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A CHARACTERIZATION OF EXTENDABLE CONNECTIVITY FUNCTIONS

Stallings [9] asked the question: "If one considers I = [0,1] embedded
in I2 as I®» 0, can a connectivity function I-® X be extended to a
connectivity function I12~» X?" Cornette [3] and Roberts [8] each gave a
negative answer to this question by constructing a connectivity function I -1
that is not almost continuous.

In [4] we constructed an almost continuous function I-» I that has a
perfect road at no point and showed in [5] and [6] that it can not be extended
to a connectivity function 12— 1.

Recently, Brown, Humke, and Laczkovich [1] showed that a connectivity
function I-»1 of Baire class 1 can be extended to a connectivity function
12> 1. Thus for Baire class 1 functions, extendable connectivity functions
have been characterized by a number of properties, [2].

The purpose of this paper is to give a necessary and sufficient
condition for a connectivity function I-—=>1 to be extendable to a
connectivity function 121,

A function £:X-*Y is said to be a connectivity function provided that
if C 1is a connected subset of X, then the graph of f restricted to C is
a connected subset of XXY. The function f is said to be an almost
continuous function provided that every open set containing the graph of £
contains the graph of a continuous function with the same domain. Also the
function f is said to be peripherally continuous provided that for each x

and for each pair of open sets U and V containing x and £(x),
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respectively, there exists an open set W such that x€WecU and f(bd(W))cV
where bd = boundary.

If f:I—>1 1is an almost continuous function, then f 1is a
connectivity function, [9]; and if f:I-—>1 1is a connectivity function, then
f is a peripherally continuous function. However if f:I"—> 1, n 2 2, then
connectivity functions and peripherally continuous functions are the same,
[7]. But if f£:I"—>»1I, n 2 2, is a connectivity function, then f 1is an
almost continuous function, [9].

We now state the condition and prove that it is both necessary and
sufficient for a function I -»1 to be extendable to a connectivity function

12—>I.

Definition. Let f:I —»I be a function. A family of peripheral intervals

for f consists of a sequence of ordered pairs (In,Jn) of subintervals of I
such that

(1) I, is open in I and the length of I, converges to 0;

(2) for each x€I and for any €£>0 there exits (I,,J,) such

that x€I,, f(x)€J,, and the lengths of I, and J, are less than £ ;

(3) both endpoints of I, map into J,; and

(4) if I, and I, have points in common but neither is a subset of

the other, then Jn and J, have points in common.

Theorem 1. If a family of peripheral intervals exists for f:I-—>I, then f
is the restriction of a connectivity function g:Iz-9I such that g is

continuous on the complement of IX0 where I is embedded in 12 as IxO0.

Proof. First rearrange the sequence (In,Jn) if necessary so that the
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lengths of I, are non-increasing. This can be done by part (1) of the
defintion. We may also assume that no two I,'s are equal, for otherwise we
can replace J, by the intersection of all the corresponding J,'s. This will
be a non-empty interval by part (3) of the definition. If [O,p) and (O,p)
are in the family of peripheral intervals, let [0,p) precede (0,p).
Similarly (p,1] will precede (p,1), if they are in the family of
peripheral interval.

Next we will associate with each I, a trapezoid T, whose base is the
closure of I, and whose heights strictly decreases to 0. We construct the
family T, in sequence requiring that
(1) if I, contains neither 0 nor 1 and I, 1is a subset of I, then

the part of T, not on I%®0 is inside T

n m;

(2) if I, contains neither 0 nor 1, then the two non-parallel sides

of T, have no points off IX0 in common with previous trapezoids;

(3) if I, contains neither 0 nor 1, then the two non-parallel sides of

T, makes acute angles with 1I1.;

(4) if I, contains 0 or 1, then the left side or right side, respectively,
of T, makes a right angle with I, and its opposite side makes an acute

angle with 1I,; and
(5) the height of T, is less than the height of any previous trapezoid and is
less than 1/n.

