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PERIODIC DECOMPOSITIONS OF FUNCTIONS

l. Let f:R-> R be a real function and let ayre-.s2
be given real numbers. We say that f=fl-i-...+fn is an

n

(al,...,an)-decomposition of £ if fi is periodic

mod a; for every 1i=1l,...,n. 1If T is a class of real
functions and each fi belongs to > then we say that
f=f,+...+f is an (a;,...,a )-decomposition in ¥ .

Let Aa denote the difference operator, that is let

Aaf(x) =f (x+a) -f (x) (xER; f:R—R).

If f=f1+. . .+fn is an (al, .o ,an) fdecomposition then

A_ £.,=0 for every i and, as the operators A commute
ay i ay ’
we obtain

(1) Aa...Aaf=0.
1 n

A class ¥ of real functions is said to have the
‘decomposition property (d.pr.) if, for every f € ¥ and

al,...,ane R, (1) implies that £f has an (al,...,an)-
decomposition in ‘ . Neither the class of all real
functions, nor C(R), the class of all continuous functions
defined on R has the d.pr. Indeed, if £ is the identity
function f(x)=x then AaAbf=0 for every a,b€&€ R. On the
other hand, if, say, a=b then £f does not have an (a,b)-
decomposition since £ 1is not periodic.

The following result shows that BC(R), the class of
all bounded and continuous functions has the d.pr.

THEOREM 1., Let al,...,an be real numbers and f& BC(R).

Then £ has an (a;,...,a )-decomposition in C(R) if
and only if (1) holds.
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A special case of the theorem above, namely when n=2
and al/a2 is irrational, was proved by M. Wierdl in [6}.

2. By the norm of the decomposition f=f1+...+fn we

mean max |{f , where “g[\oo= sup{lf(x)\ : X € R}.

14i%4n
We denote by Cn the greatest lower bound of all positive
numbers C with the property that whenever f & BC(R)
satisfies (1) then f has a continuous (al,...;an)-decom-
position of norm < C“f"oo .

i“oo

‘ n-2
THEOREM 2. For every n 2> 2 we have Cc <20 “.
In certain cases better estimates can be proved.

THEOREM 3. Suppose that f & BC(R) satisfies (1),

where Ayreeesdy are pairwise incommensurable. Then f£

has a continuous (al,...,an)—decomposition with norm
. 1
not exceeding (2 H)“f“oo .

Probably neither of the bounds 2772 and 2-% is
sharp; the problem of finding the best constants in these
theorems proves to be surprisingly difficult. The next two
theorems give sharp estimates in some special cases.

THEOREM 4. Suppose that f € BC(R) satisfies (1),

where either n=2 or n=3 and a;ra,,a; are pairwise

incommensurable. Then f has a continuous (al,...,an)-

decomposition with norm not exceeding "f"co .

THEOREM 5. Suppose that l/al,...,l/an are linearly
independent over the rationals. If f € BC(R) satisfies
(1) then

n . n
(1) sup £ =2 sup £, , inf £ = D inf £
i=1 i1

hold for every continuous (al,...,an)—decomposition
of £

(ii) ~ there is a continuous (al,...,an)—decomposition

£=f +...+f  such that "f"w= i%"fi“w .
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3. Among the (not necessarily bounded) continuous
functions satisfying (1) are the polynomials of degree
less than n. This observation leads to the following
problem: which functions f can be written in the form
f=p+f1+”‘+fn where p 1is a polynomial of degree < n

and Aa fi=0 (i=1,...,n). We call such a representation
i A
an (al,...,an)-quasi-decomposition of f£.

If f € C(R) has a continuous (al,...,an)-quasi-
decomposition then (1) must hold. However, it was shown
by I.Z. Ruzsa and M. Szegedy that (1) is not sufficient
for the existence of such a decomposition. We can give
the exact condition in terms of the n-th modulus of
continuity of f£:

n
6,(£) = sup ||lags = supi (-l)j(q)f(x+.h ‘: x,heRr
THEOREM 6. A function f &€ C(R) has an (al,...,an)-
quasi-decomposition in C(R) 1if and only if (1) and
6n(f)<< o hold simultaneously.

As a simple application of this condition, we obtain

THEOREM 7. A function f has an (a;,...,a,)-quasi-
decomposition in C(R) with a linear p if and only if
(1) holds and f is uniformly continuous.

