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ON SETS OF POINTS OF APPROXIMATE SEMICONTINUITY

IN EUCLIDEAN SPACES

In the whole paper we will work in the n-dimensional Euclidean space

R", where n = 1 is arbitrary but fixed. We denote by d the ordinary

density topology on R", i.e. a set A is d-open iff

A(B(x,r)\A) _

lim =g - °

r¥0
holds for each x € A.(Here A denotes the (outer) Lebesque measure over

R" and B(x,r) ={yeR Il x -y Il sr })
For a given function f:R"—R we define the following sets:
C(f) ={x eR" f is continuous at x },

{xeRYf is approximately continuous at x },

Cd(f)

{x e an; ap lim sup f(t) = f(x) }, this is the set of

st ()
d
t—x

points of approximate upper semicontinuity,

T:(f) ={x € R ap lim sup f(t) < f(x) }, and similarly

t—ox
S;(f) ={x e R ap lim inf f(t) = f(x) }, and
t—x
T (f) = { x € R ap lim inf f(t) > f(x) ).
t—x
The prefix "ap" expresses that we consider lower and upper limits with

respect to the topology d , see [S;Cor.6.22.]. Finally we put
+ + - -
Cl-ld(f) = (Cd(f), Sd(f), Td(f). Sd(f). Td(f)) .
to be the d-characterizing quintuple of the function f.

In [2] Z.Grande stated
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Problem A Let C,S+,T+ be subsets of the real line such that C is
Lebesque measurable, C c S+\T+, T+ < S+, and S+\C has inner Lebesque
measure zero. Must there exist a function f:R—R with C = Cd(f ),
s*= sl(f), and T'=T (1) 2

T.Natkaniec studied the question for which quintuples (C,S+,T+,S-,T-)
of subsets of the real line a function f:R—R satisfying the equality
Cl-ld(f ) = (C,S+,T+,S-,T-) exists in his PhD-Thesis [7] and in his paper
(8]. He formulated

Problem B Let f:R—R be arbitrary. Must there exist a set DcR of

type Gy such that C(f) = DNT'V T) ?

The goal of the presented paper is to derive a complete description
of all "extended" d-characterizing sextuples

+ + - -
(C(f), Cd(f). Sd(f), Td(f). Sa(f)’ Td(f))

n

in R". However, in Corollary 9.a) the description of the original

quintuples CH d(f ) is given. Our main result is

1.Theorem Let n =21 and let d be the ordinary density topology

n

n
on R.

For a given sextuple (Ce,C,S+.T+,S_,T_) of subsets of R the

following two statements are equivalent:

a) It holds (i) s*ths™=cC

(ii) T*'< s™\C, Te S™\C and both the sets T and T
have Lebesque measure zero.
(iii) Both the sets s*\c and S \C have inner

Lebesque measure zero.

n

(iv) There is some set DcR of type F such

oo
that C = D\(T'u T).

(v) Ce is of type G& and contained in C.
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(vi) The closure of Ce contains each point
x € C \(T+u T ) at which C is of the second category
(i.e. B(x,r) n C is a second category set if r > 0).
b) There is some f:R"—>R such that C(f) = C, and

CH(f) = st tts 1)

From this theorem (essentially from Corollary 9.a.) negative answers
to both Problem A and Problem B easily follow. Indeed, we choose a set
M cR such that A(M) = 0 and that M is not of type G&:r’ Then we put
C = R\M, s*= R, and = o , these sets clearly satisfy tpe assumption of
Problem A. But if the required function f exists then we obtain from
Theorem 1 that S=C, T=2 and D =C=RWM is of type F s 2
contradiction.(This idea occurs already in [9].) To disprove the conjecture
of Problem B it suffices to set Ce= @, C= s'=s"=a (rationals), and
T =T = o. This sextuple satisfies the condition a) of Theorem 1 , let f
be a corresponding function from statement b). According to a.iv) we
obtain that D = Cd(f) =Q, but @ is not of type Ga.