Thus the intersection of two trapezoids T, and T, consist of points

n
in IXO0 together with either

(1) @, if the intervals I, and I, do not intersect;

(2) ¢, if one interval is a subset of the other and the small interval contains

neither 0 nor 1;

(3) a single point on top of the lower trapezoid, if I, and I, have points
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in common but neither is a subset of the other; or
(4) a side of the lower trapezoid T, if I, contains 0 or 1 and I,
is a subset of 1.

These trapezoids will be the boundaries of open sets about points on IXO0
and we will require that g map T, into Jh- This, together with the
continuity of g on the complement of I®0 implies that g is peripherally
continuous and therefore is a connectivity function.

Consider the trapezoid T,. For notation purposes t,, will denote the
top, 1, will denote the left side, r, will denote the right side, and hj,
will denote the height. Also I,, is the base and h, < 1/n.

Consider the pair (I;,J;). Define g:IX[h;,1]=>I to be continuous
so that g(ty)€J;. Now consider the pair (I;,J;). We have the following
cases.

(a) Suppose IjNI, = . We extend g to Ix [hy,1] to be
continuous as follows:

g(ty)c Jp,

g(1;n (I x[hy,hy]1)) &Iy, and

g(r; N(Ix[hy,hy])) ey,
Now g is defined on a closed subset of IX[hp,1] and we can extend g
to the rest of IX[hy,1] so that this extension is continuous.
(b) Suppose I,€I; and I, contains neither 0 nor 1. Extend g
as in case (a).
(c) Suppose I,€I; and I, contains 0. Since 0 1is an endpoint of
I, and I,, £f(0)€ JjNnJ;. So JiNJy, #§. Let p be the point of
1~ ty. Define

g(p)e J NIy,

g(1;n (Ix [hy,h;])) =Ty, and
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g(ty) ey
continuously. Now extend g continuously to the rest of Ix[hy,1].
Similarly for I,<I; and I, contains 1.
(d) Lastly, suppose I; and I, have interior points in common but
neither is a subset of the other. Let p be the point on t, that is
in T; and define g(p)€J;NJp. Let

g(ty)e Jo,

g(13n (I% [hy,hy]))=Jy, and

g(r;N(Ix [hy,h1))eJy
in a continuous manner. Now extend g continuously to the rest of
Ix[hy,1].

Now assume g 1is defined and continuous on ]Zx[hh,l]. We now show
how to extend it to g:I%X[h,4,1]=>1I. By the decreasing property of
the height, the extension will involve points of only a finite number of
trapezoids. First define it on intersection points of pairs of trapezoids.
This can be done by condition (4) of the definition and the fact that no
such intersection lies on the top of two trapezoids, and the number of such
intersections is finite.

Now extend g to the rest of the trapezoid Tj that lies in
I.X[hn+1,1] so that on Ty, g has values in Jy where k < n+l and
so that g is continuous. This defines g on a closed subset of
Ix[h,41,1]. Now extend g continuously to the rest of IX[h,4;,1]. If

this is done for each n, it defines g and completes the proof.

Theorem 2. The existence of a family of peripheral intervals is both
necessary and sufficient that a function f:I-—2>1 be the restriction of

a connectivity function g:I2-—§I where I is embedded in I? as IxO0.
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Proof. Sufficiency follows from theorem 1.

Assume that f is the restriction of a connectivity function
g:12—> I. Let n be a positive integer. Then for each x€ Ix 0 there
exists a connected open set U, y with connected boundary bd(Un,x)
such that xe€U, , g(bd(Un’x))C(g(x) - 1/16n , g(x) + 1/16n), and the
diameter of U, y is less than 1/n.

