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On the algebra generated by derivatives of interval functions

It is well known (See A. Bruckner [1] ) that the product of
two derivatives need not itself be a derivative.

This consideration led to the question of characterizing the
class of functions expressible as a product of two or more deriv-
atives and it raised the larger question of characterizing the
algebra of functions generated by derivatives.

The second of these questions was solved by D. Preiss in [6]:
he showed that every real Baire 1 function u of one variable can
be expressed in the form u = f'<g'+h'.

On the other hand, a function of the form f£f'-.g'+h' must be
Baire 1. Hence the class of one variable real functions having
the representation above coincides with the first class of Baire.

In this note we generalize Preiss~” result to higher dimen-
sions, that is, we show that a real Baire 1 function u of k vari-

ables (k>1) also admits a representation u = DF<DG + DH, where
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F, G and H are additive ordinarily differentiable interval fune-

tions.

k
Let I be the collection of all compact intervals in R .
For o ¢ (0,1) let I‘a be the collection of all compact inter-
vals in Rk having parameter of regularity greater thana.
k
For xe¢ R, let

Fr(x) ={ IeT :xe I}, ra(x) ={Ic¢ ra : xe I}.

A function £ : X& Rk—>R is said to .be ordinarily approximately

continuous if it is continuous with respect to the ordinary density

topology in Rk . ( see [3] ). The class of ordinarily approximate-

ly continuous real functions on Rk will be denoted by 2%

We refer the reader to[®] (chapter III * ) for the definition
of absolute continuity of an interval function.

We also refer the reader to [8] (chapter IV) and to[5] (chapter
VI) for what concerns differentiation of an interval function.

A® will denote the class of additive ordinar;ly differenti-
able real interval functions defined on I'.. When F ¢ A, DF will

denote the derivative of F.

B! will denote the class of Baire 1 real functions on R*.

p will-denote the Lebesgue measure in Rk.

For X < Rk,xx will denote the characteristic function of X.

A point x is said to be a Lebesgue point of a real function
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f defined on Rk if

1

lim L
Iera(x)

for every a €(0,1).

If x is a Lebesgue point of £ for every X € Rk, f is said to
be a Lebesgue function. The class of all Lebesgue functions on Rk
will be denoted by At

Every bounded function f ¢ Q% is a Lebesgue function.

A Lebesgue function f is ordinarily approximately continuous
and it is the derivative (in the ordinary sense) of the interval

function /_ f du (See [5] ch. VvI).

. k
Proposition 1. Let X C R be measurable, C1, ...,Cn pairwise

disjoint closed subsets of X contained in the set of ordinary
density points of X, ay ...,an real numbers. Then there exists
a Lebesgue function ¢ such that ¢(x) = a, for x € Cyv ¢(x) =0

for x £ X and sup |®(x)| < max Iail.
L 4
x € R

Proof . The result easily follows from the k-dimensional version
( [3] , lemma 4 ) of the .analogous result by Zahorski [9]'(Also

see [4] ).

309



1 ..
Proposition 2. Let u€ B . There are v € B , @ sequence {Hn}rsN

of pairwise disjoint compact subsets of RK and a sequence {Bn}neN

of positive numbers such that
i) u-ve A',

ii) v is ordinarily approximately continuous at every point

of U H

neEN ¢

iii) v(x) = O whenever x € H, is not an ordinary density point

of Hn ’
iv) |v| < jz:: Bn XHp
neN
V) 5___-Bn Xy € B,
nenN n

¥#i) v is bounded provided that u is bounded.

Proof . Put D={(x1,...,xk)eRk : 315{1,..f,k}: x, is rationall.
D is a dense set of measure zero.

Let M be the measure zero set of points of Rk at which u is
not ordinarily approximately continuous.

Then there is ¢, € A" such that.¢1(x) = u(x) for x € DUM
(c£. [2] , th 2.5 and [4] ). (In case u is bounded, ¢; may
be taken to be bounded) .

Since u - ¢, € B! , we have log|lu - ¢,| € B! on the space

A= {xc¢ Rk

o

(u-¢1)(X)#0}o

310



Then there is a function ge B' such that g(A) is an isolated

set and sup | loglu - ¢, |(x) - g(x)| £ 1 (cf. [71] , 1, 27, VII).
X€EA :
Since A is an %; set and a zero-dimensional space, there is a

sequence {Hn}nE of pairwise disjoint compact sets such that

N

A= U Hn and the restriction of g to Hn is constant (cf. [ﬂ '
neEN '

II' 26' V)o

Thus, if we call w the function assuming the values w (x) = O

X)+1
for x ¢ A and w (x) = eg( ) for x € A, w can be written as fol-
lows: w (x) = ::: Bn Xy ¢ where B, are positive numbers for every
neN n

n e N. Moreover, w > O and, for every a > O, the sets
k k .
{ xe R :w(x) > al}l and {xe R : w(x) < a}
are F_ sets.
o]

That proves V).

