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Some Answers to a Question of P. Bullen

A question posed by Peter Bullen [1] is whether it is
possible to restrict the guage function used in generalized
Riemann type integrals. Here we investigate the guage function
needed for the Perron integral (equivalent to the Riemann-Complete
and narrow sense Denjoy integral), the Lebesgue-Stiel jes integral
and the Lebesgue integral for bounded measurable functions. The
Henstock or Riemann-Complete (R-C) integral integrates a
function f assumed to be finite valued. The R-C integral of
f on [a,b] is L provided that for each € > 0 there is a
positive function & such that |Zf(zi)Axi - L| < € whenever

a=x,<x <...<x,=0>b isa partition of [a,b],

n
z; € [x4_1,%;] and Bxy = x5 - x4 < 8(zy). The function &
is called the guage function.

Henstock [2, p.127] showed how to determine & for the
Perron integral. Utilizing the majorant and minorant, he found

& and showed that the Perron integral is contained in the R;C

integral. However, the character of & has not been determined.
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Here we utilize the equivalence of these integrals with the

narrow sense Denjoy Integral, the fact that
F(x) = D[ * £(t)dt is ACG

and that F'(x) = f(x) a.e. (cf.[5]) to determine the character
of the 6 needed for the Perron Integral. Given £f, a D*
integrable function on [a,b] and F(x) = fax f(t)dt, let Zg
be the set of x where F'(x) does not exist or F'(x) # f(x).
Let Z be a Gg subset of measure O coataining Zg. We then
have the following results concerning the guage function §

needed to integrate f.

Theorem 1. The guage function for an R-C integrable function f

can b_e chosen t_ob_e measurable and & restricted to the

complement of Z can be chosen to be Baire 2.

Example 1. There is a Lebesgue integrable function f for which

no Baire function & will suffice to estimate the integral.

Theorem 2. If F ACG* and f(x) = F'(x) wherever F'(x)

exists and f(x) = 0 otherwise, a Baire 2 § will suffice to

estimate the integral of f. Alternatively, if |[f| is dominated

by a Baire function, a Baire & will suffice.
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Theorem 3. If f 1is a bounded measurable function on [a,b] the

guage needed to approximate fab f(x)dx need only be chosen from

Baire class 2.
We proceed with the proof of these theorems. We will then
continue with an investigation of the Lebesgue-Stieltjes integral

determined by the D# integration basis and a guage function.

Proof of Theorem 1. Suppose f 1is D* integrable on [a,b]

and F(x) = fax f(t)dt. Since F 1is ACG* there exists a
sequence of closed sets Ep such that [a,b] = VE, and F 1is
AC* on each Eg . Let {ij} be the set of intervals coantiguous
to E,. Since F 1is AC* on E., given € > 0 there is a
natural number Np such that

o

(*) ) &(F;1

=N

€
)<_ko

kj 2

(Here &/(F;1) 1is the oscillation of F on 1I.) Letting 1

denote the interior of I, we have that each

- N, -1
A = EU L_J L [a,b]\ U Lj
j_Nk =

is a finite union of closed intervals. Since F 1is AC* on Eps

there is &, > 0 such that if J|I | < §, where the I are
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nonoverlapping intervals with endpoints in E;, then
JIF(I) | < e/2k.

Because of (*), whenever J|I | < 8, where I, are nonover-
lapping and each has an endpoint in Ey and each I < A,
Z|F(Im)| < 3e/2%. By the continuity of F and the fact that
Ay 1is a finite union of intervals, it is possible to determine
Gy p Ay, G, open, such that whenever {Im} are a set of
nonoverlapping intervals and each I, contains a point of Ej
and I, © G, with J|I | < &, we have J|F(I)| < 3e/2X.

Recall that Zg 1s the set of x where F'(x) does not
exist or F'(x) # f(x). Let Z be a Gg set of measure O
containing Zg,

Z, = {xez: £f(x) = 0}
z, = {x€z2: n-1< [£(x)]| < n}.
For positive integers n and natural numbers k, let Ghk be
open sets with 2,0 E € G, < G and with IGnkI < ef(n 2n+k)
and IGnkl < 8. We now define the guage function §&.
k-1

If xezZ N Ek\U E
1

c

let 8(x) = dist(x, G, );

i’

if x¢2, let 6(x) = sup{d: LE%%% - f(x)| { € when |I| < &}.