Let I, y be the open interval of Un’xn(IX 0) containing x
and let Jn,x be an interval of the form [1/2k , (i+4)/2%] such that
(g(x) - 1/16n , g(x) + 1/16n)e[i/2k , (i+4)/2K1e(g(x) - 1/n, g(x) + 1/n).
Note that for a fixed n, as x varies the collection of In,x may be
uncountable but Jn,x is finite. Also the lengths of both In,x and
Jn,x are less than 1/n. Also note that the interval [i/2¥ , (i+4)/2K]

will be paired with other such that 2K3 ¢ p < 2k-2,

Ip,x
As the first approximation to a family of peripheral intervals con-

sider the family of pairs (I Jn,x)° This family will satisfy (2),

n,x?

(3), and (4) but may not satisfy (1). The family of I may be un-

n,x
countable and contain subsequences such that the length of the intervals

in the subsequence does not converge to 0. Note that the collection of
Jn,x's is countable and the length of the Jn,x's converge to O.
Rearrange the sequence Jn,x so that the lengths of Jn,x are decreasing,
if necessary. Let {Jyp: k =1,2,3,...} be this arrangement.

Select any J, and let it be fixed. Now Jy = Jn(k),x for some n(k).
Consider the family Sp(Jy) of I,(x),x having length at least 1/m for
some positive integer m that are paired with Jy,. Note that S (J})
may be empty, since the length of each member of S, (Jy) 1is less than 1/n(k).

We now replace S(Jy) by a finite family satisfying (3) and (4)

for each m. Let S;(Jk) consist of S (Jy) together with all limits
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of intervals of Sm(Jk). By limit we mean the intervals (an,bn) con-
verge to the interval (a,b), if a, converges to a and b, converges
to b. Let SL(Ji) and S;(Jj) be two such families, and E, ;

and Es,j be members of these families, respectively, such that they
have points in common but neither is a subset of the other. Then there

exist Ir,'

; and Is,j in S$.(J;) and SS(Jj), respectively, such

that I and Is,j have points in common but neither is a subset of

r,i

the other. Thus J.

i and J; have points in common and (4) holds.

Now consider (3). Take open sets Un(kx),x as above for intervals
In(k),x € S,(Jy) where In(k),x converges to Em,k' We have that

g(bd(Un(k)’x)) C Jg. Let z be a boundary point of Ey y. Then z is in

®
ﬂglbd(Un(k)’x). Suppose that g(z)€Jy. Let N(z) be a neighborhood of
a4
z with diameter <1/m such that the complement, N(z), of N(z) is
~~ Eg
connected. Then A = N(z)‘J(n=1bd(Un(k)’x))\J{z} is connected but
g|A is not connected, since (z,g(z)) is not a limit point of the
rest of g|A. Therefore g(z)€Jy and (3) holds.
/!
Select a finite subfamily F(Ji) of S;(Jy) so that Y F (Jy)
containing all x for which I,(x) x was in the original family Sp(Jk) .
Start with an interval of S (Jy) having minimal left endpoint. At each stage
select either
(1*) an interval which overlaps the last interval in an interval of
length at most 1/2m,

(2*%) an interval intersecting the last interval and having maximal
right endpoint but strictly beyond that of the last interval if
(1%*) cannot happen, or

(3*) if no interval having larger right endpoint intersects the last

interval, the disjoint interval having minimal left endpoint beyond
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the right endpoint of the last interval.

If this set is infinite, some infinite sequence satisfying (2%)
occurs since (1*) and (3%) can happen at most finitely often by measure
(length of intervals). Suppose the set is infinite. Select a sub-
sequence I; of this set which converges to E. Then for all i
larger than some i(1), E will intersect I; since the right endpoints
are strictly increasing. But the right endpoint of E is beyond that
of Ij(1)+1- This contradicts (2%). So the family Fp(Jy) is finite
and (3) and (4) hold.

© @

Let F = (& F(J)). This is the desired family of
peripheral intervals. We now need only show that (1) and (2) hold.