However, we can not directly turn to the proof of Theorem 1; we must
at first derive some helpful technical statements. We begin with some
notation,agreements and facts. In the sequel topological notations
referring to the topology d will be qualified by the prefix "q" to
distinguish them from those pertaining to the Euclidean topology, for
example — resp. Derd denotes the closure resp. the set of cluster
points in the topology d . Further, in what follows words like measure,
measurable and so on pertain to the Lebesque measure A . For x € R,

and A c R" we put

dist(x,A) = inf({1} v {r ; B(x,r) n A # @ }).
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If f maps R" into R and if x € R™  then we define

osc(f,x) = lim sup{If(y) - f(2)|; y,z € B(x,r) ).
r¥0

We note that the function x—osc(f,x) € [0,0 ] is upper semicontinuous.

In our approach the complete Lusin-Menchoff property of the topology
d will play the key réle (however, compare with Remark 10). It says the
following. Whenever P c R", F and Fc are disjoint subsets of P, and F
resp. F 4 is closed resp. d-closed in P then there exist disjoint subsets
G and Gd of P such that F c Gd, l:'d cG and G resp. Gd is open
resp. d-open in P, see [S; 3.18. and 6.34(B)a.]. This property reminds
normality and it really ensures the existence of ‘"sufficiently nice"
extensions of certain functions. A  comprehensive treatment of = these
questions can be found in [S5]. We will use

n

2.Fact Let PcR be arbitrary. Assume that S ¢ P is both

d-closed and of type Ca in P. If g:S—(-1, 1] is both approximately
continuous and a Baire one function on S then there exists an
approximately continuous function f:P——[-1, 1] such that

i) f(x) = glx) if x e S

ii) f is continuous on P\S

iii) f is continuous at those points of S at which g is.

Indeed, this statement quite easily follows from [S; Theo.3.30.] and
[S; Exer.3.E.21.(b)].

Further we recall the following important fact which seems not to be
known very well.

n

3.Fact Let ACR be arbitrary. Then there exists a sequence Al,
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i 2 0, of mutually disjoint subsets of A with A(A) = X(Al) for any i

This is mentioned in (10] and based on a result of Lusin in [6]. The

paper [6] is really remarkable since it works only with the axiom of
choice and offers an approach indeperident on and more general than
Vitali’s or Bernstein’s constructions. Further on, in part b) of Lemma 4

we use an idea from [1].

4.Lemma Suppose that M c U c R", A(MM) = 0 and U is open.

a) Then we can find a d-closed Ga-set F such that McInt FcFcU
and that F u M is closed.

b) For each € > O there is an open set V such that M c V ¢ U and that
for each x €M some r € (0,e) satisfying the inequality

A(B(x,r) n (U\V)) 2 (1-e)-A(B(x,r)) exists.

Proof

a) Because M is d-closed, the Lusin-Menchoff property ensures the
existence of an open set Ul with M c Ulc U;dc U We put
W = { x ; dist(x,M) < dist(x,lR"\Ul) }. Then McWcU, W is open, and

W c { x ; dist(x,M) = dist(x,IR"\Ul)) cMu Ul. Therefore we can choose a
JE——
Gg-set S such that ASNI(WMM) W) =0 and Mn (WM)UW cScUnM.

Consequently S is d-closed. Now the required set is defined by

F = S u (W\M). Then F is of type G McWcliIntFcFcU and

6’
FuUM=WUuUM is closed. Since

L —d ——d ——d L
FcSU(W\M)cSu[(W\M)nM]u[(W\M)\M]cSu(W\M)=F.

we conclude that F is also d-closed.
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b) For any x € U we define r= min (% , dist(x,R™\U) }. Clearly, if
S € (0,% then there is some open set V(8) with {(xeM; rz 48 } c
Vi§) c{x e U; rx> 28 ) and A(V(8)) = &:A(B(0,8)). This choice of V(3)
ensures that for each x e U A(B(x,rx) n V(3)) s 3-A(B(x,r ) holds.

Indeed, if r= 8 then B-A(B(x,rx)) z & A(B(x,8)) = A(V(3)) and in case

vi2™*e)  sat-
k=1

isfies A(B(x,r ) n (U\V)) = A(B(x,r )-A(B(x,r ) n V) z (1-¢) A(B(x,r ))
X X X x 0O

rx< 8 we have B(x,rx) NV cBx,8) n{yeU; ry) 28 )

Since for any x € U A(B(x,rx)\U) =0, the set V

S.Proposition Let M c R" be a set of type GB satisfying A(M) = 0.

