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The Topology of Semilocal Connectedness and
s—Continuity of Maps on Product Spaces

A function f: X — Y is called s—continuous if for each open set V C Y
whose complement is connected, the set f~!(V) is open [1]. We begin by
recalling two known results.

Theorem 1 [1, Th. 2.7] If f is a function from a connected space X into a
topological space Y such that the graph function ¢5: X — X XY, ¢4(z) =
(z, f(z)) is s—continuous, then f is s—continuous.

Theorem 2 [2, Th. 2.2] Let (Y;,T;), j € J, be connected spaces and let f;
be a function from a topological space X; into Y;. If the product function
[ i Mjea Xj » e Vi, where f({z;}ics) = {f(zj)}jes, is s—continuous,
then each f; is s—continuous.

In [1] Kohli formulated the question of whether the converse of T heorem
1 is true; further, in [2] no comments are made concerning the converse of
Theorem 2. These stand as motivation for our present considerations.

For a topological space (Y, T') we let T* denote the topology of semilocal
connectedness which is given by the subbase {V € T': Y \ V is connected}.
Then a function f : z — (Y, T) is s—continuous iff f : X — (Y, T*) is contin-
uous [3, Prop.9]. This means that s—continuity of product functions is closely
related to relations between suitable topologies of semilocal connectedness on
product spaces. For topological spaces (Y;,T1), (Y2,T,) we have topologies
T} x Ty and (T1 X T2)* on Y; x Y3; furthermore, as shown in the next example,
these topologies are independent.

Example 1 Let (IR, T) be the set of real numbers with the natural topology, P
the ideal of Lebesgue measure zero sets and let Y = U [2n,2n+1]. By T, we
denote the natural topology on Y induced from the real line and Ty = {U\ H :
U€T,H € P}; then T* =T. Let {w, : n > 1} be the set of all rational
numbers from the interval [0,1)] and let B = (U, {wn}x[0,1])U([0,1]x {1}).
WeputU =(RxY)\Band V =(RxY)\UZ,[2n,2n + 1] X [2n,2n +1].
Then we have U € (T1 xT,)*, U ¢ Ty x Ty, V € Ty x Ty, and V & (T1 x T3)*.
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Theorem 3 We have the following:

1. If (Y;,T:), i < n, are topological spaces such that each of the sets
Y:,...,Y, has a finite number of components, then

Ty xTyX...XxTaC(TixTy x...xT,)".

2. If (Y;,T;), j € J, is a family of connected spaces, then
II I; C (H T,) .
J€J Jj€J
Part 2. of the above theorem implies Theorem 2; furthermore, we have:

Corollary 1 Let (Y;,T;), i < n, be topological spaces such that each of
Yi,...,Y, has a finite number of components. If f; : X; — Y; are functions
such that fi X ... X f, is s-continuous, the the f; are s-continuous.

Finally, we remark that the converses to Theorem 2, Corollary 1 and
Theorem 1 are not true. For instance, let R, T', T} be as in Example 1 and
let f:(IR,T) — (IR,T1) be the identity map. Then f is s—continuous, but
neither f X f nor ¢; is s—continuous.
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