4, Let S be a non-empty set and let T be a map
of S into itself. A function g:S—=> R is said to be
T-periodic, if ge¢T=g or, equivalently, if ATg=O, where
ATg = g - geT. Now let Tl,...,‘l'n be maps of S into
itself and let f=f +...+fn where fi is Ti-periodic

1
for every i=1,...,n. If the maps T commute, i.e.

i
Ti°Tj = Tj°Ti hold for every i,j, then the operators
Ap also commute and we have
i
(2) A, ...A, £ = 0.
Tl n
Let QF be a class of real valued functions defined
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on S. We say that 3: has the decomposition property
(d.pr.) with respect to the maps (w.r.t.) Tl""'Tn if
for every £f€¥Y , condition (2) implies that there
exists a (Tl,...,Tn)-decomposition of f in'¥ , 1.e.

f=f +...+f_, where fie'}“ and ATifi=O (i=1,...,n).

Suppose that the class T is closed under linear
operations and let T be a map of S into itself. Then
Af = f - feT (f €Y ) defines a linear operator on ?F
such that Ker A consists of all T-periodic functions
from ¥ . This observation together with the next theo-

rem show that some Banach spaces of functions possess
the d.pr. w.r.t. "reasonable" mappings.

THEOREM 8. Let X be a linear space over R, |.||
te a norm on X and C be a vector topology on X such
that {x€ X : W xW <1} is T -compact, and if
x, € X (k=1,2,...) and llx l=> O then x —>0 in C.

Let Al,...,An be commuting, C -continuous

linear maps of X into itself such that
|2, -1l €1 (i=1,...,n).

Then Ker(A;...A ) ,as a linear subspace of X, is

spanned by the null spaces Ker A, (i=1,...,n).

The conditions of this theorem are satisfied if X
is a reflexive Banach space with T being the weak topo-
logy. It can be shown that the assertion of the theorem
does not hold for every Banach space X and for every
system of commuting linear operators Ai satisfying
la; - zll € 1.

Applying this theorem it can be proved that the LP (s)
classes for 1.§_ p £ &© possess the d.pr. w.r.t. commuting
measurable maps which do not decrease measure, and in
o-finite spaces L°°(S) has the d.pr. w.r.t. commuting

measurable maps which do not map sets of positive measure
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is nowhere dense, so

lim sup ((nm ‘B) n (0,11) \ 1lim sup'((nm D) n (0,17])
p p P P

is of the first category, hence 1lim sup'((nm ‘D) n-(0,1]) "is not
P P
of the first category.

Since for each n € N the set B n C 1is residual in

* o @ x
n’ >*n

fulfilling the above conditions. Take now x, € B nC. Since f

1
(an,bn) we can choose from this set a sequence {x1 n}
is strongly Iz-approximately continuous at (xo,O), this point

is a strong Iz-density point of the: set

€

{(x,y) = 1£(x,y) = £(x,0)1 < ).

I'rom Theorem 1.1 it follows that the last set is the union G(x, )

U P(xo), where G(xo) is open and P(xo) 3s nowhere dense.

€o

Moreover,  G(x_ ) n {(x,y) : 1f(x,y) - £(0,0)1 < =} = B.
For the rest of the.proof we shall need the following lem-

ma.

LEMMA 1.6. If (xo,yo) is a strong Iz-density point of
an open set G, then for each positive integer n there exists a
number én > 0 such that for every h',h" € (0,6n] and for every

i,j € {-n+1,...,0,1,...,n} we have

1

i- i i-1: s
G0 ([x, #3550 uxg + 5h0] % [y + L5ehtyg + b)) £ 0.

(0]

Proof of the lemma is essentially the same as of Lemma 1,

p. 170 in [16].
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Applying the above lemma to (xi,O), G(xi) and n for
n €N, 1¢€ {1,...,ln}, we obtain two positive numbers hﬂ,h"
such that for each i,j € {-n+1,...,0,1,...,n} and for each

l e (1,...,ln} we have

1 i-1 1 i j-1 i
G(xn )N ([xn * Lﬁ"'hn’ 5t %'hn] X [%—'hg’ }ﬁ'hg]) # 0.

Obvicusly we can choose a sequence ({(h'"}

n'neN to be decreasing.