Then

a) there exist d-open sets Ml and M2 of type Fo. such that
MU M>=R"M  and that for i=12 M \M is open and
Der (R"\M ) > M .

b) there exists a function f:(R™\M)—(-1, 1] such that f is approxi-
mately continuous on its domain and is continuous on R™\M and that
for each x € M the following is true:

ap lim inf f(t) = -1 and ap lim sup f(t) = 1L

t—x t—x
Proof
00
a) Let M= ‘D Uu , Where the ...UkD Uk”: are open. We put

G=R and now we assume that for some k 2 O the sets Go'Gl""’Gk and

F ,..,F have already been chosen. According to Lemma 4.a) we can

choose a d-closed set Fk of type C;6 such that Fku M is closed and

that M ¢ Int ch ch Gkn Uk. Furthermore, we can find Gkn open such

that M c Gk”c Int Fu and for any x € M there is some r € (0 ) with

1
'k+l
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A(Bx,r) n (F NG, ) > (1/2)-A(B(x,r)) (»

00
W . . . . -
e proceed in this way and finally we define M . kL%(G2 l(\l-" S ) and

[+ ]
M2= H (GZku\qu»z)' It is obvious that Ml and M2 are d-open and of

00
- = r" -
type Fo- , moreover Mlu Mz— Lo’ (Gu\Gu+1) R'\M. For i=1 2 the set
00

MI\M = H (02k¢(l-l)\(F2k+lU

=

N

)

is open. Since (sz\szn)an and

(F, ,\G, ) nM_ are empty if k z1, it follows from (¥ that for any

x€M and i=1, 2
A(Bx,r) n (R™\M)) | 1

lim sup - 1 .
0 A(B(x,r)) 2

Therefore M ¢ Derd(Rn\Ml) N Derd(R"\Mz) ; part a) is proved.

b) Weput P=R"\M and F=P\M, F = P\M,, where the M, are taken
from statement a). Now we define S =F lu F‘2 and the function g:S—f-1, 1]
by

1 if x e Fl
glx) = { (of course Fln F2= 2 ).
-1 if xeF
2
Both Fand F, are d-closed and of type Gg in P, moreover Fl\ﬁ and
Fz\ﬁ are closed in P\M. Obviously, P, S, and g fulfill the assumptions
of Fact 2. Now any function f from the conclusion of this statement has

all properties required for it. Indeed, because g is continuous at any

point x € S n (P\M) and because P\S > (PA\M)\S , f is continuous on the

set P\M = R™\M and the statement for the upper and lower approximate
limits immediately follows from DerdF . Dersz > M, f(Fl) = {-1}, and
f(F 2) = {1} ‘o

6.Proposition Let (C,S',S7) be a triple of subsets of R" satis-
fying

i) C =s'n'S™ is d-open and of type F_, and
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i) s™\C and S\C have inner measure zero.
Then there exists f:R"—>l-1, 1] continuous on Int C such that
CHd(f ) = (C,Cvu S+, @ ,CuS, @) and that moreover

ap lim inf f(t) = -1 and ap lim sup f(t) =1 (%)
t—X t—Xx

holds whenever x ¢ C.
Proof  Since C is of type F_, we can find a set M c R'\C of type

Gy, with (xe R™\C ; x ¢ D_erd(lR"\C)} cM and A(M) = 0. We choose a

function f according to Proposition S.b). Fact 3 ensures the existence
>

of mutually disjoint sets Kk,? k =21, satisfying .Kk. = R™\(s'u s7) and
k=1

v

Derde= Derd[R"\(S+u- S for k =1 Indeed, we need only to guarantee

v

that for any k , m =1
AK A (x5 mel s lixl <m ) = A(( x5 m-1 = Ixll < m NSV SD)

holds. Now we define the function f:R"—(-1, 1] by

(

f(x) if xeC
. et
f(x) = 1 if x e S-\C
-1 if x € S \C
(-n¥a- if xek
\ . k k

Clearly M nInt C =@, hence f is continuous on .Int C . Since C is
d-open, we: have Cd(f ) > C. Therefore, in order to finish the proof it
suffices to show that the statement (#%) holds for any x € R\C. If
X ¢ Derd(IR"\C) then X € M Int ({x) v C) and (s*) follows from . the
choice of f and f. Because S'\C has inner measure zero, the  set _[R"\C
is a measurable hull of R™S". Hence, for any k = 1 we obtain
Der (R"\C) = Der (R"\S") = Der (S"\C) u Der [R"\(S"v S7)]
= Der (S"\C) v Der K

