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1. Preamble,
LetP(t) = (aijt) be any n x n real symmetric matrix, where ajj 2 Oand t2 1. We consider the

following conjecture.

Conjecture, If P(1) is positive definite then P(t) is also positive definite for all t 21. ©
This conjecture is relevant to the study of positive definite similarity matrices, such as correlation
matrices, which arise in the analysis of psychological data. For such matrices, monotonic
transformations of the coefficients are sought whose properties include the preservation of both the
ordering of the coefficients and the positive definiteness of the matrices.

The conjecture (C) is always true when n = 2 or 3 and, in certain special cases, for all n. It is in
general untrue when n = 4, and it is thus in general untrue when n 2 4 since a real symmetric matrix
is positive definite if and only if all of its principal minors are strictly positive.

Remark. Since P(t) = (aijt) is positive definite if and only if the real quadratic form xTP(t)x is
positive definite, where x = (x;), the substitution x; = yj/Vaj; shows that it will suffice to assume that

aj; = 1 for all i, and that OSaij<1whcni¢j. (1.1

) C l l . [C:. *

Let P(t) = (aijt) be any n x n real symmetric matrix which satisfies (1.1), lett 2 1 and let P(1)
be positive definite. Then P(t) is also positive definite in the following cases:

1.forallt 21 whenn =2 and whenn = 3;

2. for all n when t is any positive integer;

3. for all n provided that t 2 T, where the value of T depends upon the particular matrix;

4.forall t 2 1 and for all n when ajj = 40 and a; >0, fori#jandi,j=1,2,..,n;

5. for all t and any given n if and only if P(t) is positive definite whenever 1 <t <2. 2.1

Proofs. All of the proofs are elementary. In some of them use is made of the facts that a real
symmetric matrix is positive definite if and only if all of its principal minors are strictly positive and
that the Hadamard product of two positive definite matrices is also positive definite.

# University of New Brunswick.
t University of Melbourne.
* Some work in this section is due to AM Russell.
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2. Conditions for the conjecture (C) to be falsc.

Let n = 4, let P(1) be positive definite and satisfy (1.1), and let t 2 1. Then, by (2.1), (C) will
be untrue if and only if it is untrue for some t such that 1 < t < 2. Now (C) is true for n = 3, so that
all proper principal minors of P(t) are strictly positive. Since [P(1)| > 0 and P is a continuous
function of t, (C) will therefore be untrue if and only if there exists a smallest number t, t' say, such
that 1<t <2, P(t) =0, 3.1)
and dP(t)/dtl¢=¢ S O. 3.2)

We define t' by (3.1) and seck conditions for (3.2) to hold. Let 0 < a;,, a;3, a;4 and put
0y = a2, 0y = ay3 2, 0y = a2, 8= (aps/agpap)t, 8,= (agefaynarg)t, 8; = (ass/agzary)t
and s =t Then a; > 1 and §; > O for all i, §, < \/(aza3), 8, < V(a,al), 8 < \/(alaz) andt=t'
when s = 1. It is easy to show that |P(t)| = [P(st")] = (1 - &;~-S)(1 - a-8)(1 - @4~S)A(s), where
A(s) =1-X;2(s) - X52(s) - X32(s) + 2X;(5)X5(s)X1(s),
Xy(s) = (8,8 - DN[(0y8 - 1)(@gs - 1], Xy(s) = (3,5 - 1)/\/[(013s - I)(e,$-1)] and
X(s) = (858 - 1)N[(a;8 - 1)(a,8 - 1)]. Then [X;(s)| < 1 for all i, and [P(t))| = O when A(1) = O or
1-X12-X;52-X32+2X3X,X5 =0,
where X; denotes X;(1) for all i. Now d|P|/dt|¢_¢ = (t))-] l'Ii(l - a;"5)dA/ds|g=), so that
d|P|/dtl¢_¢ < O if and only if dA/ds|s—; < 0. If §,,5, or 3, = 1, it can easily be shown that (3.2) is
not satisfied. Let 8,, 8,, 8;# 1. Then it will follow that
dA/dslg_, = x*(X2 - X;X,X3) + y* (X352 - X, X,X;) + z2* (X532 - X X5X3).
4. Main Theorem.,
Theorem Let ¢(x) = [xlog x}/(x-1) forx # 1, let¢(1) =1, and let
x* = (d/ds)[log X;-2(s))s=) = ¥(0;) + ¥(x3) -28(3)),
y* = (d/ds)[log X;-2(s)]ls=1 = ¥(x3) + Hx,) -28(5,),