Note that since Z, cannot be chosen to be a Borel set, 6 1is

not in general a Baire function.
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Consider any acceptable partition for §&; that is, let
a=x, <% <...<x,=>b and z;e€[x;,, x;] where
&> xi - xi_lo Then
Let Enk be summation over all i where z;€Z 0N E,. Then

Lol ECz)8x;| < § naxg < e/2mtk
where z is over the [xy_y, X;] € G+ Letting Xn be the
summation over all i where z;€Z2,, we have

Lol £Cz)A% | < 2e/20.
1f 21 is the summation over all i where z;€ UZ,, we have
PlE(zy)ax%g| < 4e. Also JY|R(xg) - F(xy_p)| < = 3e/2% = 6e.
k

Lettin 2 be the summation over all i where 2z # Z,
& i

132 B(xp) - F(x;_;) - £(z)hx;| < J2 ex; = (b - a)
Thus

|LF(xg) - F(xy_q) - £(zp)bxg| € LHF(xp) = Flxg_p) | + JHECzp)0x |
+ |52 F(xg) - F(xg_q) - £(z)b%]|
< 10e + e(b - a).

It follows that & 1is an appropriate guage for estimating the
integral of f. To complete the proof of Theorem 1, the nature

of O must be examined. Actually we will consider a guage
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smaller than &. Given € > 0, for xé€Z¢ let

N(x) = min{N: IE(I-H—— f(x)| < € when x€1 = [%, % and |I| < %}

for x€Z 1let N(x) = 0.

Let 6(x) if x€Z
6 (x) =
o 1 c
W if X€7Z .

Note that &6, £ 6. Then Z = N-l({O}) is a Gg. Furthermore

N l([1,m]) =

{x: ¥p,q,r,s, xe(ﬁ-, %) = I and |I] < = I—m- £(x)| < ef\z

= N{x: xe(%. S)=1>xe f-l([-rﬂ" & Tt etz

=N {x: xe(%, %) =1 or x¢€ f_l([F-%%- e,F-([%—+ e])}\z

where the last intersections are over all p, q, r, s, with

Since f 1is Baire 1 on Z%, the intersection is a Gg subset
of 2z%. Thus N—l({m}) is a Gg, subset of Z¢ and thus is a

Gsy set. Thus N 1is in Baire class 2 because N—l(G) is a

Gg, for each open set G. Let di(x) = 1/N(x), x¢€ z%;

d;(x) = 0, otherwise. Let dy(x) = 6(x), x€1Z; dz(x) = 0,

otherwise. Then d2 is measurable since it is defined on a set
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of measure 0 and dl is Baire 2. Thus
& = d1 + d2

can be chosen measurable.

The proof of Theorem 2 follows easily from the above. We
only need note that if |f| is dominated by a Baire function b,
the sets Z, 1in the proof can be replaced by

z! = {x€z: n-1< |b(x)| < n}

and the resulting § 1is a Baire function (of Baire class 2 or
the same class as b 1if b 1s Baire ¢ with ¢ > 2). The proof
of Theorem 2 where f(x) = 0 when F'(x) does not exist and the
proof of Theorem 3 are obtained by letting § = ¢ on Z. This
produces a Baire 2 guage 8o+ However, the set of measure 0 is

crucial in determining that a Baire guage can be used. The

following construction for Example 1 shows that there is a

function defined on a set of measure O whose integral (which
is 0) cannot be estimated by a Baire guage. Let C be the

Cantor ternary set and let {B }

atacw, be a well ordering of the

uncountable Borel subsets of C. Let xi, xg, cesy xg

’ L )
be a countable subset of By In general if xﬁ, xg, ooy xg, .o

is a countable subset of BB and all xﬁ are distinct for 1, g

with B < a, then it is possible to choose distinct
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xX€B \ D (=%}
1 e ;:L i=1 1

because B, has cardinality c¢ and |J U {x?} has
B<a i=1

cardinality less than c. Define

n 1if there is an a so x = x
f(x) =
0 otherwise

Suppose & 1s a positive Baire function. Consider the Baire
function g = 1/6. If g 1is a Baire function, g-l((O,N)) is a
Borel set. Since g_l((O,w)) contains an uncountable subset of
the Cantor set, we can choose N so that g-l((O,N)) contains an
uncountable Borel subset of the Cantor set. By the construction
of f there is x ¢ g-l((O,N)) so f(xy) = N> g(x,). Let I

be an interval containing x, of length &(x,) and consider a

o
partition containing Io' For such a partition,

LE(z{ A%y 2 £(x,)8(%,) > 1.
Since fol f(x) dx = 0 and since there are partitions compatible
with & containing I,, it follows that the integral of f
cannot be approximated with a Baire guage & even if f is
Lebesgue integrable.

# derivation

We now consider the guage needed for the D
basis. This basis gives rise to the Lebesgue-Stieltjes integral

(cf.[4]). For a positive function §,

272



Bg = {(I,x): I 1is an interval and I <€ (x - &§(x), x + é(x))}.

