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INTERPOLATED FOURIER TRANSFORMS

§0. Introduction. In this paper, the general form of transfoom T on

L2(0, o) defined by a kernel ¢ is given by

v 2
Tf(t) = 1.i.m. IO f(u)p(tu)du in L%(0, ),

for f € L2(0, o). Let C and S denote the cosine and sine transforms on

L0, o), ie.

C1(t)

U
l.im. y2/7 '[0 f(u)cos tu du
- o
in L2(0, )

U
Sf(t) = l.im. 2/7 j f(u)sin tu du
U-o 0

for f € L2(0, o). The Plancherel’s Theorem states that
2 =c?=m1n

In this paper, we consider the transform C a defined by the kernel
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V2[7 cos(0 — ga) (a € R):
U 2
1) C (1) = Lim 7 jof(u)cos(tu ~Idu in L0, o)

for f € L%0, w). Note first that Cy = C and C = S; and C, is a
bounded transform on L2(0, ®), since it is a linear combination of two
bounded transforms on L2(0, ©). The object of this paper is to construct the
inverse of C,, and to show the inverse is a bounded transform on L2(0, )
for suitable «a; see Theorem 1 in §2 below. For the kernel defining the
inverse, see (0.5). We prove this with the help of the Riemann—Liouville and

Weyl fractional integral operators, which are defined respectively as follows:

1"%3; Jz(x-Y)Hf(Y)dy (@ >0, x > 0)

Iéf(x) =
f(x) (¢ =0, x > 0)
[‘%3)‘ r(y—X)‘Hf(Y)dy (¢ >0, x > 0)
J f(x) = x
f(x) (¢ =0, x > 0).
There is a basic property .for I a and J o
(0.2) It ﬂf(x) =1 aIﬂf(x)’ I, +ﬂf(x) =J3 ﬂf(x)
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Consider the Mellin transforms of cos 6 and sin 4. It is a

consequence of (7.9.5) and (7.9.6) of [2] that
(0.3) Jcos 0 = cos(8 + 7%az), Jsin 8 = sin(d + g-a)

for 0 < @ < 1. On the other hand, by considering the Taylor series

expansion, we have

® n
(0.4) Ij0s 0= T ré%};}-:&,ozn“ (a > 0);

the series on the right—hand side of (0.4) is defined for Va € R
Note that the kernel in (0.) is given by (0.3) for suitable a« .

Denote

® _1\1
(0.5) k(0) = VIT7 2 e (aew,

for negative odd integer @, the term with I'—factor is defined to be zero for

integer 2n+l+a < 0.

323



We show first in Lemma 3 that k a( 0) defines a bounded transform

D a for - % < a< g- , and then show in Theorem 1 that
(0.6) CDf=DCf=f (-i<ac<?}d
. a a a’a 2 2

for f e L0, w).

We introduce here the averaging operators which are needed in this

paper. For f € L2(0, ®), we define the transforms A o B g 3 follows:
Afx) = <@ [y My)ay (@ > Y
o = OY y)ay 3.

Bit = <7 [y 6 < p

§. Some lemmas. To pursue the object of this paper, we need several

lemmas.

Lemma 1. The A o 2and Bﬂ are _bounded operators on L2(0, ),

Al ¢ (=57, 1By < G- A7

Proof. By (9.9.8) and (9.9.9) of [l], the results follow immediately. .
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Lemma 2. Consider (0.5). For a < 2, we have

V[2k (0) = cos(f — ga) + r'(?lry J:fa-zsin(§-0)df (6 > 0);

and the integral in the above is defined to be zero for integer a less than

or equal to 1.

Proof. Put K a(ﬂ) = Jr[2k (0). By differentiating K oL0)  twice, we

see that
K"(ﬁ) + K (0) = 1 0&—2
a a Med)” -

On the other hand, for a < 2

ua‘,j:e“‘zsin(s-o)de

is a special solution to the differential equation

y".+y=p-(a710°"2-

Thus
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K a(o) = cos(f — ga.a) + l"'(a-l-l')' J;{a_2sin(£—0)d§

for some constant a, depending on a . Now the above and (0.5) yield

1 .
K, (0) = K}(0) = cos(0 - g-(a.a—l)) ) JA:)£Q_3sm(§—0)d§.
Thus we may take
(1.0) a, -1= 3, -
By taking 6 = 0, we have for 0 < a < 2
0 = K,(0) = cos Ja_ + T‘I?ll'f J:{a_2sin ¢ de.

