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SPECTRAL RADIUS OF NONSINGULAR TRANSFORMATIONS

We say that T is an invertible, nonsingular, ergodic transformation
on a probability space (X, B, p ) if T:X>X is one to one, T(A) and
T'l(A) € B whenever A € B, u(T(A)) > 0 and p(T'l(A)) > 0 whenever
H(A) > 0, and p(A) = 0 or 1 whenever T(A) = A. Flytzanis [1] introduced the
spectral radius as an invariant for such transformations as follows: For

every Ae® with p(A)> 0, let r(T,A) denote

(e 0]
the radius of convergence of the power series > H(AAL) x where
n n=0
An =.U TIA, Ag=A,A_y=g,and AA,=A - A _1. The spectral
J=-n

radius r(T) is then equal to inf{ r(T,A) : p(A) > 0} . It is clear that
r(T)z1,andif T is aperiodic transformation (TP = identity for some
p=21) then r(T) = . We will assume that p is nonatomic, so that, since

T 1is ergodic, it can not be periodic. The purpose of this note is to prove:
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Theorem. Let T be any invertible nonsingular ergodic

transformation acting on a nonatomic probability space. Then r(T)=1.

Robertson [3] showed that the following property implies that r(T) =

Property 1. For every € > O there exists a & > 0 such that for all
positive integers k there exists a set A (dependingon g, §, and k) such
k .
that 0 < p(A) <e and u( () TIA) > 6.
j=-k

For the sake of completeness we include a proof of this implication.

Lemma 1. Assume that p is nonatomic, p(X)=1,andthat T is

ergodic, invertible and nonsingular. Then r(T,A) is less than or equal to

(o o)

the radius of convergence of the power series > p(An') x" . where
n=0

An' =X-A,.

Proof. Let p(A) >0 and let Xo besuchthat 0 <x, < r(T,A), but Xo ¥ 1.
(oo} oo

Since U A,= U TIA | is an invariant set of positive measure, it has
n=1 j=-oo
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. oo
measure one, and thus, except for a set of measure zero, An' = U AA]- .
j=n+1

Hence
[o o B¢ o

[e o]
>opA xS = > Y p(AA]-)xo”
n=0 n=0 j=n+1

co j-1
j=1 n=0

M 8

> (1 - x )/(1 - %) H(AA))

=0 X BAAY - 3 pAAY X VI - %)
j=1 j=1

< o0 .
oo
Thus the radius of convergence of the power series > p(An') x" s
n=0

greater than or equal to x, . Letting x, approach r(T,A) we have the

desired result.

Corollary 2. r(T,A) <[ limsup (p(An'))l/n I

n- co
Proof. This follows from the standard formula for the radius of
convergence.
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Lemma 3. Suppose property 1 is satisfied, i.e. for every € > 0O there
exists @ & > O guch that for every positive integer k, there is a set A€ ®

k
(depending on €, &, and k) such that p(A) <e and j( _kalA )> 8.
]=_

Then there exists a set Be 8 gsuchthat r(T,B)=1.
o
Proof. Let e, >0 be such that > en< 1. Let &, correspondto g, in
n=0
the hypothesis of the lemma. Let r <1 be suchthat limr, =1. Choose
n-co
kp such that rnkn <&, . Finally let A, be the set correspondingto €.,
(e o]
6n and kn in the hypothesis of the lemma. Set B = (N A(n)' . Then
o - n=0
puBY =pC U A(M) < > e,<1. Thus p(B) > 0. Further
n=0 n=0

n
r(T,B) < [ limsup p( N TiBYy)l/n 11

n-> oo ]=-Nn
kn

<[ limsup p( N TIB))1/kn -1
n- oo J=-kp

k
n
< [ limsup u( N TIA(M) y1/kn -1
n- o j=—kn
< ( limsup <‘5n1/kn )‘1 < (limsup rp, )“1 =1

n-> oo n-> o
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Since r(T,B) is always greater than or equal to one, we see that
r(T,B) = 1. This proves the lemma.

It was shown by Robertson [3] that every measure preserving
transformation satisfies property 1. Here we prove the same for

invertible nonsingular ergodic transformations.

Theorem. Let T be an invertible nonsingular ergodic
iransformation acting on a nonatomic probability space (X, B, p). Let e
and & be any two numbers such that 0 <8 <e < 1. Then for every
positive integer k there exists a set A e 8 such that p(A) <e and

k
u( _ﬂk TIA)> 6. Inparticular r(T)=1.
]=_

Proof. Choose o« suchthat 8 <o <g. For Ae B, write vk(A) =

k

> u(TJA). Then Vi is absolutely continuous with respect to p . Hence
j=-k
there exists an m > O such that p(A) <m implies that

Kk
‘ka(T]A) < (x - 8)/4 (m will depend on k). Let N be an integer larger
]=_
than k + 1/(2m). Thenchoose 0 <mn'<mn suchthat pu(A) <mn' implies

2N

that ZZN p(TjA) < (x - 8)/4. We next apply Rohlin's theorem for
)=-

nonsingular transformations which can be found for example in Friedman
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[2] (Lemma 7.9). There exists aset F € 8 such that

F,TF, ..., T2N-1¢ are disjoint and p(R) <mn' where R is the complement
2N

of U TI- 1F There is some i suchthat k <i< 2N -k and
j=1 k
L(TIF) < 1/(2(N - K)) < n . Therefore Z p(T]”F) < (x -8)/4. Since
-1 Jj=-k
p(R) < m', we have Z p(TI*IR) < (o - 8)/4 . Using the fact that
]__
T2NF c F UR we have the following:

ZN-1 -1

S (T = Z p(TIH1T2NR)
j=2N-k j=-k
-1

< 2> P(T]”(F uR))
]—_

-1 -1

< > p(T]”F) + Z p(T]”R)
==k <k

< (x-8)/2.

Z2N-1 Z2N-1
Finally, since Z p(T](T (F)) = p(T'( U TIF)) = 1 - p(T'(RY) =
=0 j=0
ZN
1 - Z p(T](R)) >1-(x-8)/4and p is nonatomic, we may choose
J=-2N 2N-1

Bc TIF suchthat € - (o - 8)/4 < > p(T]B)<8 Now
]_

k-1

B,TB, .., T°N-18 are disjoint and > p(T]B) < (x - 8)/4, and
]._
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2N-1 ‘ 2N-1
> w(TB) < (x-8)/2. Set A= |J TIB. Thenfor -k <j<k we

j=2N-k iZ0
 2N—k-1 kK 0 2N-k-1
have TIA2 |J TPB. Hence () TJA 2 |J TPB. Thus
p=k j=-K p=k
Kk 2N-1 k-1 oN-1
pC N Ty > > o) - > B - > (1B
j=-k 1=0 j=0 j=2N-k

>e - (x-8) =8 + € -«
> &5

This completes the proof of the theorem.
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