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BAIRE MEASURES ON [0,Q) AND [0,0]

1. Baire and Borel Sets

Let X be the set of all ordinals less than the first uncountable
ordinal @, and let X be X U (0), each with the order topology. Then
X 1is a locally compact, noncompact, nonmetrizable, first countable
Ta-séace, and X is a compact, nonmetrizable Hausdorff space. Moreover,
X 1is the one-point compactification of X and is not first countable at
Q. (See [2], [4]).)

Let Y be either X or X, and let 8(Y) be the o-algebra of Borel
sets in Y, that is, the o-algebra generated in Y by the open subsets of
Y. Let C(Y) be the system of continuous real-valued functions defined
on Y, and let CC(Y) be the system of f € C(Y) with compact support.
Let SO(Y) be the o-algebra generated in Y by C(Y), called the
o-algebra of Baire sets in Y.

It follows from [3, Probiem 10, p. 231}, together with [1, Lemma 1,

p 195], that
B(X) = {A C X: A or X-A contains an unbounded closed subset of X},
8(X) = {A c X: A or X-A contains an unbounded closed subset of X).

Let 7,7, denote respectively the system of open and open Fa

0

subsets of X, and let 9,7, denote respectively the system of open and

0
open Fa subsets of X. Let 30,50 be the system of closed G8 subsets

of X and X, respectively. It is easy to see that SO(X) and SO(X)
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coincide with the o-algebras generated by ?0 and 90, respectively. Let
® denote the system of all countable subsets of X, R’ = {X-A: A € R),

and 8 = (X-A: A€ ®). It is straightforward to show that
' YY) = c Y Y
80(X) =-RvuU R, SO(X) Rusk, BO(X) g 3(X), 80(X) g 8(X)

and that 70 =Jn 80(X), VO =7 N BO(X).
If X denotes the system of compact subsets of X, then K c & and
Xc 70 n 50. Note that BO(X) coincides with the o-algebra generated by

X or, equivalently, Cc(X).

2. Baire and Borel Measures on X
Let Y be either X or X, let # be a o-algebra of subsets of Y
such that 80(Y) Cd, and let pu be a measure defined on #. The measure
p 1is said to be outer regular or inner regular or inner semi-regular at

A € d, depending on whether

p(A) = inf{pu(G): A C G, G open, G € )
or

p(A) = sup{pu(C): C c A, C compact, C € )
or

p(A) = sup{u(F): FcC A, F closed, F € d).

The measure p 1is said to be regular or semi-regular at A € 4 if it is
inner and outer regular or inner semi-regular and outer regular at A. We
say that p is inner regular (outer regular, regular, semi-regular) if it
is inner regular (outer regular, semi-regular) at every set in d. A
Baire (Borel) measure p on Y is any measure on SO(Y) [B(Y)] such
that p(C) < » for every compact subset C of Y. For any Baire (Borel)

measure g on X, since pu(X) < o, the notions of outer regularity,
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regularity and semi-regularity for pu coincide. Define

D(p) = (x € Y: p({x)) >0}, C(p) = {x € Y: p({x)) = 0}

LEMMA 1. Let # be a o-algebra of subsets of X such that
BO(X) Cd, and let p be a measure on #. Then the following assertions
are equivalent:

(1) B(K) < » for every compact subset K of X.

(ii1) p(A) < » for every countable subset A of X.

(iii) The set D(p) 1is countable and p(D(p)) < «.

PROOF. (i) = (ii): Suppose (i) holds. For any A € R, let
a = sup A. Since the interval [0,a] 1is compact and contains A, we get
p(A) < . Therefore (ii) holds.

(i1) = (iii): Suppose that (ii) holds and that D(u) » ¢. To prove
(iii), it is enough to show that for each n=1,2,..., the set
En = {x: p({x}) =2 1/n}) 1is finite. Suppose En is an infinite set for
some n. Let A be a countably infinite subset of En' Then p(A) = =,
On the other hand, we have from (ii) that u(A) < =, a contradiction.

(111) » (i): Suppose (iii) holds. For any compact subset K of X
we get p(K) = u(K Nn D(p)) < ». Therefore (i) holds. (m]

Let p be any Baire (Borel) measure on X. By Lemma 1 we get
D(p) €8 and C(p) = X - D(pu) € R'. The measure p is called purely dis-
continuous if p(X) = p(D(p)) > 0 and continuous if u({x)) = 0 for all
X € X. For each x € X, let € be the measure defined on the power set
of X such that ex(A) =1 if x € A and ex(A) =0 1if x & A. Let v
be the Baire (Borel) measure defined by v(A) = u(A n D(p)). If D(p) 1is

void, then v=0, the zero measure. Otherwise v 1is a purely
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discontinuous measure of the form Enp({xn))ex , where {xl,xz,...) is an
n

enumeration of D(u) such that X, » xj if 1= j.