Similarly, we have Derd(lR"\C) = Derd(s*\C) U Der K if k=1 This shows

612



that (w%) holds also in case x € Derd(lR"\C).u

7.Lemma
a) For each open set G cR" there exists an approximately continuous
f:R"—>[-1, 1] such that f is continuous on R"\8G and that for each

X € 8G lim inf f(t) = -1 and lim sup f(t) = 1 hold.
t—ox t—x

b) For each d-open set D c R" of type F¢ there exists an approximately
continuous map f:R"—>[0, 1] which is continuous on Int D and satis-
fies D={x; f(x) >0 )

a) It is well known that one can find a countable set AcG with
Der A = 3G. The Lusin-Menchoff property guarantees the existence of an open
set U fulfilling AcUcU®co. Because A n Der A = @ ,for each
Xx € A there is an rx> O such that B(x,rx) < U and B(x,2rx) n A = {x}).
Then B(x,rx) n B(y,ry) =@ whenever x,y € A and x #y. There'fore, the

formula

0] if xeU (B(y,r ) ; y € A}
f(x) = y

3n- lIx-yll .
cos[—2?] if x € B(y,ry) and y € A

defines a function on R". Since the set U (B(x,rx) ; X € A) is closed in
G whenever A c A , it is quite easy to show that f has all required
properties.

b) A well-known theorem of Zahorski yields the existence of an approx-

imately continuous and upper semicontinuous map ;:IR"—>[0, 1] such that
D={x; ;(x) >0 ) ( see, for example, [5; Cor.3.14 ] ). We set P =R",
S=RN\Int D , and g = é /S According to Fact 2 there exists an
approximately continuous ;:IR"——:o[O, 1] which is continuous on Int D and
satisfies t: (x) = g(x) for x ¢ Int D. Now one easily verifies that the
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function f defined by

f(x) = min { 1, dist(x,R™\Int D) + f(x) }

exhibits all properties ascribed to it'u

8.Proposition Assume that the sets Ce,D,C,S+,T+,S-. and T fulfill

the conditions a) of Theoréin 1. Then

a) there exists a nonihcreasirig sequence of d-open sets Du’ k =z 0, of type

[+ [ —
F_ such that D=|R",ﬂD=D and Ccﬂlmn ccuTuT.
o 0 X0 k e k=0 k e ]

b) there is a function f:R"—[-1, 1] such that c(f )\T+u T = Ce\T+u T,

C(f) > C_ and CH(f) = ( D, s*'UD, @, STUD, 2) .

-~

Dk , where the sets Dk are Fd‘_-sets and hence

Dg "

Proof let D =

k=0
of type G‘s in the topology d (Each measurable set can be written as the
set difference of a Ga'-set and a set of measure zero, hence it is of
d-type G&')' Therefore 6k= ﬁ U(k,i) with U(k, i) d-open. For -each
pair (k,i)ﬁ there is a d-op;le;o set D(k,i) of type Fo- satisfying
D,c D(k,i) ¢ Uk,i) , indeed, we select the sets  D(ki)  to fulfill
A(U(k;i)\D(k,i)) = 0. Consequently we can write D= ﬁ'ﬁk , where the
: k=0
6;:’ k = 6. form a nonincreasing sequence of d-oben sets of type F e

Further on, we can choose a nonincreasing sequence of open sets Gu such

.0 . [+ ]
n N . .

that Go— R, ﬂ Qk- Ce and n Gk = Ce , the last equality holds if we

k=0 - k=0
guarantee ch {x; dist(x,Ce) < Zil? } for k=1 . Next, since the set
IR"\(T’\J T v D) is of type G&o‘ , it has the Baire property. Consequently
we can .find some Ga-set,_ Sc R™\(T'v T v D) such that [an\(T’U Tu D)]\S
is a first category set, see 4, § ll.vIV.]. Now we select a G -set ScS

3
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with AS) = 0 and §>S . We define D= (6k\s) uG  for kz=zo
Since S is d-closed, each Dk is d-open. Clearly, the sets Dk are of