Since

I"('El-l') rfa_zsin £ d¢ = — cos g-a ,
0

we may take a, = a for 0 < aa< 2.

This completes the proof of Lemma 2 by virtue of (1.0).
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Lemma 3. For - %— < ac< % , the series k a(o) in (0.5) defines a

bounded transforms on L2(0, ®).

Proof. = We assume a # 0, 1. It is convenient to comsider K A0 =

Va2 k (0). Define

I, 0<a<hb

6(3" b) ={

0b 0<b<ga

and

Ao = 0%&6, 1), o) = 0*2q, 9
M0 = Ko(6)-&1, 0), €(6) = cos(d — Fa)- 40, 0).

Write as

K (0) = (K (6) = n(8) + (n(6) — «(8)) + (6).

Considering the power series expansion of K (0), we see that

|K(0) — n(6)] = O(A(6))

and by Lemma 2
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|n(8) — ()] = O(9)).

So, it suffices to show that

80), A9), €(6)

are all the kernels of bounded transforms on L2(0, ®).

Given any f € L(0, ), we have first for (6
F(s) = j:f(t)ﬂ(tu)dt - j;/ "ty (tn) %t
= uA i),
Since o+l > 3 , and
(EIF(u)Izdu)l/z = (J:IAa+1f(u)l2du)l/2 ¢ (a + 37,

by Lemma 1, which shows that f(4) is the kernel of a bounded transform on
L2(0, w). As for ~(6), we have

Fw) = [ e = [ ™ Pa
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-1 -1
=u B, f(u’).

Since o < 5 , and

(f(';u“(u)ﬁdu)‘/2 = (j: B, i) %) < (& - (),

by Lemma 1, which shows that ~(0) is the kernel of a bounded transform on
L2(0, o). Finally, to show ¢(f) is the kernel of a bounded transform on
L2(0, ®), it is enough to work on
€(0) = cos(0 — ’,’a).a(o, 1),

since cos(f — %a) = ¢(f) + ¢(6). Obviously

€(0) = O(A(6))
for any fixed a < 0. And we have shown that p(6) is the kernel of a
bounded transform for - % < a < 0, which implies that '¢(f) is the

kernel of a bounded transform on L2(0, ).

This completes the proof of Lemma 3.
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§2. Proof of Theorem 1.  Note first that

(2.0) k(0) = V27 I cos 6 (a 2 0).
Denote
(2.) D f(u) = l.i.m ij(t)k (tu)dt (—1<a<d
' a pim | ek, 2 )

for f ¢ L2(0, ). Lemma 3 shows that D is a bounded transform on

L2(0, ®).

Theorem 1.  Consider the transform C, in (01). We have

(2.2) CPf=DCi=1f (-3<a<3i

for f e L0, o).
Proof. By the Plancherel’s Theorem, (2.2) holds good for a = 0, L
Step 1. We show first that (2.2) holds good for 0 < a < L

Let¢ f € C°(0, ) with support a compact subset of (0, »). Note
that supp J af(v) c [0, A] for V large A. By the definition of I oS08 6,
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we have
(2.3) F(u) = D f(u) = V27 J:f(t)lacos(tu)dt
= 2/ T'%Ti)’ J:;f(t) J;u(tufv)a_lcos v dvdt

= 2[7 .l--‘(l% J:cos uv J:(t—v)a_lf(t)dtdv.

This gives

(2.4) WOF(u) = V277 J:Jaf(v)cos v dv
and

(2.5) F(u) = 0(u% (v — 0%)
(2.6) Fu) = 0(u®?)  (u — +u),

by taking integration by parts twice in (2.4).