We can. also suppose that ﬁ%~= k; € N. Now take kﬁ = ng and
n
1

k& = ) for meN (nm has the same meaning as in the first

m
part of the proof of the theorem). Both sequences and

{k"}

{kﬁ}meN

are increasing. If {mp} is an arbitrary increasing

m'meN pPEN
sequence of positive integers and r ¢ N 1is arbitrary, then,
. 1l _ 1 1 .
reasoning as before, where Bn = (xn - hn,xn + hn) for neN

and 1 e'{l,...,ln}, we conclude that

(U iy oByy % (o151
p=r p

© 1
© n
\ xt Lk - U a(xt
éjL ( mp m ) n=1 }?ﬂ (xn))

p

is nowhere dense and so

(lim sup (kﬁ «B)) x [-1,1]
p p

) 1
n
\ lim sup ((k ,k" ) LJ L) a(x1))
m
p p Mo n=1 1=1 n

is of the first category. Hence
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® 1

n

1imsup (G k) - U U edy
p p D n=1 1=1

is not of the first category. ¥From this we conclude that  10,0)

is not a strong Iz-density point of the set {(x,y) : I1f(x,y)
o 1
€ n 1
- £(0,0)1 < =2}, scince this set is disjoint from L) LJ G(x2).
2 n=1 1:=1 D

The contradiction ends the proof.

" ,
THEOREM 1.5. 1f t : R -« R is strongly Iz-approximatcly
continuous, then for every interval (zl,zz) each point of the

set f'i((zl,zz)) is its deep strong Iz-density point.

Proof. Apply Theorem 1.2, Lemma 1.2, Theorem 1.4, re-

sults of [15] stating the same as Theorem 1.5 for one-dimensional

case and Theorem 1.3.

REMARK 1.2. 1In [2] one can find the analqusresult with much
easier proof because for simple Iz-density the notions of special
and deep Iz-density points coincide ({2], Th. 10). In the case
of strong Iz-density the situation is different, as the follow-
ing example shows: if A = [-1,1]2 \ ((0,1] x {0}), then (0,0)
is a special strong 'Iz-density point of A but it is not a deep
strong Iz-density point of A. The second assertion is nearly
obvious. To prove the first one put Ki = {(x,y) x € (0,1), 2-5'-#
-i-2 2

x° <y < 27 .x + 2-1-2-x2} for i €N and let B,

+ 2

- U k.. obviously B. and B =B_u (R®\ [-1,1]%) are open
1::1 1 . 0 [0}

sets, moreover, B D R2 \ A' and (0,0) is a strong Iz-disper-
sion point of B. We shall sketch the proof of this last asser-

tion.
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" . s e P
Let {kﬁ}neN’(kn}neN be increasing sequences of positive

integers. We shall find an increasing sequence {np}peN of posi-

tive integers such that 1lim sup ((k} ,kg )+By) n [0,1]2 c 1

2 (]
p p p
k" kll
We shall consider three cases: 1lim —? = w, 0 < lim —% < =
n-+e @i n-+o kn
l("
and lim —% = 0.
e K
In the first case 1let in for each n € N be a positive
i k" i_+1 kg
integer such that 2 n o< —% <2n (we can suppose that. — 2:2).
kn kl
-i_ k" _
Put bn =2 0 EQ. Since 1 s bn < 2 for each n, then there
n

exists a convergent subsequence (bn }peN’ Let bO f lim brl
p p== D
If P0 denotes the straight line y = boox, then it is not dif-

ficult to observe that lim sup ((k! ,k" )<K.. ) n [0,1]2 = p
n_’"n i o
P P o) np

n [0,1]2. If Pj is the straight line y = b 27d.x for any

integer j, then a moment of reflection shows that

lim sup ((k' ,k" )B ) n [0,1]2 = LJ~P. n [0,1]2.
D n, n,” o jrmw J

\1]
kn
In the second case choose a subsequence {~—R}

k! 'PEN
Np
j? JeN v {0},
means the same as above, then 1linm sup ((kﬁ ,k; ) -Bo) n [0,1]2
p p p

coen-

vergent to a positive and finite limit bo’ If P

= U ». ap0,172
j=1 9
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2

In the third case 1lim sup ((kr‘] .,k'r'] )-BO) n [0,1] =0
P p p
for any increasing sequence {np}peN'
yar ' "
Hence regardless of behaviour of (kn}nEN and {kn}nGN

there exists an increasing sequence (np}pEN such that

lim sup ((kﬁ kp )+ B 12
P p p

o) n 0,117 € 1,.