Choose any x€1IX0 and select any &€ >0. Now select any positive

integer n such that 1/n<&. There exists a J, such that

n
(£(x) - 1/16n , £f(x) + 1/16n) € J, < (f(x) - 1/n, f(x) + 1/n) €
(f(x) - £, f(x) + £€) and there exists an In(x)€F such that x€TI,(y)
and the length of I, (x) < 1/n < & . So (2) holds.

Select any € >0. Then there exist a positive integer m

such that 1/m<&. By construction of F there exists only a finite

number of intervals with length at least 1/m. So (1) holds.

221



References

J. B. Brown, P. Humke, and M. Laczkovich, "Measurable Darboux
functions," Proc. A.M.S. (to appear).

A. M. Bruckner, Differentiation of Real Functions, Lecture Notes

in Mathematics, Vol. 659 Springer-Verlag, Berlin, Heidelberg,

New York, 1978.

J. L. Cornette, "Connectivity functions and images on Peano
continua," Fund. Math. 58(1966), 183-192.

R. G. Gibson and F. Roush, '"The Cantor intermediate value property,"
Topology Proc. 7(1982), 55-62.

, "Concerning the extension of connectivity functions,"

Topology Proc. 10(1985), 75-82.

» "Connectivity functions with a perfect road, "Real

Analysis Exchange 11 no. 1(1985-86), 260-264.

M. R. Hagan, '"Equivalence of connectivity maps and peripherally
continuous transformations,'" Proc. A.M.S. 17(1966), 175-177.

J. H. Roberts, '"Zero-dimensional sets blocking connectivity
functions," Fund. Math. 57(1965), 173-179.

J. Stallings, "Fixed point theorem for connectivity maps,' Fund.

Math. 47(1959), 249-263.

