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RADIAL CLUSTER SET AND INTERPOLATION

Let D be the open unit disk in the complex plane C and f be
an analytic function from D into C. Denote by S the unit
circle in the complex plane. For each ¢ in S, dénote the ra-
dius from 0 to o by R(o). That is, R(oc) = {(toc : 0 £t < 1}.
We are interested in the behavior of f restricted to R(o).
In general, the limit of f(to) as t tends to 1 does not
exist. But, as a function into the extended complex plane C¥
(that is, the Riemann sphere), the radial cluster set C(f,o)
does exist, where C(f,o) is the subset of C* given by

C(f,0) = Nis+ezo CL({f(T0) : t £ T < 1}),
where Cl1(E) is the closure in C* of the subset E of C*. The
continuity of f assures that C(f,c) is a nonempty subconti-
nuum of C*. The collection of all nonempty subcontinua of C*
will be denoted by C(C*). The function f* defined on S into

c(c*) given by f*(oc) = C(f,c) is called the radial cluster

set function of f.

Corresponding to the metric on C*, there is a metric on the
collection C(C*¥) called the Hausdorff metric. By 1938, it
was known that C(C*) with this metric is a Peano continuum (a
connected, locally connected, compact metric space). In
1974, Curtis and Schori ([1] and [2]) proved a long standing
conjecture of Wojdyslawski [3] on C(X), where X is a Peano
continuum. As a result of this theorem of Curtis and Schori,

we now know that C(C*) is homeomorphic to the Hilbert cube.

102



In 1987, there appeared a paper by Brinn [4] concerning the
radial cluster set function f* of an analytic function f de-
fined on D. (Actually, her theorem concerned a technical
modification of radial cluster sets.) Her theorem asserts

that for each nonempty, nowhere dense, perfect subset K of S

and each nonempty closed subset A of C(C*) there ig'gg analy-

tic function f on D such that f*[K] = A, f has an analytic

extension to each point of S\K, and { o : f*(o) =p } is un-

countable for each p in A. Moreover, this f satisfies the

condition that the set-valued function g defined on SXx[0,1)

by g(o,t) = Cl({f(toc) : t <t <1}) (o es, 0< t< 1) con-
verges to f* uniformly on K. This theorem was a response to
the following 1954 conjecture of Bagemihl and Seidel (stated

only for the radial cluster set version) [5].

Conjecture: Let K be a nonempty, nowhere dense, perfect sub-

set of 5. For a nonempty subset A of C(C*), there is an

analytic function f on D such that its radial cluster set

function f* satisfies f*[K] = A and f has an analytic exten-

sion at each point of S\K if and only if A is an analytic

subset of C(C¥).

In their paper, Bagemihl and Seidel established the necessity
of the condition and proved the sufficiency for the collec-
tion of all locally connected subcontinua of C¥*.

We qonsider the above existence statements to be interpo-

lation theorems. Recent developments in analysis and topo-
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logy permit wus to prove the conjecture of Bagemihl and
Seidel. We have already mentioned the results of Curtis and
Schori. The Borel measurable selection theorems proved in
1985 by Himmelberg, Van Vleck and Prikry [6] and the results
of Rogers [7] proved in 1988 concerning the coincidence of
the Borel class 1 and the Baire class 1 functions play
important roles in the proof. Also, results of dimension
theory are used to advantage. We also prove that the analy-
tic function f can be constructed in such a way that the set
{ o : f*(o) = p } is uncountable for each p in A.

The above results are derived from research done jointly

with Robert D. Berman.

REFERENCES.

[1] D. W. Curtis and R. M. Schori, 2¥ and C(X) are homeomor-

phic to the Hilbert cube, Bull. Amer. Math. Soc. 80 (1974)

927-931.

[2] , Hyperspaces of Peano con-

tinua are Hilbert cubes, Fund. Math. 101 (1978) 19-38.

[3] M. Wojdyslawski, Sur la contractilité des hyperespace de

continus localement connexes, Fund. Math. 30 (1938) 247-252.

[4] L. W. Brinn, Analytic functions with prescribed cluster

sets, Trans. Amer. Math. Soc. 300 (1987) 681-693.

104



[5]1 F. Bagemihl and W. Seidel, A problem concerning cluster

sets of analytic functions, Math. Zeitschr. 62 (1955) 99-110.

[6] C. J. Himmelberg, F. S. Van Vleck and K. Prikry, The

Hausdorff metric and measurable selections, Topology and Its

Applications 20 (1985) 121-133.

[7] €. A. Rogers, Functions of the first Baire class, J.