Let v be the continuous Baire measure defined by +(A) = 0 if
A€e® and 4(A) =1 if A€ fR. For each p € [0,»], define the
continuous Baire measure py on X by setting (py)(A) = py(A). We

adopt the convention that =0 = 0,

THEOREM 1. Every Baire measure pu on X 1is semi-regular and can be

expressed in exactly one way in the form

p=v+py,

where v 1is either 0 or a purely discontinuous Baire measure and

0<p=<w,

PROOF. For each A € 30(X) let v(A) = u(A n D(u)) and
A(A) = p(A N C(u)). Then v 1is either 0 or a purely discontinuous Baire
measure, and ) 1is a continuous Baire measure. Since A(A) = 0 for
Ae€e® and X(A) = pu(C(p)) for A € 8, we get )\ = py, where
P = #(C(p)). Consequently u = v + py. It is obvious that such a
decomposition of u 1is unique.

Plainly v 1is regular. To prove pu 1is semi-regular, it is enough
to show that X 1is semi-regular. Suppose p > 0. We show readily that
A is semi-regular but not inner regular at every A € | . Suppose A € R
and a = sup A. Since A(A) = 0, X 1is inner regular at A. Since [0,a]
is an open set such that A c [0,a] and X([0,a]) = 0, X 1is outer
regular at A. Consequently X 1is regular at every A € & and hence A
is semi-regular. 0O

For each A € 8(X), let 6(A) =1 or O, depending on whether A or
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X-A contains an unbounded closed subset of X. It follows that § 1is a
Borel measure on X. For each p € [0,»], let pé be the Borel measure

on X defined by (pé)(A) = pé(A).

LEMMA 2. Let pu be a measure on 8(X). Then pu 1is continuous and

semi-regular if and only if p = p§ for some p € [0,»].

PROOF. Let p € [0,o]. It is straightforward to show that pé is a
continuous Borel measure which is semi-regular at every A € 8(X) with
§(A) =1 and is regular at every A € 8(X) with §(A) = 0.

Suppose p 1is continuous and semi-regular. Plainly p is a Borel
measure. Let C be any unbounded closed subset of X. For every open
set G with C c G, X-G 1is compact so that u(X-G) = 0 and
p(G) = p(X). Let p = p(X). Since p 1is outer regular, we get pu(C) = p.
Since p(K) = 0 for every compact (bounded closed) set K, we get
p(F) = p§(F) for every closed subset F of X. Since both u and pé

are inner semi-regular, we get pup(A) = p6(A) for all A € 8(X). m]
THEOREM 2. Every semi-regular Borel measure u on X can be
expressed in exactly one way in the form
p=v + ps ,
where v 1is either 0 or a purely discontinuous Borel measure, and

0 <p=<m,

PROOF. Define the Borel measures v and A on X by setting
v(A) = p(AnD(p)) and A(A) = p(A N C(p)). Then v 1is either O or purely
discontinuous, and X is continuous. To prove A 1is semi-regular, let

A be any Borel set and a = sup D(p). It follows that

458



C(p) = C(p) n [0,a] U [a+l,0) and A(A) = (A n [a+l,Q)). If A(A) = «,
then X 1is outer regular at A. Suppose A(A) < o, Since p 1is outer

regular, there is, for any € > 0, an open set U such that
A n [a+l,Q) c U c [a+1,0), p(U) < A(A) + € .

If we define G = [0,a] U U, then G 1is open, A C G, and
A(G) = u(U) < A(A) + € .

Consequently X 1is outer regular at A. To prove A 1is inner
semi-regular at A, suppose A(A) > 0. Since p 1is inner semi-regular,

there is, for any t < A(A), a closed subset F of X such that
FcCAn [a+l,0Q], t < u(F) = X(F).

Let C be the closed set defined by C=F if A c [a+l,Q) and
C=(x)UF if A n [0,a] ¢, where x € An [0,a]. Then we have C C A
and A(C) = A(F) >t so that X 1is inner semi-regular at A.
Consequently X 1is semi-regular and hence by Lemma 2, A = p§ where

P = X(X). Therefore p = v + pé§ and the uniqueness of such a

decomposition of u follows easily. (]

COROLLARY. For any nonzero Baire (Borel) measure pu on X, p is

regular if and only if pu 1is purely discontinuous.

LEMMA 3. Every continuous, finite Borel measure u on X is

semi-regular.

PROOF. By a minor modification of the proof of [1, Lemma 3, p 197]
we get p = p§ where 0 < p < o, By Lemma 2 the measure pu is
semi-regular. (=]

The next theorem follows from Theorem 2, together with Lemma 3.
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THEOREM 3. Every finite Borel measure on X is semi-regular.
Since the Borel measure § 1is an extension of the Baire measure

v, the following extension theorem follows from Theorems 1 and 2.