By Plancherel’s Theorem, (2.4) yields
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2.7) 3 fv) = VI I;u_aF(u)cos avdu.
By using (0.2), equation (2.7) yields
(28)  VATE T(1-a)i,f(v) = VAT2 r(t—v)_a.laf(t)dt
= E(t—v)_ajzu_aF(u)cos tududt
- r(t-v)‘“{— L O[u_aF(u)]'sin tudu}dt,
since u_ “F(u)sintu 3_'__‘_‘8 = 0, by (2.5) and (2.6),
- E[u_aF(u)]'K(t—v)— (- bsin tudtdy,
by the fact [u” *F(u)]’ = min(0(1), Q(u’2)) following from (2.4) and hence

[ F@) (=) € Lg () * Ly g)(t)

2 O KCORCE S b
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_ J:u‘aF(u)I:(t—v)_a(— 1(cos tuptdtdu

ru_aF(u)r(t—v)—acos tudtdu
0 v

P(l-a)J:u—lF(u)J 1—acos(uv)du.

Differentiating both sides of (2.8) gives rise to
(2.9) i(v) = JIT7 I:F(u).ll_asin(uv)du

= OT7 j:F(u)oos(uv — Zadu, by (0.3),
= CF(v) = C,D f(v).

Conversely, consider again f € C®(0, o) with support a compact subset

of (0, ). By (0.3), we have
(2.10) F(v) = Cf{(v) = VI[7 I:f(u)Jl_asin(uv)du

= T g J:f(u)J:v(t—uv)—asin ¢ didu
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1 J’m —ar l—ag ..
= t— .
V2T T(Fa) v( v) 0u f(u)sin tududt
Taking integration by parts, we see that
® l-a —k
(2.1) J u f(u)sin tudu = O(t™ ") (t — +m)
0
for any integer k > 0. " So
(2.12) F(v) = O(v¥) (v — +a)
for any integer k > 0. Now by (0.2), (2.10) gives rise to
J F(v) = 2]7 r rul—af(u)sin tududt
@ v Y0
and hence
J aF)'(v) = 2]« J: ul-af(u)sin uvdu.

Consequently, we have by using (2.12)

(2.13) ul—af(u) = —2[x J:(J &) (V)sin uvdv
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= w7 J:(JaF)(v)cos avdv |

and

A

%) = VT T‘%EI lim JO

cos uv r(t-v)“‘lp(t)dtdv

A t © A
= o7 I‘%E)' “l\iT{JOF(t)J’O(t-v)Hcos uvdvdt + JAF(t)JO(t—v)a_lcos uvdvdt}

7 v j:F(t)Iacos(tu)dt .

So

f(u) = j:F(t)ka(m)dt = D_F(x) = DCf(u).

By a standard continuity argument, we see that (2.2) holds good for

0 < a<l

Step 2. We now show that (2.2) holds good for 1 < @ < g Note
first that I 08 0 =1 a‘_lsin 6, and 0 < o1 < % We proceed the same

argument as in Step 1 with I a_lsin 0 in the place of I €08 6. Put
= ol
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Corresponding to (2.3), we have

B
(214) ) = D) = VT pip J';sin av j:(t-v)ﬂ-‘f(t)dtdv.

This gives

(2.15) PR = 77 J;Jﬁf(v)sin av dv

and

(2.16) Fu) = o(ft) (u — ot

and

(2.17) v Pr) = 77 Jﬂf(o)u_l + 0 (1 — +a),

by taking integration by parts in (2.15).

By Plancherel’s Theorem and (2.17), we see that

(2.18) 14(v) = VT7 J: uPF(u)sin uvdu.
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Corresponding to (2.8), we have by (2.18)

J,i(v)
A
= l..uf_ﬂjjv(t—v)‘ﬂ.l FOLT
= 27 p‘(‘[l‘ﬂ)’_[‘:(t‘v)—ﬂ]‘;“—ﬂF(“) sin tududt
= 27 I"('l_ﬂ)'l lim{JBu_ﬂF(u)jA(t—v)-ﬂsin tudtdu
“F) Bao 0 v
+ JA(t-v)-ﬂru—ﬂF(u)sin tududt}
v B
= 2« Nl{—ﬂ)]‘;u-ﬂF(u)Jt(t—v)—ﬂsin tudtdu, by (2.17)

- l r —lF r — —ﬂ . .
V2] T{EA) Ou (u) uv(t uv) "'sin tdtdu, by making A -+ o,

since by writing

A 1 A
J (t-v)_ﬂsin tudt = JH- (t—v)_ﬂsin tudt + J (t-v)_ﬂsin tudt
v v+l

v
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and by taking integration by parts

A
j (t—v) Psin tudt = O(u™))
v+1 .

uniformly with respect to A - +o. So the above gives
®
(2.19) 14(v) = VT* j w P _gin (w)du .
0
Now by using (2.17), we can differentiate both sides of (2.19) and get

fv) = ~I7 EF(u)Jl_ﬁcos uvdu

OTF J:F(u)cos (uv - Fa)du.