Let now E be a set of measure zero containing all points of
each Hn that are not ordinary density points of Hn and all points
at which u - ¢,;is not ordinarily approximately continuous; we can
construct ¢ € A" such that ¢ = u - ¢, on E.

Put ¢, (x)=max{min{¢ (x) ,max{ (u-¢;) (x),0}};min{ (u-¢,) (x),0}}.

Using the argument of [Q] , Lemma 3, we can show that ¢, & A*
and the function v = u - ¢, - ¢, satisfies i), ii), iii),‘iV), ¥)

and ¥i).
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Proposition 3. Let {Kn}nsN Le a sequence of pairwise disjoint com

pact subsets of Rk and let {Yn}ne be a seqﬁence.of nonnegative

N

numbers such that %EN.Yn XK € B'. Then there is a sequence of
n _

positive numbers {An}neN satisfying the following properties:
a) if, for each ne N, Fn is a real additive and absolutely

continuous (with respect to u) interval function defined on T '

satisfying:

A* < A <
i) F e , sll:lpIFnl_ 0o s;ngFnl-Yn,

ii) (IeT » INK =¢) ) F (I) =0,

th Z; r AR = > ,
en <& Fn converges on to Fe. A%such that DF FN DFn ;

b)’if, for each n € N, ¢n is a real function on Rk such that

¢_ € AT, sup I¢nJ <Y
| 4

n n ’
R

n : !Kn o ) law & 2

{x ¢ Rk:¢n(x) #ote k_,

then ggﬁ ¢n converges go ¢ e A,

Proof . Let {Cn}ne be a sequence of compact subsets of rK such

N

.k — .
> s <
that for each t > O the set {x € R %EN Y, xKn(x) t} can
be expressed by a union of a subsequence of {Cn}nsN'

Put, for every n € N,

_ _ 1 . k+1 ,
k'=Ug U Ufc:qnK=p}, A\ = =min (@ (K ,K}), 1}
m<n m<n 2 .
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To prove a), let {Fn} be a sequence of real functions

neEN

with the properties described there. 7 F and 7 DF
neN neN

are well-defined (on I and Rk respectively).
It will be shown that D Z_Fn = 'ZDF,, .
reN neN

For this purpose, let Xy € M Kn and-let m € N be such that

X € K .
o m
If n is a positive integer such that n)m, then Xy ﬁ Kn and
X € K!',
o n
Let a €(0,1) and let I ¢ I‘a (xo). There are two possibilities:
either I N K is empty or it is not.
If IN Kn = @, from the hypothesis we have Fn(I) = 0.

' <
If IN Kn # @, we have for every x € KrpI d(Kn,Kn)_d(xo,x).

Thus

r ()| &w,k) &Mx,x  atan™ (1) diam(I)
n < n’’n o < <M o
u(n) 2™ T 2% T 2™ 2"

where M is a constant, depending.only on k and & , such that
diamk(I) S Mu(I) for every I € I‘a .

Consequently, D (Z F ] (x) =o.
n>m °

On the other hand, from the hypothesis we have DFn(xo) =0

if n > m.

Hence D (: Fn) (x)) = > DFn(xo)'

n>m n>m
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-\ ok .
Let now X, € R =N Kn
For each t > O, let's call p a positive integer such that

x e C and Z Yo Xk (x) < t for every x€ 'Cp.
P ne N n '

For n < p we have
k
F (I) =0 for every I e I"(xo) with I € R - U K .

For n > p we assume first that an'\ Cp = d.

. ' v _ Then let Ie TI'(x)).
In this case Cp Cc Kn , so that xo € Kn o
If IN Kn = @ , from the hypothesis we have Fn(I) = 0,
If Ir\Krl # g, let x ¢ Ir\Kn. Then we have
d(Kﬁ,Kn) d(x ,X) £ diam(I)

and, consequently,

k+1 ., k+1
5@ a"m(K!,K ) diam (I)

2" -2t

Now assume Kn(\ C_# ¢ and let x ¢ Kn/\ Cp. Then we have

=2_ v, xK (x) < t.

ne N

From this and since |DF | Y XK , we have (cf.[8],th.(7.8)

page 121)
w ()| < t W(INK).

To sum up, we may assert that for I ¢ I’a(xo) with sufficient-

ly small diameter we have
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where M 1is the constant mentioned above.

Thus
Ij:: F (I)| .
lim sup 'neN lim sup ( Mdiam(I) + t) = t .
I - = >
xo u(I) I X
Iel (x ). Iel (x_)

This shows that D(,E:: F )(xo) = 0 , which togheter with
neN

z:: DF (x ) = 0 proves (1).

neN

In order to prove b), first observe that ¢ = %;; ¢n is

well-defined; then, let x € Rk. Putting

Vv(x) = ;L__ ¢ (x)

2_ e, B o= I%rxn 6_(x)

we have ¢(x) = yp(x) + $(x).