00 [
type Fa-’ Q Df D and Cec D Int Dk. To finish the proof of part a) we

o

fix an arbitrary x € R™\(T'vu T u C). Then we can find k=1 with

X ¢ ‘q' According to the  condition l.a.vi) B(x,r\D and hence also
0

B(x,r) n' S are second category sets whenever r > 0. This shows that

v : : n ~
x € \G_ and implies x ¢ Int(R \(S\ch),) > Int((D v ch),\(S\Gk())) = Int D _.

o 0 o
00

We have just proved ﬂ Int Dk cT'VuTu Ce and turn to part b).
k=0

Fix any k =21 . According to Proposition 6 we can select a function
fk:an—>[-l, 1] continuous on Int Dk such that CHd(f I() = ( Dk. Dku s*, o,
Dku S, @) and that for each point x ¢ Dk both ap lim inf fk(t) = -1

t—Xx

and ap lim sup f k(t) =1 hold. Further on, Lemma 7 ensures the existence
t—x

of two  approximately continuous maps gk:lR"—>[O, 1] and hk:[R"—>[-l, 1]

such that g, is continuous on Int Dk_l, Dk-l= {x; gk(x) >0} , hk is’

continuous on lR"\aGk, and osc(hk,x) =2 if x e aGk. We define

~ _1 . . a3 n
fk(x) =5 [fu(X) gk(x) + hk(x) dist(x,R \Gk_l)]

@
and f(x) =} Z-k-?k(x). One easily verifies that each f ‘ fulfills
k=1

~ n ~ + ~ -
CHa(fu) = ( Dku (R \Du-l)' Cd(fk) usS, o Cd(fk) usS, o)
and is continuous on at any point in (Int Dk)\(aGk n Gu-l)' Since f is
the sum of a uniformly convergent series and since Cd(?k) v Cd(fm) = R"
for k # m, we immediately obtain that
® . o o~ N
CH (f) = ( D c (). H (siENC, () ve D, e
o

, kul (s, FNC(F) v, o )
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(ﬁok,s*uﬂok,o,s"uﬁok,a)
k=1 k=1

k=1

(D,Dus’,ea,Dus’, o)

Because © each fk is continuous on Gk , we conclude that really
m -
C= ﬂ ch C(f). It remains to show that f is discontinuous at any
e
k=1

——— 00
xe R™(T'UTUC) In case xe ﬂ Int D for the unique k =1 with
0 e 0 i=1 1

X,€ Gk_l\Gk also X € C_e C G_k holds, hence we conclude X € aGk and
osc(2™7'-h -dist(-,R\G,_).x ) = 2 K.distx RNG,_)>0. It s easy to
see that both 2 *'.f '8  and g .?.-l-t~'i are continuous at  x, hence
1 #k
-k-1 nye = -
osc(f,x ) = osc (2 *h, -dist(-,R \Gk-x)’xo) >0 If X ¢ ﬂ Int D we

i=1

fix the unique k =z 1 such that X, € R"\Dk n Int Dk_l . Suppose that there
. . 1

exists an open set u with X € Uc{x; gk(x) > 5 gk(xo) } ¢ Int Dk_l

and |[f(x) - f(y)] < Z'R':’gk(xo) if x,y € U. Fix any xle’ U\Dk. Since

£ - 2% &y is approximately continuous at x€D \D ., we find a

d-open set Ud with x € Ud c U and
-«k-1 k-2 .
2 Ifk(x) gk(x) - fk(y) gk(y)l <2 gk(xo) if x,y € Ud.
. . . 1 .
This implies Ifk(x) gk(x) - fk(y) gk(y)l <5 gk(xo) if x,y e Ud and

gk(xo) on Ud,

N —

contradicts to the following facts: gkz

lim inf f (t) = -1 and lim sup fu(t) =1
t—>xl ) t——>xl
t e Ud t € Ud

k-3
Consequently osc(f ,xo) z 2 gk(xo) >0 ‘0

II

After the foregoing preparations we return to the

Proof of Theorem 1 At first we show that b) implies a). There-

fore, let f:R"—R satisfy C(f)=C_ and CH(f) = (C, st, T', s, T.
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Then clearly s'as=c, T'es™c , and T c S\C. The statements
AT = AT = A,(S"\C) = A,(S\C) =0 have already been proved in (2],
but we can derive them also from the following facts holding even in
general  topological spaces and from the well-known statement that