2. Now, we start to investigate separately I,-approxi—
mately continuous functions. We shall extend some of O’Malley’s
results from [13] concerning separately approximately continuous

‘functions to the category case.

Let Txy be the collection of all subsets U .of R2 with
the Baire property such that for any x,y € R the sets Ux’ vy
have the Baire property and are I]-Open.

THEOREM 2.1. The collection T forms a topology on Ra.

X,y
The continuous functions relative to this topology are precisely

the scparately I,-approximately continuous functions.

Proof. To prove the first assertion we shall only show
that for.each index set A, if U, Dbelongs to Txy for all

L) U, has the Baire property (the rest 1is
aE€A

a €A, then U

e@asy).

For any D € 32 we denote

wx(D) = {(t,y) E'R2 : t is an I,-density point of A
for some A € S,, A:C Dy},
wy(D) = {(x,t) ¢ R2 : t 1is an I,-density point of A

for some A € S;, A CDx}.
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Note that. wx(D) A D, my(D) A D are of the first category (ef.
(2], th.4). Consequently, wy(wx(D)) A D is of the first cat-
egory.

Let B be a Baire kernel of U (i.e. a subset of U hav-
ing the Baire property such that each subset of U \ B having
the Baire property is of the first category). We may assume that
B is a Borel set. It is enough to prove that U C (py('(px(B)) since
this inclusion together with the known facts B € U, ¢y(mx(B))
\ B € 12 imply that U € S,. So, let (xo,yo)elL Then (xo,yo)
¢ U0l for some a € A. From thc properties of a Baire kernel, it
follows that U \ B € I,. By the Kuratowski-Ulam theorem, (see
for example [14]), there is a residual set E € R such that
(Ua)y \ BY € Ii for all y € E. Since U € Txy’ therefore x

(o)

is an TI;-density point of '(Ua)y for all y € (Ua)x Thus it
o

follows that X, is an I,-density point of BY for all

y € (Ua)xo neE. Consequently, (Ua)xo nE c:(mx(B))xo Hence

(Ua)x ~\'(mx(B))x is included in R \ E, so it is of the first
) 0

category..This implies that Yo is an I,-density point of (Ua%{
o}

n'(tpx(B))x since, by U € T_ , it is an T,-density point of
) Xy

(V) - Thus (x4¥,) € oy (0 (B)).

The second assertion follows immediately from the defini-

tion of Txy and from the fact that a separately I,-approximate-

ly continuous function has the Baire property (cf. [18]).

THEOREM 2.2. If (xo,yo) € U-G’Txy, then (xo,yo) is

not a strong Iz-dispersion point of U.
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Proof. We may asscume that (xo,yo) = (0,0). At first,
we shall construct sequences {hé},{h;} of rcal positive numbers
tending decreasingly to O such that for any n € N and 1i,j

G{-n+l,...,n} we have

’ i'l. i 1 =1 . j "
(2x) ([Zh, el x =0, 2nl)n U g 1,

Let n & N. From U € Txy it follows that 0 is an I,-density

point of u°. Therefore, by Lemma 0.1, there exists 6n3>0 such

that for any h € (O,Gn) and i € {-n+1,...,n} we have
At n, Iy g
n ’n 1
Choose hﬁ € (0,min {1/n,6n)). Fix any 1 € {-n+1,...,n}. Observe
that, since U € Txy’ therefore 0 1is an I,-denisty point of

: i-1 i o
Ut for each te [-ﬁ— hﬁ, o hﬁ] nuY’. So, by Lemma 0.1, we can

choose 6(t) > 0 such that for any h € (0,6(t)) and 'j € {-n+1,

..syn} "wWe have

ik SRR

[ = h, 5 h]l n Ut ¢ I,.
Consequently,

i-1 i 0
[1 h', = h'] n-u = U A
n nn p=1 P

i-1 i O: 1
where Ap = {t:t € [-ﬁ— h!s, & hﬁ] nu, 6(t) 2 E) for p € N.
Then we can choose p, = po(l) € N such that Apo(iJ ¢Il‘ So, for

each t e A and for any h € (0,1/po(i)) and j € {-n+1,...,

P, (1)

n}, we obtain
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Ul P | :
[*5 h, 5 h] n U ¢1,.