and z* = (d/ds)[log X3-2(s)}s=) = H(a;) + ¥(0;) -2¢(35).
Then x*, y*, * > 0 and the conjecture (C) will be false for a continuum of values of aj; if any one of

the following inequalities is satisfied when X;2 = 1 for all i.

Vx* + ‘Iy"' <Vz*, 4.1
Vz* + Vx* < \/y"', 4.2)
\/y"‘ +Vz* < Vx*, 4.3)
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Proof. It suffices to suppose that §; # 1 for all i and that

(G, - 1)B,-1)>0 or (a3-1)2(1 -5,)(8,-1)>0. 4.4)
The other cases will follow by similar arguments. We first write A(s) as
A(s) = X;2(s) X2(s) [(A(5) - 1)(Ax(s) - 1) - (H(s) - 1)2],

where Aj(s) = X;2(s) for all i, and H(s) = X3(s)/[X;(s)X2(s)]. Since [P(t')| =0, A(1) =0, and it
follows that '

H-1=MA; - 1)2(Ay- )12 =hp(A; - 1) =Ap-l(Ay- 1),
where H denotes H(1), A denotes Aj(1) for alli, A = sgn (H- 1) and p = [(A;- 1)/(A; - 1)]12,

(p # 1 when H > 1). Then A, and A, can be expressed in terms of H and p. Now
dA(s)/ds = A (s)x*, dA,(s)/ds = A,(s)y*, and -2dH(s)/ds = H(s)(z* - x* - y*),

so that dA(s)/dslg=; = X;2X52(H -1)L, 4.5)
where L = (z* - x* - y*)H + A(A,px* + Azp'ly"‘), (4.6)
Now L =L(x*, y*, z*, p, A, Ay, H), and it can be shown that L = L(a, §,, §,, p, H), where
the variables H, a.,, §,, and §, satisfy the inequality (3, - 1)(3,- DH+ oy > 1.

If 3, - 1)(3, - 1) > 0, then - (ay - 1VI(3, - 1)(8,- 1)] <H < o»,

and, if (8, - 1)(3, - 1) <0, then -ee<H< (0g- 1)/[(1-8,)8,- 1)]. @4.7)

We fix the variables o, 3, 8, and p. Then it can be shown from (4.6) that
dL/dH = log(ax,a.,/842) and thus that L increases monotonically with H, since a,a, > 3,2.
Now d|P(t)l/dt|¢—y has the same sign as dA(s)/ds|s—; and, by (4.5), it has the same sign as AL.
LetH > 1. Then A > 0,d(AL)/dH > 0 and
inf{AL): H > 1} = lim g, AL(ay, §;, §,, p, H) = AL(04, 8,, 8,, p, 14) .
Thus d|Pi/dtj;_¢' < O in some interval 1 < H < H* if and only if

L(ay, 8, 8, p, 14) < 0.
That H can attain the value 1+ follows from (4.4) and (4.7).
Next, let H< 1. Then A <0, d(AL)/dH < 0 and

mf{u): H< l} =lim H-1- M-("-y 81’ 82’ er) = u‘(aj"sp 829 P 1')-
Therefore d|PJ/dtl_y' < O in some interval Hx < H < 1 if and only if
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L(aga 81' 82’ P, l') >0.

That H can attain the value 1- follows again from (4.4) and (4.7). Since @, 8,, 8, and p (> 0) are
fixed and H = 1t if and only if A| = A; = 1+, it can be shown from (4.6) that

lim H11 ALy, 8, 8, p, H)
= @ - x* - YA + px* +p7 1y
= [V(px*) - V(y*/p))2 + Lo( @4, 8, 85, 1), (4.8)
where  Lo=Log( @y, 8, 85, &) = (Vy* + AVz* - AVx*)(Nx* + Vz* - Ay*).