d-discrete and d-first category sets are of measure zero, see for example

[5; Theo.6.9.]. Indeed, T = LA( x ; f(x) > r > ap lim sup f(t) ) ( and
re t—ox
similarly T ) is a countable union of d-discrete sets. Further on,

because lntdS+\Edc L% 6d{ X € lntdS+; f(x) <r} is d-open and of the

re
+

d-first category, we see that Intd(S \C) = @. To finish the proof of the
first implication, we simultaneously prove iv), v) and’ vi). For this

purpose we denote for k 21 and q € Q

ALB(x,rNf ' ((q-k™", q+k™))] 1
A(B(x,r))

F(k,q) = { x € R" ; lim sup
ry»0

It is well known (and easy to show) that each F(k,q) is of type Fo“ Now

=l

[+
we define F(k) = L‘t’: F(k,g) and then D = ﬂ F(k). Obviously, D is of
q€ k=1

type Fo_a. Moreover, it is the set of all points at which the approximate
limit of f exists. This quite directly follows from the fact that

ap lim f(t) does not exist iff ap lim inf f(t) < ap lim sup f(t) iff
t—Xx t—Xx t—x

there exist a<b such that both f_l((-oo, a)) and f'l((b, «)) have

positive upper density at x. Consequently, C = DMT'U T ). For k=1 we

put Gu= { x e R, osclf,x) < % ) Then each Gk is an open set and
w —

C»o> Ce= n Gu’ Moreover, for k21 LA Int F(k.q)\T+u T ¢ Gk holds.
k=1 Q€

Indeed, from the density theorem Al(Int F(k.q))\f-l((q-k'l,q+k'l))] =0

if qeQ follows. Hence, for x € Int F(k,q) ap lim inf f(t) 2 q-k.l

t—Xx

and ap lim sup f(t) = q~|-k'l holds. Since xeTuT implies the estimate
t—ox

ap lim inf f(t) = f(x) = ap lim sup f(t), we obtain osc(f,x) = ‘-212 if

t—X t—x
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x € Int F(k,'q)'\T*u T . Next, we define S to be the set of all
points x € O\T'v T at which C is- of the second category. Since

[C\T+u T \S is a first category set, the statement vi) easily follows if

we show that L‘é Int F(k,q) > S for any k =2 1. But indeed, if X €S,
q€

k =21 , and 0<r« dist(x,T+u T)) then B(x,r) n C = B(x,r) n D ¢

LA B(x,r) n F(k,q)'. Consequently, there is some qe such that the
q€

Fo_—set B(x,r) n F(k,a) is of the second category and , therefore, has
nonempty interior.

It remains to show that b) follows from a). Let (Ce,C.S+,T+.S-.T_)
(and D) satisfy the conditions a). We choose a function f:R">(-1, 1]
according to Proposition 8.b). Then we select a map A:R"—I[-1, 1] such
that T={(x;Ax)>0) T={x;Ax)<0) and that for arbitrary

X € Der(T+u T) the statement lim A(t) = O holds iff X € Ce. The
t—ox

existence of such functions is mentioned (in a more general setting) in

(3], but since this paper is still in print,we shortly outline the

construction. Let R"= UOD' Ul: be a sequence of open sets such that
® = -
Uk = C'e,n TV T". For any positive integer k let ’l‘: and Tu satisfy
k=0
_+ + - - + +
TcTnU, TcTnU, and moreover Der T = Der(T n U \U, and
k k Kk K " k' k

Der T;= Der(T n UNU,. We define A#:IR"—)[—I, 1] by

. + +

1 if x e Tku (T \Uu)

Ak(x) = -1 if x e Tku (T \Uu)
0 else .

Then Der A;l((l)) = (Der T+)\Uk and Der A;l((-l)) = (Der T-)\Uk. Conse-

k «(f + 4).