Thus, by the converse to the Kuratowski-Ulam theorem ([14]) for
any j € {-n+1,...,n} and h € (0,1/po(i)) we have

i-1- i, o1 ;
[2='h!, = n'] x [13— h, % hl nU¢1,.

Choose hy € (0,min {1/n,1/po(-n+1),...,1/po(n)}. Then (#*) evid-

ently holds. Proceeding inductively we can easily get hﬁ+1

1 " " '
< hn’ hn+1.< hn for all n € N.
- || B 1" "
Now, put tﬁ = 1/hﬁ, tn = 1/hn, n € N. Then {tﬁ}, (tn}
are increasing sequences cf 1cal numbers tending to infinity. The
set U has the Baire propexty, so there is an open set G such

that U A G € T,. Then, by. (#*), fropr any n€N and i,jE{-n*l,

...,0}, we have

(eve) (e - o) n (A2« (2L ) 20

2
> E - ! n L] -
Denote E_ ((tn,tn) G) n [-1,1] for ne€N. Let (np} be an

arbitrary increasing sequence of positive integers. For each S€eN

2
the set LJ En is open and, by (x%), . dense in [-1,1]°.
p=S 'p
Thus 1lim sup En is residual in [-1,1]2. Since U A G € 12,
P P
the same holds for lim sup ((t! &' )-U) n [-1,1]°, Conse-

p P P

quently, the sequence {x } does not con-
((t! ,e" ).unl-1,1]2 PEN
o Tp ’

verge Iz-a.e. to 0. Thus, by Theorem 0.2, we get the asser-

Lion,
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We say that (0,0) is an upper strong Iz-density point

of A € S2 if there exist increasing sequences {t'}

1
n neN’{tn}nGN
of real numbers tending to infinity such that

{
x((tﬁ,tg)-A)ﬂ[-i,llz}nEN

converges Iz-a.e. to 5. The respective definition for

X
["1s1]
an arbitrary point can be formulated by using the standard tranc-

lation -trick.

PROBLEMS. Must each point of U € Txy be its upper strong
Iz-density point? Is there, for any y € R and a separately I,-
-approximately continuous function f, a set E € 11 such that
f 1is strongly Iz-approximately continuous at (x,¥) for all
x € R \ E? Note that the measure analogues of these questions are

answered in affirmative (ef. [13], Th. 2 and 3).

3. In this section, we show that a separately Il-approxi-
mately continuous function is Baire 2 and need not be Baire 1
(our result is analogous to that for separately approximately con-
tinuous functions, cf. [3]).

At first, recall some facts. from [10].

For x € R let P(x) be the family of all intervals [a,b]

such that x € (a,b) and of all interval sets P of the form

P = éza [an,pn] T} i:L [cn’dn] U {x} (where a, < bn <ajg <X

I : : -
< dn+1 < e, <d for all n and .l;m a, = I;m d = x) such

that x° is an I,-density point of P.

n

Let 1t be the family of all I,-open sets such that for
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each nonempty U € v and cach x € U there iz P ¢ P(x) con-
tained in {x} U int U. Then =t forms a topology which 4is The
coarsest one for I,-approximately continuous functions.

For ACR 1let A(A) denote the set of all x € R such
that P n A\ {xo} £ ® for each P ¢ P(xo).

Here we shall say that sets A,B C:R2 have property (ds)

2

if and only if for each set X < R“, conditions A n X = X, BnX

= X imply X = 0.

LEMMA 3.1. Let A,B C R°.

(a) If A,B have property (ds) and A1C3 A, B

then Al’Bl have property (ds).
(b) If A;,B have property (ds) for i = 1,2,...,n,

n
then \J Ai,B have property (ds).
i=1

Proof. (a) Observe that A1 nX=X, B, nX=X in-

ply AnX=X, BnX-=X.

n
(b) Suppose that there is X # 0 such that L) Ay n X
i=1

= X, B nX = X. Then there are an open set G and a number

ke {1,...,n} such .that 0 # G n X C'Ak n X. Then we have

"
()

Aknan Akn.GnX n X,

B nGnX

B NnGnX = GnX,

which gives a contradiction.