Received February § 1987

Recelved February 20, 1984

222



	Contents
	p. 214
	p. 215
	p. 216
	p. 217
	p. 218
	p. 219
	p. 220
	p. 221
	p. 222

	Issue Table of Contents
	Real Analysis Exchange, Vol. 13, No. 1 (1987-88) pp. 1-309
	Front Matter
	CONFERENCE ANNOUNCEMENTS [pp. 4-4]
	PROCEEDINGS OF THE ELEVENTH SYMPOSIUM
	ESZTERGOM SUMMER SYMPOSIUM ON REAL ANALYSIS AUGUST 10 — 14, 1987 ESZTERGOM, HUNGARY [pp. 5-10]
	A Property of Borel Measurable Functions and Extendable Functions [pp. 11-15]
	NEAR INTERSECTION CONDITIONS FOR PATH DERIVATIVES [pp. 16-24]
	POINTS OF APPROXIMATE CONTINUITY, APPROXIMATE SYMMETRY, AND L—POINTS [pp. 25-27]
	HEARTS DENSITY THEOREMS [pp. 28-32]
	THE HAUSDORFF DIMENSION OF VERY STRONGLY POROUS SETS IN Rn [pp. 33-33]
	ON SYMMETRICALLY CONTINUOUS FUNCTIONS [pp. 34-34]
	SOME REMARKS ON SYMMETRIC DERIVATIVE [pp. 35-38]
	TWO INEQUALITIES INVOLVING GEOMETRIC MEANS [pp. 39-39]
	Differentiable Restrictions of Real Functions [pp. 40-45]
	ON QUADRATIC FUNCTIONALS AND SOME PROPERTIES OF HAMEL BASES [pp. 46-49]
	SETS WITH THE COUNTABLE CHAIN CONDITION [pp. 50-55]
	Descriptive Set Theory and the Structure of Sets of Uniqueness for Trigonometric Series [pp. 56-56]
	A Remark on Localization and (C, 1) Localization [pp. 57-60]
	LATTICES, ALGEBRAS AND BAIRE'S SYSTEMS GENERATED BY SOME FAMILIES OF FUNCTIONS [pp. 61-66]
	STAR-ONE DIFFERENTIABILITY [pp. 67-69]
	UPPER SEMICONTINUOUS GAGES AND THE RIEMANN-COMPLETE INTEGRAL [pp. 70-70]
	A GENERAL RIEMANN COMPLETE INTEGRAL IN THE PLANE [pp. 71-75]
	A PERRON TYPE INTEGRAL IN AN ABSTRACT SPACE [pp. 76-79]
	ON ONE- AND TWO-DIMENSIONAL I-DENSITIES AND RELATED KINDS OF CONTINUITY [pp. 80-93]
	ON EXTENSION OF RESTRICTIONS OF BAIRE 1 VECTOR-VALUED MAPS [pp. 94-99]
	QUASICONTINUITY AND SOME CLASSES OF DARBOUX BAIRE 1 FUNCTIONS [pp. 100-108]
	When does lim f(λnX) = 0 for every X imply f(X)→0 at infinity? [pp. 109-110]
	TYPICAL CONTINUOUS FUNCTIONS ARE NOT ITERATES [pp. 111-111]
	STABILITY OF CHAOTIC AND NON-CHAOTIC MAPS OF THE INTERVAL [pp. 112-115]
	TYPICAL COMPACT SETS IN THE HAUSDORFF METRIC ARE POROUS [pp. 116-118]
	THE DIFFERENTIABILITY STRUCTURE OF TYPICAL FUNCTIONS IN C [0, 1] [pp. 119-121]
	ON CONTINUITY OF DARBOUX MULTIFUNCTIONS [pp. 122-125]
	PERIODIC DECOMPOSITIONS OF FUNCTIONS [pp. 126-150]
	On Lusin's condition (N) and some of its modifications [pp. 151-155]
	Peano curves and continuous functions whose all level sets are perfect [pp. 156-162]
	A FUNCTION IN THE DIRICHLET SPACE B SUCH THAT ITS FOURIER SERIES DIVERGES ALMOST EVERYWHERE [pp. 163-163]
	DERIVATIVES AND N.S.A.(NON STANDARD ANALYSIS) [pp. 164-166]
	NON-STANDARD ANALYSIS AND NUMERATION SYSTEMS [pp. 167-172]
	On Rates of Convergence of Certain Sequences [pp. 173-179]
	SUMS OF POWERS OF DERIVATIVES [pp. 180-182]
	ON DARBOUX FUNCTIONS IN HONORARY BAIRE CLASS 2 [pp. 183-183]

	RESEARCH ARTICLES
	DIFFERENTIAL PROPERTIES OF ABSOLUTELY CONTINUOUS FUNCTIONS [pp. 184-193]
	ON GENERATORS FOR BOREL SETS [pp. 194-203]
	FUNCTIONS THAT NEARLY PRESERVE Gδ-SETS [pp. 204-213]
	A CHARACTERIZATION OF EXTENDABLE CONNECTIVITY FUNCTIONS [pp. 214-222]
	Derivation Bases and the Hausdorff Measure [pp. 223-244]
	AN EXISTENCE THEOREM FOR HIGHER PEANO DERIVATIVES IN Rm [pp. 245-252]
	DOUBLY STOCHASTIC MEASURES WITH MASS ON THE GRAPHS OF TWO FUNCTIONS [pp. 253-257]
	A BAIRE TWO FUNCTION WITH NON-BOREL UPPER SYMMETRIC DERIVATIVE [pp. 258-264]

	INROADS
	Some Answers to a Question of P. Bullen [pp. 265-277]
	The Symmetric Derivation Basis, Approximate Symmetric Derivatives and Monotonicity [pp. 278-284]
	ON METRIC PRESERVING FUNCTIONS [pp. 285-293]
	A VECTOR SPACE OF MORSE FUNCTIONS [pp. 294-304]

	QUERIES
	THE SYMMETRIC DERIVATIVE AND THE DARBOUX PROPERTY [pp. 305-309]

	Back Matter