THEOREM 4. Every Baire measure on X 1is uniquely extended to a
semi-regular Borel measure on X.

We close this section with two examples of non semi-regular infinite
Borel measures.

EXAMPLES

1. For each A € 8(X), let r(A) =0 if A 1is countable and
T(A) = o if A 1is uncountable. Plainly r 1is a continuous, infinite
Borel measure which is outer regular at each uncountable Borel set. It is
easy to show that r 1is regular at each countable Borel set. Let Y be
the set of all limit ordinals.in X, and let Z be the set of all
nonlimit ordinals in X. Then Y 1is an uncountable closed set and Z is
an uncountable open set. Since Z does not contain any unbounded closed
subset of X and since 7r(Z) = », r 1is not inner semi-regular at Z.
Therefore r 1is outer regular but not inner semi-regular. Note that r
is a Borel extension of‘the Baire measure « 7.

2. Notation is as in Example 1. Let u be the Borel measure on X
defin;d by p(A) =8§(ANnY) + r(ANn2Z). Then p 1is a continuous Borel
measure such that u(Y) =1 and p(Z) = . For any open set G such
that Y c G, the set X-G 1is compact and the set G N Z 1is unbounded
open so that u(G) = «. Consequently pu 1is not outer regular at Y.
Plainly pu 1is not inner semi-regular at Z. Therefore p 1is neither

outer regular nor inner semi-regular.
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3. Baire Measures on X
Let v be the Baire measure on X defined by ¥(A) =0 if AeR
and ;(A) -1 if A e 8%. For each P € [0,0), let (pi)(A) - p%(A) for
A e So(i). We show readily that each py is a regular Baire measure on

X.

THEOREM 5. Every Baire measure s on X 1s regular and can be

expressed in exactly one way in the form
p=v+py,

where v 1is a Baire measure concentrated on a countable subset of X and

0 <p<w,

PROOF. Let Y = (x € X: p({x)) >0) and Z =X - Y. Since (0) is
not a Baire subset of X, we get Y =D(u) € R, Z € Bc, and
Z=(xeX: p({x)) =0) u (Q). If a = sup Y, then
Z=2n [0,a] U [a+1,Q] and u(Z) = p([a+tl,0]). For each A € 80(i)' let
v(A) = p(ANY) and A(A) = uy(A N Z). Then v is concentrated on the
countable set Y. Plainly A(A) = 0 for all A e R If A € 8%, then
A(A) = pu(Z). Consequently X = p§ where p = pu(Z)(<»). Therefore
p=v + p& and, since both v and p§ are regular, g is regular. It
is clear that such a decomposition of u 1is unique. (]

For each A CX, let e,(A) =1 if Q€A and e (A) -0 if

Q& A.

THEOREM 6. Every Baire measure p on X 1is uniquely extended to a

regular Boarel measure o on X. Moreover, the measure o¢ 1is of the

form
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o= Znﬂ({xn))exn + peg s

where {xl,xz,...} is a countable subset of X, and 0 < p < =,

PROOF. Let pu = v + py be the decomposition of u as in Theorem 5.
Then there exists a countable subset {xl,xz,...} of X such that

v = Enp([xn})ex . It follows readily that Peg is a regular Borel
n

measure on X which extends the Baire measure py. Consequently

o = Enp([xn})ex + p € is a regular Borel measure which extends u.
n

‘Suppose 7 1is any regular Borel measure on X which extends p.
Let Y = {x € X: p({x)}) > 0) and Z = X-Y. Define rl(A) =r(ANY),
7,(8) = 7(A n Z) vhere A€ 3(X). Since r((x}) = u({x)) for all
x € X, we get T, = V. By a minor modification of an argument given in

the proof of Theorem 2, we show that r, 1is outer regular. Let G be

2
any open subet of X such that @ € G. By definition G = X-K, where K
is a compact subset of X. It follows that 7(KNZ) = uy(KN2Z)=0 so

that 12(G) - rz(i) = p, where p = u(Z). Since T, is outer regular, we

get 72({0)) = p so that 7 Therefore o=r. o

2 T Peq-
For each A € 8(X), let §(A) =1 or O, depending on whether A or

X-A contains an unbounded closed subset of X. Then & is a Borel

measure on X which is not outer regular at 0 (see [3, p. 231]).

Plainly & extends the Baire measure v. Consequently every Baire

measure u on X can be extended to a Borel measure v of the form

an({xn))exn + pé ,

where {xl,xz,...} is a countable subset of X, and O < p < ». Note
that v 1is not regular if p > 0. It is known [1l, Theorem, p. 197] that

every Borel measure p on X is of the form
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v + pé ,

where v 1is a Borel measure concentrated on a countable subset of X, and

0 <p< =,
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