For a function f : R2 -~ R and a € R we denote
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E, = {(x,y) & £0x,y) <a)s  E® = {(x,¥) : £(X,¥) > a}.
LEMMA 3.2. If f : R2 - R is separately I,-approxima-
tely continuous, then for any rysT, € R, Ty < ThHs, there exist

disjoint sets H K of type G such that E

r1r2? T So ry
T2
CH and E C K .
ryT2 r1¥2
Proof. Let a,p € R and o < B For any n,k € N,

h>0, i€ (1,...,n), § € {1,...,k} 1let

i-1 i
Anhi= {(X,Y)EEQ : {x}x [y"""n—h:y"'ﬁh]CEa},

Bounij = (%) € E® ¢ (x)

<y + QKA Ly (LKA g € gF,

Observe that

Indeed, consider an arbitrary (xo,yo) € Eu. Then there exists a
closed set F C Ea (see the definition of 1) -such that Yo is
an I,-density point of Fx . Then, by Lemma 0.1, there exist

°
n, €N and &> 0 such that for each h € (0,6) there exits

io € {1,...,no), io = io(h), such that

iy -1 i
—2—h,y,+—h] CF CE_.

o o
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Choose 1 € N such that for n, = nol we have n, > 1/6. Ter
each h ¢ (0,1/n1) put i1 = io(h)l. Then (xo,yo) € Anlhil.
So, we have shown that

(< n
(xo’yo) € U n 1 U Anhi
n=1 he(o,ﬁ) i=1

and novw the desired equation is clear. In a similar way, we can

prove that for each n € N

Consider fixed n e N, ke N, h e (0, min {%»; %}),

ie {(1,...,n}, Jj € {1,...,k}. We shall prove that A B

nhi’ “nkhij
have property (ds). Suppose_to the contrary that there is X # 0

such that

A nX =X ‘and

nhi nx:x.

Bhkhij;

Choose a rectangle (a,b] * [c,d] such that d - ¢ < h/nk and

the set X, = (la,b] * [c,d]) n X is nonempty. Put

_ c+d (i-1)k +j-1 1
Vo =77t nk b+ 7k B
Since d - ¢ <h/nk, we easily observe that
(i-1k +j -1 A-Dk + 3 .
(%) Vo € [y + e h, y + - h)

for each y € [¢,d].
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2

For (x,y) € R® 1let pr(x,y) = x and denote

P = pr (Xi), PA = pr (Anh n Xi)’

i

P, = pr (B

B nx

nknij N X1)-

Then P 1is closed since X1 is compact. By the property that
for any continuous mapping the image of a dense subset of the
domain iz dense in the image of the domain, PA’PB are dense in
P. Next, observe that

Py % (y,) € E, Py * {y,) < EP.

Indeed, to show the first inclusion, consider any x ¢ PA. Then

(x,y) € Anh'

i N X1 - for some y. Then y € [c¢,d], s0, by (%),

we deduce that

{-1 .
Vo€ ly + ==h,y+nl.

Hence (x,y) € Anhi implies that (x,yo) € Ea. Thus we have

shown that PA X {yo} c Ea. Similarly, one can prove that

Py * {y,} ¢ EP.

The function fy is I,-approximately continuous and
o

therefore Baire 1 (see [16]), so the restriction fy (P has a

o
point of continuity x_ € P. Since P = P,, there is a sc-
quence {xn}neN C PA which tends to X, Since (xn,yo) € PA
x {yo} c Ea, therefore f(xn,yo) £a, hEN, and thus

- . N:)
f();o,yo) S o. Analogously, from P = PB and PB x {yo} C E
it follows that f(xo,yo) 2 B. We have obtained a contradiction.

B have property (ds).

nkhij

Thus, A,pis
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Now, for any n,k € N let

~(n 1 _
hc(o,-ﬁ i=1
and
n K¢
an - r\ 1 r\ BnkhlJ'
hG(O,H i=1 j=1
then
n
hE(O,min{I—l-,E}) i=1
and

.

n k
Dk € N N U Bnkhij y

he(O,min{%,%}) i=1 j=1

By the previous part of the pnroof and Lemma 1 (b), the sets

k
A

nhi’ Brknij
j=1

have property (ds) for i = 1,2,...,n. WNext, by Lemma 3.1 (b),
the sets

n k

U Agnis U Baknij

i=1 Jj=1
have property (ds), and, finally, by Lemma 3.1 (a), the scts

Cn’an have that property.