London Math. Soc. (2) 37 (1988) 535-544,

105



	Contents
	p. 102
	p. 103
	p. 104
	p. 105

	Issue Table of Contents
	Real Analysis Exchange, Vol. 15, No. 1 (1989-90) pp. 1-418
	Front Matter
	CONFERENCE ANNOUNCEMENTS [pp. 4-4]
	PROCEEDINGS OF THE THIRTEENTH SYMPOSIUM
	THE THIRTEENTH SUMMER SYMPOSIUM ON REAL ANALYSIS [pp. 6-9]
	Density Continuous Functions [pp. 10-12]
	I-density Continuous Functions [pp. 13-15]
	Concerning Two Properties of Connectivity Functions [pp. 16-20]
	Fractional Hadamard Powers of Positive Definite Matrices [pp. 21-25]
	Restriction and Intersection Theorems in Real Analysis [pp. 26-29]
	ON A CERTAIN CONVERSE OF HÖLDER'S INEQUALITY FOR LORENTZ SPACES [pp. 30-32]
	Approximating Hausdorff Measures [pp. 33-34]
	Remarks on Laczkovich's Circle-Squaring Proof [pp. 35-43]
	BOLYAI-GERWIEN THEOREM AND HILBERT'S THIRD PROBLEM [pp. 44-46]
	Lifting: the connection between functional representations of vector lattices (summary) [pp. 47-48]
	SYMMETRIC DERIVATIVES AND SYMMETRIC INTEGRALS [pp. 49-61]
	LIMITS UNDER THE INTEGRAL SIGN [pp. 62-64]
	MEASURABLE DARBOUX FUNCTIONS [pp. 65-66]
	Pitt's dimensionless Cantor set Don Spear [pp. 67-69]
	BOREL MEASURABLE SELECTIONS AND APPLICATIONS OF THE BOUNDEDNESS PRINCIPLE [pp. 70-92]
	"A Lower Bound for the Packing Measure which is a Multiple of the Hausdorff Measure" [pp. 93-95]
	THE ω-LIMIT SETS FOR SELF MAPS OF AN INTERVAL [pp. 96-101]
	RADIAL CLUSTER SET AND INTERPOLATION [pp. 102-105]
	Change of variable in the semigroup valued refinement integral [pp. 106-110]

	RESEARCH ARTICLES
	A MULTIDIMENSIONAL VARIATIONAL INTEGRAL AND ITS EXTENSIONS [pp. 111-169]
	INTERSECTION CONDITIONS FOR SOME DENSITY AND I-DENSITY LOCAL SYSTEMS [pp. 170-192]
	VARIATIONS ON PRODUCTS AND QUOTIENTS OF DARBOUX FUNCTIONS [pp. 193-202]
	THE CHI FUNCTIONS IN GENERALIZED SUMMABILITY [pp. 203-215]
	THE SEMI-BOREL CLASSIFICATION OF THE EXTREME PATH DERIVATIVES [pp. 216-238]
	Differentiability and Density Continuity [pp. 239-247]
	Separate and Joint Continuity II [pp. 248-258]
	ON THE EQUIVALENCE OF HENSTOCK-KURZWEL AND RESTRICTED DENJOY NTEGRALS IN Rn [pp. 259-268]
	Some Higher Dimensional Marcinkiewicz Theorems [pp. 269-274]
	SPECTRAL RADIUS OF NONSINGULAR TRANSFORMATIONS [pp. 275-281]
	POROUS SETS AND ADDITIVITY OF LEBESGUE MEASURE [pp. 282-298]
	Functions with all singular sets of Hausdorff dimension bigger than one [pp. 299-306]

	INROADS
	ON THE DANIÉLL INTEGRAL [pp. 307-312]
	WEIGHTED SYMMETRIC FUNCTIONS [pp. 313-323]
	CONVERGENCE THEOREMS FOR THE VARIATIONS INTEGRAL [pp. 324-332]
	A CHARACTERIZATION OF NON-ATOMIC PROBABILITIES ON [0,1] WITH NOWHERE DENSE SUPPORTS [pp. 333-336]
	ON DISCONTINUITY POINTS FOR CLOSED GRAPH FUNCTIONS [pp. 337-339]
	An Answer to a Question of R.G. Gibson and F. Roush [pp. 340-341]
	THROWING A DART AT FREILING'S ARGUMENT AGAINST THE CONTINUUM HYPOTHESIS [pp. 342-345]
	SOME SYMMETRIC COVERING LEMMAS [pp. 346-383]
	A REMARK ON ABSOLUTELY CONTINUOUS FUNCTIONS [pp. 384-385]
	ANOTHER PROOF OF THE MEASURABILITY OF δ FOR THE GENERALIZED RIEMANN INTEGRAL [pp. 386-389]
	THE RADON-NIKODYM DERIVATIVE IN EUCLIDEAN SPACES [pp. 390-396]
	A DESCRIPTIVE CHARACTERIZATION OF THE GENERALIZED RIEMANN INTEGRAL [pp. 397-400]
	MARTINGALE PROOF OF THE EXISTENCE OF LEBESGUE POINTS [pp. 401-406]
	ON EXTREMAL VALUES OF CONTINUOUS MONOTONE FUNCTIONS [pp. 407-409]
	NOTE ON POINT SET THEORY [pp. 410-412]
	UNPUBLISHED RESULTS OF K. PEKÁR AND H. ZLONICKÁ ON PREPONDERANT DERIVATIVES AND M₄ - SETS [pp. 413-418]

	Back Matter



