, who showed the above extence assuming that non(L) = c/(c).
 (We always have c/(c) < c.)

 Problem 1 Can existence of a sup-measurable and nonmeasureable function
 be proved within ZFC?

 An easier version of that problem is

 Problem 2 Can existense of a quasi-sup-measurable and nonmeasurable
 function be proved within ZFC?

 A function F : IR2 - ► IR is called quasi-sup-measurable if

 {y G IR : X F(x, f(x) + y) is nonmeasurable}

 is countable for any Borei / : IR - » IR. It is obvious that sup-measurability
 implies quasi-sup-measurability. Observe that the converse does not hold:
 it suffices to consider the characteristic function of H x {0} where H C IR is
 nonmeasurable.

 All of these remarks and problems can be formulated quite analogously
 for the category case.

 References

 [1] Z. Grande and J. Lipiński, Un example d'une fonction sup-mesurable qui
 n'est pas mesurable, Colloq. Math. 39(1978), 77-79.

 72


	Contents
	p. 71
	p. 72

	Issue Table of Contents
	Real Analysis Exchange, Vol. 17, No. 1 (1991-92) pp. 1-450
	Front Matter
	CONFERENCE ANNOUNCEMENTS [pp. 4-5]
	CONFERENCE REPORT
	Report on the SUMMER SYMPOSIUM in REAL ANALYSIS XV, Smolenice, Czechoslovakia, August 12-16, 1991 [pp. 6-14]
	Paradoxical Decompositions Using Lipschitz Functions [pp. 15-15]
	Bi-Lipschitz Mappings and Density Points [pp. 16-16]
	Some Remarks on the Density (Property) of O'Malley [pp. 17-17]
	A Note on ᓂ-Porous Sets [pp. 18-18]
	Symmetric Porosity and Symmetric Cantor Sets [pp. 19-20]
	The Integral Over Product Spaces, and Wiener's Formula [pp. 21-22]
	Differentiability and Integrability in n Dimensions with Respect to α-Regular Intervals [pp. 23-24]
	Kurzweil-Henstock Integration and the Strong Lusin Condition [pp. 25-26]
	Integration of a Functional [pp. 27-28]
	A Voltera Type Derivative of the Legesgue Integral [pp. 29-29]
	Remarks on Nonabsolutely Convergent Integrals in the Real Line [pp. 30-31]
	Change of Variable in Fourier Analysis [pp. 32-32]
	Some Inversion Results for the Generalized Walsh—Fourier Transform [pp. 33-34]
	Multipliers of Classes of Derivatives [pp. 35-36]
	THE Equation f² + g² = h², where f, g, and h Are Derivatives [pp. 37-38]
	Symmetric Approximate Derivatives Are Uniformly Closed [pp. 39-39]
	On Some Problems Concerning Almost Continuity [pp. 40-41]
	Almost Continuous Functions and Almost Baire Maps [pp. 42-43]
	The Topology of Semilocal Connectedness and s-Continuity of Maps on Product Spaces [pp. 44-45]
	Continuity and Measurability of Path Derivatives [pp. 46-47]
	Non-Baire Sets in Category Bases [pp. 48-49]
	Measurability of Multifunctions of Two Variables [pp. 50-51]
	On a Combinatorial Theorem of Curtis Greene [pp. 52-52]
	A Parametrization Theorem for Generalized Borel Sets [pp. 53-53]
	On Approximation Spaces [pp. 54-55]
	Three Forms of Chaos and Their Associated Attractors [pp. 56-56]
	On ω-Limit Sets of Triangular Maps [pp. 57-58]
	On the Structure of ᓂ-Limit Sets [pp. 59-60]
	Dynamical Systems on the Interval as Generators of Probability Distributions [pp. 61-62]
	Ergodic Theory and First Returns [pp. 63-63]
	SHADOWING PROPERTY OF MAPS WITH ZERO TOPOLOGICAL ENTROPY [pp. 64-65]
	Typical Functions in Subspaces of B¹: Thick or Thin ? [pp. 66-66]
	Strong Fubini Theorems from Measure Extension Axioms [pp. 67-68]
	Concerning a Characterization of Continuity [pp. 69-70]
	Some Remarks on Sup-Measurability [pp. 71-72]
	On Limits of Quasicontinuous, Simply Continuous and Cliquish Functions [pp. 73-74]
	Measurable Fields of Metric Spaces [pp. 75-76]
	On the Intermediate Value Property of Multivalued Maps [pp. 77-78]
	The Improvable Discontinuous Functions [pp. 79-80]
	About net convergences of measurable functions [pp. 81-82]
	Refinements of the Density Topology [pp. 83-84]