For n,k € N 1let Unk’vnk be disjoint sets of type G6

such that ¢, C U, D, <V, (see (9], Chapter I, § 12, I,

0 PRI
1°, p. 65). Let Wy = nL_11 k(_\i Uper  Then Vg is of type G, .
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Now, we observe that E, c W , and P ¢ N U V__. Indeecd,
s=1

B p=1 SP

for amy n,k ¢ N we have C QU  therefore c, < kol Uk
for each n € N and thus

C V)
Eq = U ¢ U U ..
T a1 R pfq ge1 MK

- Since

P

Up C () v
p=1 sp p=1 Sp

for each s € N, therciore

Pc N Uwv

s=1 p=1 SP’

Now, it follows that W_.n EP = ¢ since

In a similar way we can show that there exists a set V;B of type
G

such that V DEB and V nNE = 0.
ap a a

60 B

Now, we are able to get the assertion. Let s €R and
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1 1

know that there exist sets wrer, Vrurz of type 060 such thaw

r, < Ine Choose any ?B’PM such that r, < r3 < ry < r,. Vie

r r
2
B C W E oW =9, E°cV.__, E. NV = 9.
r, r1r3’ rlr3 > ryr, r) ryr,

Let K = W , H =V . Then K , H are sets
T T T M R B ' %20 T1¥2
r
2
of type G, such that E_ C K , E“CH and
) r, r,T, r T,

2. .13 2
K n H = W nv, o S(R°\NE~Z)n(RT\E_)
P1P2 I'11"2 P1P3 ru-2 I')_'

r
RPN\ (EJ UE_ ) = 0.
Ty

THEOREM 3.1. If f : R2 - R is separately I,-—approxi-

mately continuous then is Baire 2.

Proof. The function f will be proved to be Baire 2
if we show that Ec and Ec' are of type G60 for every c¢. Let
sets K,H with the respective indices have the meaning as in Lem-

ma 3.2. We then have

¢ = U g

¢ Zq el i’ P T,
n=1 ¢ n,c ) n=1 c+n+1,c+ﬁ
Hence Ec and E® are of type G60 and the theorem is proved.

LEMMA 3.3. Let X, ¢ A(F) where F 1s a closed subcct

of R. Then there exists an TI;-approximately continuous function

g : R~ [0,1] such that g(xo) =1 and {x : g(x) # 0} NF\ {x}
= 0.
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Proof. Since .xj ¢ a(F), there is a set P ¢ P(xo)

such that P NF \ {xo} = . Assume that

P = U [an,bn] u U [cn,dn]u {x_}
n=1 n=1
where an < bn < an+1 < xo < dn+1 < cn < dn for all n and

lima_=1limb_=x_. Let G_ = LJ (aty,b!) u LJ (cr,dr) be
n n n n o o) n=1 n’"n n=1 n>“n

@ 1 ] ] c
such that al <a < bn < b < alyq < X5 < dn+1 <el <ce <dl

1
n
d, and & NF\({x))=0. Let G=int (R\G,). Put

1 if X

"
Lo

g(x) =
o (x,G)
p(x,G) + p(x,P) °

Then g is I,-approximately continuous, g(xo)

"
[y
o
3
o3

{xg(x) Z0) nF N\ {x;} = (R\G) u {x}) nF\ {x)
=G, nNF \ {x5} = 0.
In the case when P = [a,b] and Xx_ €:[a,b], we choose

(o)

G, = (a',b') such that a' <a<b<Db' and Eo nF\({x} = 0.

The rest is the same as above.

THEOREM 3.2. There exists a separately I,-approximately

continuous function [ : R2 - R which is not Baire 1.

Proof. Let C Dbe the perfect nowhere dense set con-

structed in [1]. Denote by D = {x_ : n € N} the set of all end-

n
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points of components of {0,1] \ C. By the construction, X
¢ a(C) for all n. We shall define a separately T, -approxi-
mately continuous function f : R® - R such that f(x,x)=1 for
x € D and f(x,x) =0 for x € C \ D; it follows -from the
well-known Baire’s criterion that f 1is not Baire 1.

By Lemma 3.3 (applied with F = C) there is an I,-appro-

(x,)

ximately continuous function g, : R - [0,1] such that gq\%4

=1 and C \ {xl} does not inters:zct the set

F1 = {x : gi(x) # 0}.