CF(v) = CDf¥), (1< a<3).

To justify the above equation, it is enough to show

d 4 : Aryvd .
H;J:u F(u)Jl_ﬂsm uvdu = ‘r:u F(u)z5(J; —gfin uv)du.

Now (2.17) gives
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u—lF(u) = a2y O(uﬁ_a)
for some constant A. By appealing to (0.3), we see that
d r B2, . _ r‘ B2d ;1 o
b 1u Jl_ﬂsm uvdu 1u ?N(Jl—ﬂsm uv)du

and since F(u) - wht = O(uﬁ_ 2) € Ll(O, ®), which combined together

prove what we want.

Conversely, corresponding to (210), we have
(2.20) F(v) = Cilv) = ~o]7 J:f(u)Jl_ﬁcos(uv)du
= o7 F-(llqg)-J.:(t—v)—ﬂJ.:ul—ﬂf(u)cos tududt
and to (21I), (212) we have
(2.21) | J';ul‘ﬂf(u)cos tudu = O(tX) (t — +a)

(2.22) ' | F(v) = O(v_k) (v — +o)

for any integer k > 0.
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In view of (0.2), (2.20) gives rise to

J ﬂF(v) = —2]x r J:ul-ﬂf(u)cos tududt,

and hence

J ﬁF)'(v) = 2]x J:ul_ﬂf(u)cos uv du.

Consequently, we have

1-Be 0y = |°’ ,
2.23 f(u) = J d
(2.23) u “f(u) 2[x 0( ,BF) (v)cos uv dv

=c+ 2]t u I:(J ﬂF)(v)sin uv dv

for some constant <¢; by virtue of (2.22) and by making u — ot in
(2.23), we see that ¢ = 0. So, we have, by using (2.22),

u_ﬂf(u) = 2]7 I‘%ﬂ)’ }“: T J‘:sin uv J.:(t—v)ﬂ_lF(t)dtdv

At
= aTF I‘%ﬁ) ! i?{JOF(t)IO(t—v)ﬂ_lsin uvdvdt
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+ J:F(t)r:(t-v)ﬂ_lsin uvdvdt}

= v ParE j:F(t)Iﬂsin(tu)dt

and
f(u) = VIT7 J:F(t)la cos(tu)dt
- I:F(t)ka(tu)dt = D_F(s) = D Cf(u).
By a standard continuity argument, we see that (2.2) holds good for
l<ac< g- .

Step 3.  Finally we show that (2.2) holds good for — 5 < a < 0.
Suppose f € C®(0, ») with support a compact subset of (0, ).

Consider first
D f(u) = f; f(t)k (tu)dt
t=w
= -lf(t)ka+1(t“) | - 0-“-1,[:9 (t)k gy (bu)dt.
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By Lemma 2, we have the estimate

D f(u) = 0w*?) (u — +o)
and hence

uD f(w) € X0, o).
Since % < o+l < 1, (2.2) gives rise to
() = j:unaf(u)cos(tu - et
from which it follows
f(t) = J:Daf(u)cos(tu ~ Fa)du = C_Dft)
Consider next
C fu) = J‘;f(t)cos(m — Fa)dt.

Note that

342



CH) = 0™ (u — +a)

for any integers k > 0, £ > 0, and
(C ) (v) = -j:tf(t)sin(tu — Za)dt

= —J:tf(t)cos(tu — Ha+))dt.

Since % < at+l < 1, (2.2) gives rise to
H(t) = -j: (C )k (tu)du

U=o
= —Caf(u)ka +1(tu)|u=0 + tJ:C LWk a(tu)du.

Thus we see that

f(t) = J:Caf(u)ka(tu)du = D_C (1)
Similarly as before, (2.2) holds good for f € L2(0, o) and - % < a<0.

This completes the proof of Theorem 1.
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