N —

@
quently it suffices to set A= Y2
k=1

-Ak. Finally we put f
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Since ap lim A(t) =0 everywhere and since also ap lim sup f(t) = f(x)
t—x t—ox

if xes'u D, and ap lim inf f(t) = f(x) if xeSuD , we immediately
t—

conclude that CH (f) = OMTUT), Dus™™T, T, Dus ', T ) =

(C, S+, T+, S-,T-). Further on, because for each X € Ceu [R"\T+u T ]

lim A(t) = A(x) =0 , it follows  that CENT U T = C(FN\T'u T =
t—x

Ce\T+u T and C(f) > Ce. Hence, the proof of Theorem 1 will be finished
if we show that f is discontinuous at any point X € T+u T\ Ce. We may
assume that x € Der(T'u T ) because the case x € TuTc IR"\Cd(f ) is
trivial. From T:(F) = T;('f) =02 we derive that osc(f,t) = -é— [a(t)] for
any t € T'U T". Since this inequality holds also if t ¢ TV T we get

osc(f,x) = lim sup osc(f,t) = %-lim sup |A(t)] > O, i.e. f is discontinu-

t—Xx t—Xx

ous at x.
o
We remark that it is quite easy to show that a.vi) is equivalent to
. . - - + - .
a.vi’) The closure of Ce contains each point in C\T u T at which C

is residual.

From Theorem 1 we immediately obtain the following
9.Corollary
a) For a given quintuple ( C, S*, T', S, T ) of subsets of R" the
following two statements are equivalent:
i) The conditions a.i)...a.iv) from Theorem 1 hold .
ii) There is a function f:R"—R such that CH (f) = c.s*.1tts7. 1.
b) For a set M c R" the following is equivalent:

i) M is a measurable set with empty interior.

ii) There is a function f:R"—R such that M = Ca(f NCI(f).
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Proof

a) According to Theorem 1 we need only to show that a) implies the
existence of a set Ce such that the conditions l.a.i)...a.vi) hold.

Since C\T'U T =D\T'UT  has the Baire property , we can choose a

Ga-set Cec C\T+u T  such that [ C\T'u T ]\Ce is a first category set.

Obviously, Ce is dense at any x € C\T'U T~ at which C is of the second

category.
b) Since  Int(C(f)\C(f) c C(PNC(f) v T'U T the implication  ii)=i)
follows from the statements l.a.iv),v) and vi). Conversely, let McR"

be a measurable set with Int M = @ . We can choose a Ga-set D satisfying

McD, A(DNM) = 0 and DM = R". Then the sextuple (2, M, D, D\M, M, @ )

fulfils the conditions l.a).a

10.Remark In our approach we mainly used topological methods. More
special properties of the measure A or of the topology d were used only
at some few places (mainly Fact 3 and Lemma 4).Therefore, it seems to be
highly probable that this approach applies also to other "reasonable"
(Lusin-Menchoff property ! ) density topologies, examples may be found in
[S: 6.11 & 6.34(B)] . Here we restricted our attention to the familiar
topology d since this keeps the whole matter clearer and avoids undue
technical complications. However, since it looks hopeful to study by this
approach also the question of characterizing quintuples for other types of
fine topologies (for instance r.- and a.e.- modifications, see [5;7.A &
7.B]), we make the following, perhaps useful, remark. For our purpose it
suffices to know only that d has the Lusin-Menchoff property, its
completeness is superfluous.Indeed, we use Fact 2 , the only statement
requiring the Lusin - Menchoff property of some induced fine topology ,
only in cases where P is of type Fcr . But in [5; Exec.3.B.1.] it is
shown that the Lusin-Menchoff property is hereditary with respect to

F -subsets.
g

Finally, it seems to be a more difficult problem to describe all pairs
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consisting of the d-characterizing quintuple and the euclidean-
n

characterizing quintuple of any real function on R. The notion of an
"extended" d-characterizing quintuple is , of course, only a first step in
this direction. The same problem appears for pairs of qualitative- and

euclidean-characterizing quintuples, see [3]. In both cases the description

of all pairs consisting of the "fine topological"-characterizing quintuple

and the euclidean (C'(£),S*(£),S7(f)) - triple would already be very

interesting.

I wish to express my sincere gratitude to L.Zajicek for suggest-
ing this problem to me, for his continuous interest and for many stimulat-
ing discussions in the course of my work. Further I am thankful for the

information about paper [10] I have received from L.Bukovski .
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