By the definition of A, we have A(Fl)C;F1=F1, so X, ¢ I, im-
plies x, ¢ A(F;). Consequently, we easily get x, ¢ A(C U Fl)‘
By Lemma 3.4 again (applied with F = C U Fi) there is an I,-
-approximately continuous function g, : R = (0,1] such that

ge(x2) = 1 and (C u F1) \ {x2) does not intersect the set

F2 = (x : gz(x) # 0}. Next, we proceed by induction.

Finally, observe that the function f defined on R2 by

oo

f(x,y) = n§1 g, (x)g, (¥)

fulfils the assertion.

k.- In the proof of Theorem 3.1 we do not use the fact,
shown in [18], that each separately ~I,-approximate1y continuous
function has the Baire property. It malkes a contrast with the
paper [3] of Davies who while proving that a separately approxi-
mately continuous function is Baire 2. uses his own result that
this function is measurable. Now, we shall describe further pro-

perties of functions wit I,-approximately continuous sections,
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which strengthen the above merntioned theorem of [181.

Let X and Y be topological spaces. A mapping f : X ~-Y
it called quacicontinuous at a point x € X if for cach neigh-
bourhood U of x and each neighbourhood V of £(x) thero
exists an open nonempty set UOC U such that f(Uo) cUu (cf.
(8], (12)). If £ is quasicontinuous at cach point of X, it is
called quacicontinuouc.

From the definition we get

LEMMA 4.1. A mapping f : ¥ - Y is quasicontinuous at a
point x if and only if for any neighbourhoods U,V of x, f(x),

respectively, f'i(V) n U has the noaempty interior.

Further, we shall consider quasicontinuity only in the cases
when X = R or R2 and Y = R, and the natural topologies in
X,Y are considered.

In [16] (the proof of Th. 8) the following property is ob-

scrved

LEMMA 4.2, If £ : R - R is I,-approximately continuous,
then for any interval (a,b) there is an open set G included

in £71((a,b)) and dense in £ 1((a,b)).

From Lemmas U4.1 and 4.2 we easily deduce

THEOREM 4.1. If f : R - R is I,-approximately continu-
- ous, then it is quasicontinuous.
COROLLARY 4.1. If £ : RZ - R 1is separately I,-approxi-

mately continuous then it is quasicontinuous.
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Proof. The assertion follows from Proposition 4.3 and
the fact that each separately quasicontinuous function is quasi-

continuous (see [8]).

COROLLARY 4.2. If f : R® =R has all sections f, I,
-approximately .continuous and all secctions £y with the Baire

property, then f has the Baire property.

Proof. Grande showed in [7].that if f : R2'* R has

all sections fx quasicontinuous and all sections £y with the
Baire property, then f has the Baire property. So, Theorem 4.1

yields the assertion.

REMARK 4.1.

(2) Each quasicontinuous function has the Baire property

(even its set of discontinuity points is of the first category) but

the converse is false (see [12]).

(b) Comparing Theorem 3.3 and Corollary 4.4, let us re-
call that any implication between quasicontinuity and being a

Baire 2 function does not hold (see [12]).

(¢c) The measure analogue of Theorem 4.1 is false. Indeed,
since the density topology is completely regular ([5]), there
exists an approximately continuous function g : R+ [0,1] such
that g(v2) = 0 and g(x) = 1 for each rational x. Let
U = g-l([0,1/2)), V = R. Then, by Lemma 4.1, g 1is not quasi-
continuous. If we put f(x,y) = g(x) for X,y € R2, we ob-
scrve that the measure analogue of Cbrollary 4.1 is false.

(d) By assuming Continuum Hypothesis it is proved in [4]

that there exists a function f : R° -~ R with approximately con-
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tinuous sections fx and mezsurable sections Y which is not
measurable. So, then the measure analogue of Corollary 4.2 be-

comes false.

PROBLEMS. By Corollary 4.1 and Remark 4.1 (a) the set of
discontinuity points of a scparately I,-continuous function is of
the first category. It would be interesting to obtain an exact
characterization of this set. Grande in [6] proved that there is
a scparately approximately continuous function f : [0,1]2 - R
whoce set of discontinuity points contains the diagonal. Is this
possible for separately I,-approximately continuous functions ?

(Note that this is impossible'for separately continuous functions;

cf [6]).
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