The D' basis is the set of all Bg for various 6 > 0. Let
Dg [Dﬁ] be the D# basis with the &6 restricted to be Baire
[measurable with respect to the Lebesgue-Stieltjes measure mg]
functions. Let g be a monotone non-decreasing function. We

prove the following theorems:

Theorem 4. If f 1is a bounded Baire [measurable with respect

to mg] function, then

D#f fdg = Dﬁf f dg .

Theorem 5. If f 1is a Baire [measurable with respect to m

g)
function and f 1is Lebesgue-Stieltjes integrable with respect

to g, then
D#j fdg = Dﬁf f dg [= Dfij £ dg] .

To prove Theorem 4 we will utilize a dominated and monotone
convergence theorem as given by McShane [3]. When we need them,
McShane's theorems will be restated for the integrals under
consideration because they were originally stated in an abstract

setting.

Proof of Theorem 4. First suppose f 1is continuous. Then f is

Riemann-Stieltjes integrable and a constant function can be used
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for 6. Suppose the theorem for bounded Baire functions is true
for Baire class f when B < a and that f 1is bounded and in

Baire class «. Then f = lim £, f € and given € > 0

a € g B

for approximating fab f_dg

there are Baire functions § n

n

within €. Let M be a bound on f and let

E = {x: |f - f| < &M whenever m > n} .
n m

The E, are an increasing sequence of sets and llEn = [a,b].

Let An.,k = {X: 6k(X) 2 lln} n Ek and Aﬂ = le Aﬂ,k’ AO = ¢o

Let B, = A;\VA _, and let &(x) = 1/n for x€B,. The proof
i

that £ 1is DB integrable requires the dominated convergence

theorem which we now state:

Dominated Convergence Theorem. Assume {f } are Dﬁ integrable

with respect to a monotone nondecreasing function g. Assume

Ifi - fc

5l
is Dﬁ integrable for each 1, j=1, 2, *°* . Assume there
exists an h which is Dﬁ integrable with respect to g and

|£.(x)| < h(x) for all x and n. Suppose f (x)* f(x) for

all x. Then, if for each positive integer j, 1if for each

i

B’ there exists a

e >0, and if for each sequence {§;} in D

#

B such that for each (x,I)E€ Bg there corresponds a

8§ in D

positive integer j(x,I) 2 j such that (x,I)e¢ Bg and

i(x,I)

i

|£,(x) = £(x)| < e*h(x) for all 1 2 j(x,I); then, f is Dy
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integrable and
lim D#j f dg = D#f £ dg .
B’ 'n B
n>o
We return to the proof of Theorem 4.
If (x,I) € Bg, there exists an n such that x¢ B,
and 6&6(x) = 1/n. Therefore xélAn which implies there exists a
k such that x€ An,k’ Therefore, &, (x) 2 1/n and X €E., so
(x,I)¢€ BZ and
k
|£,(x) = £(x)| < e'M
for all m 2 k. The theorem is thus true for all Baire classes
ao
We note that if f 1is bounded and measurable with respect to
L there is a Baire 2 function f which is bounded and equal
to f on the complement of a Gg set of my measure O. The
it

proof for DM follows by letting 6(x) = 6§ on an open set G

containing this Gg set and having small m, measure.

Proof of Theorem 5. Without loss of generality suppose f 1is a

nonnegative Baire function [measurable mg] and Lebesgue-Stielt jes
integrable, and let f = lim f, where f = min(n, f(x)). We use
the sets E; = {x: f(x) < n}, and A, , A,, and B, as in the
proof of Theorem 4. Here the corresponding monotone convergence

theorem of McShane is required.
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Monotone Convergence Theorem. Let g be a monotone nondecreasing

function and 0 £ fl(x) £ fz(x) £ «.. such that
lim fn(x) = f(x) < 4=
# #
for each x. Assume {fn} are DB [DM] integrable with respect

to g. Then, if for each 0 < € <1 and if for any sequence

i

# o Eo
{6,} 1in Dy [Dy] there exists a & in Dy [Dy] such that if

(x,I)e¢ Bg there exists an n(x,I) for which

(x,1) € ! o
n(x,

and fn(x,I)(x) 2 € f(x), themn f 1is Dﬁ [Dﬁ] integrable and

# o # N
lim Dijn dg = DBff dg [lim DMj f,dg = Dy [ fdg] .

n->wv n->w

We return to the proof of Theorem 5. If (x,I)e€ Bﬁ, then there
exists an n such that 6(x) = 1/n and x€B . Therefore x €A
which implies there exists a k such that x€A, ,. Therefore

b

8 (x) 2 1/n and f(x) < k. Hence fi(x) = f(x) > e-f(x).
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