	Research Articles
	ON THE MEASURABILITY PROBLEM FOR CATEGORY BASES [pp. 85-92]
	QUASI-COMPONENTS OF PREIMAGES OF A CONNECTIVITY FUNCTION I² → I [pp. 93-96]
	WHAT SETS CAN BE ω-LIMIT SETS IN En? [pp. 97-109]
	EQUIINTEGRABILITY AND CONTROLLED CONVERGENCE OF PERRON-TYPE INTEGRABLE FUNCTIONS [pp. 110-139]
	Set Functions, Finite Additivity and Joint Distribution Function Representations [pp. 140-170]
	Density-to-deep-I-density continuous functions [pp. 171-182]
	Various continuities with the density, I-density and ordinary topologies on ℝ [pp. 183-210]
	Chebyshev Inequality in Function Spaces [pp. 211-247]
	Extendable Functions and Almost Continuous Functions with a Perfect Road [pp. 248-257]
	A Symmetric Porosity Conjecture of Zajíček [pp. 258-271]
	The Exact Borel Class Where a Density Completeness Axiom Holds [pp. 272-281]
	REAL NUMBERS WITH REDUNDANT REPRESENTATIONS [pp. 282-290]
	MONOTONICITY AND LOCAL SYSTEMS [pp. 291-313]
	SYMMETRIC POROSITY, DIMENSION, AND DERIVATES [pp. 314-321]
	STRONG DENSITY TOPOLOGIES WITH RESPECT TO MEASURE AND CATEGORY [pp. 322-338]
	CONVERGENCE THEOREMS FOR GENERALIZED RIEMANN-STIELTJES INTEGRALS [pp. 339-361]
	A Few ᓂ-Ideals of Measure Zero Sets Related to their Covers [pp. 362-370]
	EACH PEANO SUBSPACE OF Ek IS AN ω-limit SET [pp. 371-378]
	ON TAU-SMOOTH MEASURE SPACES WITHOUT THICK LINDELÖF SUBSETS [pp. 379-385]

	Inroads
	DIRECTION PROFILES OF CONVEX SETS IN N SPACE AS N APPROACHES INFINITY [pp. 386-393]
	A GENERAL COVERING LEMMA FOR THE REAL LINE [pp. 394-398]
	A Note on the Banach-Steinhaus Theorem [pp. 399-401]
	INTEGRATION BY PARTS FOR THE FORAN INTEGRAL [pp. 402-404]
	ON LOCALLY SYMMETRIC AND LOCALLY JENSEN FUNCTIONS [pp. 405-408]
	SYMMETRIC VARIATION [pp. 409-415]
	AN EXAMPLE WHICH DISCERNS POROSITY AND SYMMETRIC POROSITY [pp. 416-420]
	THE PACKING MEASURE AND SYMMETRIC DERIVATION BASIS MEASURE [pp. 421-422]
	THERE IS NO STRONGLY LOCALLY ANTISYMMETRIC SET [pp. 423-425]
	COMPARING THE RANGES OF CONTINUOUS FUNCTIONS [pp. 426-430]
	Three Forms of Chaos and Their Associated Attractors [pp. 431-438]
	Paradoxical decompositions using Lipschitz functions [pp. 439-444]

	QUERIES [pp. 445-450]
	Back Matter