Since VY is bounded and ordinarily approximately continuous,
X is a Lebesgue point of ¢ .

On the other hand, a) implies thét rWI is a derivative, which
togheter with y(x) = O implies that x is a Lebesgue poinf of ¥ .

Hence x is a Lebesgue point of ¢ .
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Proposition 4. Let X be a bounded measurable subset of Rk, c a po

Sitive number, v a measurable function such that sup |v1 S c.
X

Then for every € > O there are two real - additive and

absolutely continuous (with respect to u) interval functions F

and G defined on ' sumch that
i) (el , I N X=¢g) —)F(I) =G(I) =0 ,

ii) sup |F(I)| < e , sup |[G(I)| <€ ,
IeT IeT

iii)Fe &* , Ge A* , DFe A , DGe A* ,

jy)sup |DF| < max{c,/c} , sup |DG| & miniv¢c,1} ,
R" R*

¥ Iy |v - DFeDG|du < € .

Proof . Let J be an interval containing X. Let € > O. We can con-
struct a finite family © covering k of nonoverlapping intervals
with the following property: whenever I is an interval contained
in J, the measure of the union of the intervals from © which inter
sect the boundary of I is less than € / 3max{1,c} .

It follows that X can be written as a union of nonempty, di-

sjoint, measurable sets XypeeesX such that for each ie{1,...,n}

sup lvix) = viy)| < €/ 3(uX)+1)
x,yexi
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and X, is contained in only one element of O,
If I is an interval contained in J, put

‘NI= {ie{1,...,n }: X, intersect the boundary of I }.

We have \./ Xi < ¢/ 3max{1,c}.
' ie Ny

Then let Pi and Qj.be closed, disjoint subsets of xi such

that do(x,xi) =1 for x¢ P,UQ s u (Pi) =y (Qi) and

w (X, - (P, v Q)) <e/ 3nmax{1,c} .

I
f xi € Xi ¢+ put

a, = max{lv(xi)|,/|vixi)|}, bi = min{/[vixi)b1}sgn v(xi).

By proposition 1 there are £ ¢ A¥ and ge A* such that

f(x)=ai if xe¢ P,., £(x)=-a, if x ¢ Qi , £(x)=0 if x ¢ X ,

i i

g(x)=bi if x ¢ P, g(x)=-bi if x ¢ P, . g(x)=0 if x ¢ X

and |f | smax a, | 9| < max bi .

Then define F and G by

F(I) = [, £ du , G(I=[_g au

for every I ¢ T .

Since
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for IeT , I ¢J , we have

%fIf'du‘ ;%- £-du .
I

i

III\X

+ lzg,.N I}'X.f du
I i

max{ c,/<c} u(u X; N I) +%< € .
I

ieN
Applying the same argument to g, we obtain for I €T, I ¢ J
III g du l < € .
Hence F and G satisfy i) and ii). In order to prove iii) and
i¥7), it's enough to observe that for x € Rk we have DF(x) = f(x)

and DG(x) = g(x) (cf. [5]).

In .order to prove V), we observe that

DF (x) DG (x) = aiobi = v(xi) for x € PiuQi , SO
/ |v(x,) - DF*DG|du = 0.
PiuQi i
Hence
n
[glv - DEeDG| ay < I v vz @ o+

i

n
EE; [« _ |v(x,) - DF*DG| du < ¢
.xi (v Q) il

which completes the proof.
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Proposition 5 . Let ue B!, ihen there are F, G and H belonging
to A* such that u = DF'bG + DH. Moreover, one can find this re-
presentation such that DG is bounded, DH € A% and, if u is
bounded, such that DF and DH are also bounded.

Proof. Let v ¢ B! , let {Hn}ne be a sequence of pairwise

N

disjoint compact subsets of R® and let {Bn}n be a sequence of

EN
positive numbers as in proposition 2.

For neN, put y = 2 max{Bn,/g;}. For the sequences {Hn}nEN

and {Yn}neN we find a sequence of positive numbers {J\n}neN

according to proposition 3.

Since, for each n € N, sup |v(x)| & B ,we use proposition 4
xeH
n

with X =Hn , C = Bn and € = An to construct functions Fn and
Gn with the properties described there.

Proposition 3 implies that g;% F and R%E:Gn converge to

oM

DF , DG =2__ DG .
n n

* L 4 =
F e A" and G e A respectively and DF SEN

Using ii) from proposition 2, the properties of Fn and Gn

described in proposition 4 and b) from proposition 3, we obtain

; [ - - . “.
v DF «DG gne (v DFn DGn)an e A
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Since u- v also belong to A* , (W =-v) + (v - DF*DG) = DH

where H ¢ A" .

[1]
[2]

[3]

[4]

[5]
[e]

[7]
[e]
(o]

The proof is complete when we observe that

u (u-v) + (v - DF.DG) + DF .DG.
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