Now H = 1t if and only if X2 = X52 = X532 = 1-, 5o that X;2 =~ 1 for all i, as required. Also, if p
is now allowed to vary, (4.8) shows that, when H = 14, the infimum of AL is given by

Lo( &g, 8,, 8,, £1), and it will be negative if and only at least one of Lo(a,, 3, 85, £1) is negative.
Now

Lo(0y, 8, 8,,-1) <0
& (Vy* - Vz* + Yx*)(Vx* + Vz* + Vy*) <0
& Vy* +Vx*-Vz* < 0. 4.9)
Also Lo(0y, 8, 8,,1) <0

< (\/y"‘ +Vz* - Vx*)(Vx* + Vz* - */y"’) <0,
which cannot be satisfied when x* = y* . If, then, x* < y*,

- Ly(ty, 84,85, 1) <0 VX* + Vz* < Vy*, (4.10)
while, if x* > y*, then

Lo(0ty, 8,, 85, 1) < 0 > Vy* + Vz* < Vx*. (4.11)

The inequalities (4.9), (4.10) and (4.11) are (4.1), (4.2) and (4.3), respectively. If none of them are
satisfied, then d|P|/dtj;_¢ > O for all values of H.

5. Examples,

Let o;* = log (o; - 1) and 8;* = log (§; - 1) for all i. Then examples can be found in the
following cases when @y = 8, = 3,.
Case ], Let a* =3, *=8,% let (1<), <8, <d,anday <y <, . Then ay* < §;* < 3,*.

Since we require that X;2= X2 =X32=~1, (3, - 1)2 = (a, - 1)(a5 - 1) and
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(8,- 1)2 = (a, - 1)(03 - 1), and it follows that @, = &ty = &ty = §; = 8, = 3.

Similar examples arise when a.,* = 8, * = 8,* and a,, , and 3, are ordered differently.

Case2, Let8,,8,,8;,>1,letay*, 8, %, 8,* <<-1,andletH~1Then a3 =38, =8, ~1and
X) = X3 = X3 = 1. In particular, let a,*, 8, *,8,* — -coinsucha way that, in the limit,
X; = X, = X3 = 1- and the corresponding limiting values of a.,* and o.,* both exist and are finite.

Then the limiting values of &, and o, will also be finite. For example, if a5, §, and 8, are chosen

suitably close to 1 and are such that
(0 - (8, - 12 [~ 1/(0y - 1)] and (03 - 1)/(8,- 1) [~ /(e 1))
are small, then &, and o, are large and the inequality &,* a,* < 8,*2 holds approximately. This can

be attained for large a,and o, whose closeness is restricted by 8,- 1 = V[(a, - 1)(®, - 1)] when
Xi2=1foralli.

6. Numerical examples,
Let P(t) be a real symmetric matrix with not more than three distinct off-diagonal elements, and
let a); = a33 = a34 = p, a;3 = a4 =q and a4 =r. Then the conjecture (C) will be false for some

te (1,2) ifp=0.875, q=0.54 and r=0.09.

If T(p,q,r) is considered as a point in R3, then a continuity argument shows that T will lie in
some region S in R3 such that the conjecture is false at all points of S. The boundary of S is not
known, but T certainly lies inside the parallelpiped (within S) whose vertices are the points

(0.875 £ 0.001, 0.5392 £ 0.0001, 0.087 £ 0.004).
It can be shown that P(t) satisfies the criterion Vz* + Vx* < Vy*.

If Q(t) is obtained from P(t) by simultaneous interchanging rows and columns, then Q(t) can take
twelve distinct forms (including P(t)) and for all of these the corresponding real quadratic form is the
same. Hence each of the forms of Q(t) demonstrates that the conjecture (C) will be false for some

te (1,2) when p,q and r take the same values as above. Each of the criteria (4.1), (4.2) and (4.3)
is satisfied by exactly four of these twelve forms.

Presented by CJF Upton,
Mathematics Department,
University of Melbourne,
Parkville 3052,

Victoria, Australia.
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